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QUANTUM GROUPS IN HIGHER GENUS
AND DRINFELD’S NEW
REALIZATIONS METHOD (sl; CASE)

By B. ENRIQUEZ anp V. N. RUBTSOV

ABSTRACT. — We define double (central and cocentral) extensions of Manin pairs attached to curves and
meromorphic differentials, introduced by Drinfeld. We define “infinite twists” of these pairs and quantize them
in the sly case, adapting Drinfeld’s “new realizations” technique. We study finite-dimensional representations of
these algebras at level 0, and some elliptic examples.

REsuME. — Nous définissons des extensions doubles (centrales et cocentrales) des paires de Manin introduites
par Drinfeld, associées a une courbe et une différentielle méromorphe. Nous définissons des « twists infinis »
de ces paires et nous les quantifions dans le cas sly, en adaptant la technique de Drinfeld des « nouvelles
réalisations ». Nous étudions les représentations de dimension finie de ces algebres en niveau 0, ainsi que certains
exemples elliptiques.

Introduction

In [5], V. Drinfeld introduced examples of Manin pairs attached to the data of a curve,
a meromorphic differential, and a finite dimensional reductive Lie algebra. He remarked
that only in the cases where the curve had genus < 1 could these Manin pairs be given
the structure of a Manin triple; in these cases, the quantization of these Manin triples gives
rise to known Hopf algebras (Yangians, quantum affine algebras and algebras connected
with Sklyanin algebras). He raised the question of quantizing these Manin pairs in the
higher genus case, in the sense of quasi-Hopf algebras.

In this paper, we first present a double (central and cocentral) extension of these Manin
pairs. The general definition of these extensions, in the case of Manin triples, is due to
M. Semenov-Tian-Shansky ([13]). This leads us to the problem of the quantization of
these extended Manin pairs.

We then remark that this quantization problem can be approached in the spirit of the “new
realizations” of Drinfeld (introduced in [4] and developed in [10], [3], [1]). This technique
enabled Drinfeld to give a quantum analogue of the passage from the Serre to the loop
presentations of an affine algebra; it can be presented as follows. The bialgebra structure
corresponding to quantum affine algebras is a double bialgebra structure. Conjugating the
corresponding Manin triple by a double group element, the bialgebra structure of the
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822 B. ENRIQUEZ AND V. N. RUBTSOV

double gets changed by a twist (in the sense of [5]). Let us conjugate by affine Weyl
group elements; when their length tends to infinity, we get a limit Manin triple which it is
simple enough to quantize. The resulting Hopf algebra is then a twist of the one obtained
by quantization of the initial Manin triple (the Drinfeld-Jimbo Hopf algebra).

In the present situation, we introduce a Lagrangean supplementary in our Manin pair,
and conjugate it as before by affine Weyl group elements. (We note that a family of
supplementaries is provided by a covering of the space of principal G-bundles over the
curve X; we suggest a possible connection between the closedness of a 1-form, defined
in terms of twist, and a generalized classical Yang-Baxter identity which underlies the
integrability of the Hitchin system. We hope to return to this question in [6].) In the limit,
we obtain a Manin triple, whose quantization (in the sl case) is the main goal of this
paper. Let us describe its contents more precisely.

Let X be a smooth compact complex curve, w a meromorphic nonzero one-form on X,
{z;} C X the set of its zeroes and poles. Let for each i, k,, be the local field at z;, O,,
the local ring at this point, R C @;k,, the ring of functions that are regular outside {z;}.
We choose a supplementary A to R in @;k,,, Lagrangian for the scalar product defined
by w. To define a quantization of our Manin triple, we need operators A : R — ®;k,, and
B : A — ®&;k,,, which serve to define the h — e and h — f relations (by h — e relations,
we understand relations between Fourier modes of the quantum analogues of fields h(z)
and e(z), etc.; with e, h, f the Chevalley generators of sl,). These operators also provide
us with e — e and f — f relations which appear in the form

(0.1) e(z)e(w) = a(z,w)e(w)e(z), w <K z.
Our aim is to put these relations in the form

(0.2) (z—w+ ) hai(z,w)e(2)e(w) = (z —w+ Y hBi(z,w))e(w)e(2),

’ i>1 i>1

where «;, 3; are formal series in z and w, (h is the quantization parameter) similar to
the quantum affine algebra relations

(g2 — w)e(2)e(w) = (2 — qu)e(w)e(z).

Relations of the form (0.2) are usually called vertex relations. Fourier modes of such a
relation provide relations between the commutators [e,, ], from which we derive (by
suitable linear combinations) the expression of any such commutator in terms of formal
series in A, with coefficients combinations of e,e,, p, ¢ larger that some integer. Such a
derivation is usually not possible by taking Fourier modes of (0.1).

It turns out that to achieve this task, essentially one possibility for the operators A and
B remains. The proof that it indeed leads to e — e and f — f relations of the desired form,
relies on a statement about derivatives of a Green function (lemma 1), which allows us to
give a universal treatment for all pairs (X, w). The formal series «; and j3; are then obtained
from formal solutions to certain differential equations (egs. (3.7)), where the variable is .

The quantization we propose depends both on a choice of A and on that of a certain
element 7 € R ® R. We show that the various quantizations obtained are related to each
other by twist operations (in the sense of [5]).
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QUANTUM GROUPS IN HIGHER GENUS 823

We then turn to the problem of finite-dimensional representations of our algebras at level
0; these representations are indexed by points of formal discs. We construct a family of 2-
dimensional representations. We expect that higher spin representations can be constructed
as well and that their tensor products have properties similar to those explained in [2].

We close the paper by giving some explicit examples. In a certain elliptic case, we
recover as e — e relations certain elliptic VV-algebra relations discovered in [8]. We also
propose a twist of the “automorphic” Manin triples of [12], and apply the techniques of
this paper to derive a quantization in the case of sl;. One may hope to identify it with
the Hopf algebra arising in [16].

Further problems related to the present construction could be the following: applying the
Reshetikhin-Semenov method for constructing central elements at the critical level ([11]);
construction of level 1 representations as in [9], vertex operators and the corresponding
quantum Knizhnik-Zamolodchikov (KZ) equations; generalization from sl, to an arbitrary
semisimple Lie algebra. The resulting quantum KZ equations at the critical level might
then be considered as g-deformations of the holonomic systems of equations occurring in
the geometric Langlands program; viewing such g-deformations in this framework has been
proposed by E. Frenkel and N. Reshetikhin. Finally, in [7], P. Etingof and D. Kazhdan
showed how to attach a quantization procedure for bialgebras to any associator. It would
be interesting to understand whether the construction presented here can be obtained from
the KZ associator, as it is the case for finite dimensional Lie algebras. '

We would like to thank C. Fronsdal, B. Feigin, G. Felder, S. Majid, N. Reshetikhin,
M. Semenov-Tian-Shansky, A. Sevostyanov and E. Vasserot for discussions related to the
subject of this paper, and S. Khoroshkin for explaining to us the ideas of [4]. The work of
V.R. was supported by the CNRS and partially by grant RFFI 95-01-01101. He expresses
his thanks to the Centre de Mathématiques de 1’Ecole Polytechnique for excellent working
conditions it offered him.

1. Manin triples

1. Generalities on Manin pairs and triples

Let us first recall general notions associated with Manin pairs and triples. A Manin pair
is the data of a complex Lie algebra p, endowed with a scalar product (, ),, and of a Lie
subalgebra £ of p, wich is a maximal isotropic (or Lagrangean) subspace of p. The choice
of a Lagrangean supplementary L to € in p determines a Lie quasi-bialgebra structure on
£, that is the datum of a linear map & : ¢ — A%E, and of an element p, € A3E, satisfying
certain axioms (see [5]). The map &, and the element ¢, are obtained by dualizing the
bracket map from A?L to L & .

The notion of Lie quasi-bialgebra is the classical limit of that of quasi-bialgebra, that
is an algebra A endowed with an algebra morphism A4 : A — A%®2, and an invertible
element ® € A®3, such that (A4 ® 1) oAy = ®((1 ® Aa) 0 Ay)0 L

If (p, ) is a Manin pair, and L is a Lagrangean supplementary of ¢ in p; that (p'), (p;)
are dual bases of ¢ and L, and R = Y, p’ A p;, then §, = ad(R) and ¢, define a Lie
quasi-bialgebra structure on p.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



824 ‘ B. ENRIQUEZ AND V. N. RUBTSOV

If p has a Lie quasi-bialgebra structure (§,,¢p), any element f € A%p defines
a new Lie quasi-bialgebra structure on p by the formuleas 6, ; = 6, — ad(f),
Por = © — P12 f19] = [£12, 2] = [/, %] + 1/2A14(6 ® 1). In particular, if p
contains two Lagrangean Lie subalgebras £ and [, with Lagrangean supplementaries L
and L, the corresponding double quasi-bialgebra structures on p are related by the twist
fer =32, 0" A pl, with (p'f), (p}) dual bases of €N Ly and [N Ly.

If (p, ) is a Manin pair and we can choose L to be a Lie subalgebra of p, then the triple
(p, ¥ L) is called a Manin triple. The corresponding (g is then zero; the notion of a Manin
triple is the classical counterpart of that of a bialgebra (that is a quasi-bialgebra with ® = 1).

2. Drinfeld’s Manin pairs

Let X be a smooth compact complex curve, w a meromorphic nonzero one-form on X,
{z;} C X the set of its zeroes and poles. Let for each 4, k,, be the local field at z;, O,,
the local ring at this point; let k = @;k,,, and R C k be the ring formed by the Laurent
expansions of the functions on X, regular outside {z;}.

Let us show here that R is a Lagrangean supspace of k. Let C(X) be the function
field of X and A be its adeles ring. Let (,)a be the pairing defined on A by
(f,9)a = > cxres.(fgw). Then we have

Lemma 1.2.1. = C(X) is a Lagrangean subspace of A.

Proof. — Recall first the duality theorem ([14], II-8, thm. 2). Let D be any divisor on
X, and Q(D) be the space of all meromorphic forms w equal to zero or such that their
divisor is > D. Let on the other hand, A>_p be the space of adeles with divisor > —D.
Then (,)a induces a non-degenerate pairing

QD) x (A/(A>-p + C(X))) — C.

Let us now prove the lemma. The isotropy of C(X) follows from the residue formula.
Let §2 be the space of all meromorphic forms on X, and let us now show that the pairing

(1.2.1) Q% (A/C(X)) — C

is also non-degenerate. Let f € A/C(X) have vanishing pairing with §2. Then for any
divisor D, the pairing of its image in A/(A>_p + C(X)) with any element of Q(D) is
zero, which means that f belongs to A>_p/(A>_p N C(X)) for any D, and so is zero.
The lemma now follows from the non-degeneracy of (1.2.1). =
We then have

LemMa 1.2.2. — R is a Lagrangean subspace of k.

Proof. — We follow [5], sect. 2, example. First observe the following general fact. Let E
be a vector space with a scalar product (, ) g et let F' be a Lagrangean subspace of E. Let
C be a subspace of E, such that C D C*. Then (,)g naturally defines a scalar product
(,)gron B/ =C/C*, and F' = ((FNC)+ C+)/C* is a Lagrangean subspace of E'.

Apply this statement to the case £ = A, (,)g = (,)a; by Lemma 1.2.1, we may take
F = C(X). Let C = ®k,, ® @ze);—{zi} O,. Then C* = @,cx_(4,3O,, because the
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QUANTUM GROUPS IN HIGHER GENUS 825

orthogonal of k,, is A* (the adeles with x;-component equal to zero), and the orthogonal
of O, is A* ® O, for x € X — {z;}, because w has no zero or pole at z. Therefore
C D C*, and C/C+ = k. Since F” is then identified with R, the lemma follows. m

Let us introduce now Drinfeld’s Manin pairs ([5]). Let a be a simple complex Lie
algebra, (, ), be its Killing form. For A any ring over C, we use the notation

a(A) =a® A.

Endow
go = a(k)

with the bilinear form (x1,z2)0 = Y, resy, ((z1,22)ew). Then a(R) is a Lagrangean
subalgebra of go; this defines Drinfeld’s Manin pair

(a(k),a(R)).
3. Double extension

We extend this Manin pair in the following way. Let O be the derivation of a(k) defined
by Of = df /w. We denote in the same way the derivation of k, defined by the same
formula. Let g be the skew product of gog by 9; we have

9=90@Cl~)a

go C g is a Lie algebra homomorphism, and [f),r] = Oz for x € gy. Since J preserves
a(R), a(R)®CD is a Lie subalgebra of g. Let g be the central extension of g by CK using
the cocycle defined by c(z,y) = >, res,, (z,dy) K, c(x, D) = 0 for z € go. We have

g=9®CK,

with the usual commutation rules. Since ¢ vanishes on a(R) & CD, this algebra has a
section to g, that we denote by ggr. Identifying g with g & CK, gg is identified with

(a(R) ® CD) x {0}.

Let D = (15,0). Let us consider now on g the symmetric bilinear form, defined by
<K,D> = 2, (D,g X {0}) = 0, <K, go X {0}> = 0, <(ZL‘1,0),(.’L‘2,0)> = (.’L’l,.’I)2>0 for
x1,Z2 € go. Then (,) is invariant, and gp is a subalgebra of g, Lagrangean w.r.t. this
scalar product.

(8,9r)
is a double extension (central and cocentral) of the above Manin pair.

4. Lagrangean supplementaries

Consider on k, the scalar product defined by (fi, fo)r = Y ,resy,(fifow). R is a
subspace of k, Lagrangean w.r.t. this scalar product. Fix a Lagrangean supplementary A to
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826 B. ENRIQUEZ AND V. N. RUBTSOV

R, commensurable with @;0,., (that is, such that their intersection has finite codimension
in each of them). Then :

(a®A) & CK

is a Lagrangean supplementary to gr in §. We will denote by 6 : § — A%g the double
Lie quasi-bialgebra structure on g corresponding to this choice of a supplementary.

We note here, that a family of Lagrangean supplementaries can be defined in the
following way. Let Ay be a Lagrangean subspace of k, containing &;0,.,. Let G be a Lie
group, with Lie algebra a. For g € G(k), let

a(Ao) = Ad(g)a(Ao);

for generic g this defines a Lagrangean supplementary to gg in g, which up to equivalence
depends only on the class of g in G(R) \ G(k)/Stab a(Ag). All the resulting bialgebra
structures on gg are then associated by twist. The twist between two bialgebra structures
associated to nearby points defines an element of AZ2a(R); we thus get a 1-form
® € OY(G(k),A%a(R)), equivariant w.r.t. left G(R)-translations. This 1-form is closed;
we hope that the expression of this fact can be interpreted as the generalized Yang-Baxter
identity for the dynamical r-matrices of the Hitchin system ([6]).

5. Infinite twist

Let z = (z;) be a system of local coordinates at each point z;. Let us conjugate the
triple formed by §, gr and the Lagrangean supplementary (a ® A) & CK by the collection
(wi n,); of affine Weyl group elements, where w; ,,, is the element of G(k,,) such that

Ad(win,)(z42]) = 2027, Ad(win,)(@-2]) = 2277,

Ad(w; ) (z02?) = T2,

for z+ € ny,zy € h. In the limit where all n; tend to infinity, we obtain the Manin triple

(ga g4, g—)
with
g+ =h(R)@®n (k)®CD, g_=(heA)en_(k)® CK.
Here b, n, and n_ are the Cartan and opposite nilpotent subalgebras of a. Note that the
conjugation of a Manin triple by a double group element, is equivalent to its twist by a

certain cocycle, as it is explained in [10]. Let § : § — A2g be the cobracket corresponding
to the above Manin triple structure, then

é(2) = br(z) + ad(z)(f1),

where

fr =) eled A fle,

%

with (e'), (e;) dual bases of R and A.
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QUANTUM GROUPS IN HIGHER GENUS 827

Our aim will be to give a quantization of the Lie bialgebras (g+,6+), where 64 = d)g,,
in the case where a = sl,(C).

The Lie algebras g, and g_ can be presented as follows. g has generators D, h*[r],
r € R, and efe], € € k, with

(1.4.1) ht[anry + aore] = anht[r1] + ash™t[ra), «; € C,r; € R,
and
(1.4.2) elarer + anes] = anefer] + asefes], @; € Cie; € k;

g_ has generators K, h™[\], A € A, and f[e], ¢ € k, with

(1.4.3) h_[a1)\1 + 012)\2] = alh_[)\l] + Oézh_[)q], a; € C,\; € A,

(144) f[OtlEl -|- a2€2] = Oélf[€1] + agf[Ez], a; € C,g; € k.

The relations are the following. Let us set ) eQ®e; =), Qe +e; Qe'. We define
the formal series

(1.4.5) e(z) =Y elelle;(2),  fl2) = Z fle'le;(2),

J
hH(z) =Y htlele(z), h7(2) =) h7[ee'(2);
then the Lie algebra relations for g, and g_ are respectively

(1.4.6) [RT[r, htr) =0, [hT[r],e(2)] = 2r(2)e(z), 771" €R
[D,h*[r]] = h*[or],  [D,e(2)] = —d.e(2), le(2), e(w)] =0

and
(1.4.7) (A=Al R~ [N]] = 2.2 resy, (AA) K, [h7[A], f(2)] = —2A(2) f(2),

[f(2), f(w)] =0, [K,h~[N]]=[K,f[N]]=0, M\X €A, [K,anything]=0.

The relations between the generators of g, and g_ are given by

[hilr], f(w)] = =2r(w) f(w),  [h-[A], e(w)] = 2X(w)e(w),
[RH[rl RN =2 rese, (rdN)K, (K, h*[r]] = [K, f([e]] = 0,
(1.4.8) i

[D,h=[N] = h7[02], D, f(2)] = —0:f(2),
[e(2), f(w)] = (k7 (2) + h™(2))6(2, w) + K0:8(z, w),
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828 B. ENRIQUEZ AND V. N. RUBTSOV

r € R,A € Ae € k. Certain of the above identities should be understood in the sense
of generating series. We have set

6(z,w) = Z el (2)ej(w).

Let G(z,w) = 3, €'(2)e;(w). The product G(z,w)w, may be viewed as an expansion,
for w near z; of the Green kernel of X. Let z = (2;) be a system of local coordinates at
each point z;; z € k, and let us set ro(z) = w/(dz/z). Then

(1.4.9) 6(2,0) = G(zw) + G(w, 2) = —— S (z/w);
ro(2) i
the last identity can be proved viewing the l.h.s. as a kernel.
The pairing between g, and g_ is given by
(1.4.10) (D,K) =2, (e(2), f(w)) = é(z,w), (h'(2),h™(w)) =2G(w,z2)
The formulae for the cobracket of g, and g_ are then respectively
d+(e(2)) = e(z) ART(2), 64(h*[r]) =0,
(1.4.11) 84(D) = res._y res,—y (2, w)(hF(2) A W (w))w.wu,
: 7
and
(L) 6-(f(2) = h™(2) A F(2) + K A 0-f(2)
o 6_(h(2)) =K ANJ.h (), 6_(K)=0.

In’ (1.4.11), we have set
F(z,w) = (0. + 0w)G(z, w).

We have 5 € A’R. Indeed, set de' = 3 ale/, de; = 3, clej + dijel; ai + s =0
and d;; + dj; = 0 because O is anti-self-adjoint. (0. + 9,,)G(z,w) is then equal to
— >, dije’ ® ¢/, and so belongs to R ® R and is antisymmetric.

Note that the element 4 may serve to rewrite the h~ — h~ relations as

[h™(2), ™ (w)] = 3(z, w) K.

Let us describe how a change of A affects G(z,w) € R.((w)). Let A’ be another
Lagrangean supplementary to R, commensurable with O,; let @’ be the projection of &
onto R parallel to A’

Let (e'),(e}) be dual bases of R and A’, and let G (2,w) = Y, e'(2)e}(w), and
Far(z,w) = —(90, + 0w)Gar(z,w). The projection of A on R parallel to A’ may be viwed
as the product with the first component of some antisymmetric element 7, € R ® R, and
to any such element corresponds a Lagrangean A’. We have then

(1.413) Ga(z,w) = G(z,w) —ri(z,w), Aa(z,w) =F(z,w) + (9. + Ou)r1(2, w).
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QUANTUM GROUPS IN HIGHER GENUS 829
2. Quantization of g, and g_

Let h be a formal parameter and T be the operator =222 : k[[h]] — k[[A]]; since T is
symmetric for (, ), the expression

'ZTei®ei—ei®Tei

belongs to R®?[[R]] and is symmetric. Let us fix 7 € (R ® R)[[h]], such that

(2.0.1) T+?:ZTei®ei—ei®Tei,

where we denote f(z,w) = f(w,z). Let U be the operator from A to R[[h]], such that
T= E Ue; ® €'

U verifies

(2.0.2) ST +UV)ei@e +e@(T+U)ei=» Te'@ei+Te; @6

We will employ the following notation: for £ any vector space, and £ € E ® k, we
define £ and £, to be the projections of £ on F ® R parallel to £ ® A (resp. on E® A
parallel to £ ® R).

1. The Hopf algebra Ugg,

Let Ung+ be the algebra with generators h*[r], r € R, e[e], € € k, and D, subject to
relations (1.4.1-2), organized in generating series (1.4.5), and subject to the relations

(2.1.1) (R[] AT =0, [AF[r] e(w)] = 2r(w)e(w),

(2.1.2) e(z)e(w) = ezhZ((T‘FU)ei)(z)ei(“’)e‘(w)e(z),

(2.1.3) [D, h[r]] = bt {or],

(2.1.4) (D, e(2)] = —d.¢(2) + K(T + U)h* = (T + U)(9h)4](2)e(2);

this algebra has a Hopf structure, with coproduct A, defined by
(2.1.5)
AL(hTlr]) = AT @1+ 18h7[r], Ay (e(2) = e(2) @ exp(B((T + U)h" (2)) + 1®e(2),

and
(2.1.6)

Ay(D)=D®1+1®D~ g{h+[((T+U>ei)R]®h+[8e"]+h+[(8(T+U)ei>R]®h+[ei]}7

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



830 B. ENRIQUEZ AND V. N. RUBTSOV

counit € defined to be zero on all generators, and skew antipode defined by

(2.1.7) S (W) = =r*[r],  Si(e(2)) = —exp(=h((T + U)h*(2))e(2),
(2.1.8)  S.(D)= —D—g Z {H[0e'Ih [((T+U)e;) gl +hT [ IR [(A(T+U)ei)r] } -
2. The Hopf algebra Urg_

Let Ung_ be the algebra with generators K, h™[A], A € A, fle], € € k, subject to
relations (1.4.3-4), organized in generating series (1.4.5), and subject to the relations

(2.2.1) K is central, [h=[N], f(w)] = =2¢%2((T + U) (¢ ¥2A) 1) (w) f (w),
(2.2.2) [h=(2),h (w)] = %(qK(8;+3w) — q_K(aeraw)) Z e ()T + U)ei(w),
(2.2.3) F(2) f(w) = gF@+9) 28 3 ETHD®)Y £(4) £(2):

this algebra has a Hopf structure, defined by the coproduct A_ given by

(2.24) A (K)=K®IH1oK, A_(h"[\)=h [(¢¥?°N)A]@1+10h7[(g7*19N),],

(2.2.5) A_(f(2) = (a7 52 f)(2) ® exp(=h(¢"°h7)(2)) + 1 @ ("7 f)(2),

where, due to the formula for A_(K), we view A_ as a system of maps from (Ung_)k, +k,
to (Ung-)k, ® (Ung-)k,, for variable scalars K;, where (Urg_)r = Ung- /(K — k) for
any scalar k. The counit e_ of Ung_ is defined to be zero on all generators, and the
skew antipode S’ is defined by

(226) S.(K)=-K, S (h"\)=-h"[N, S.(f())=—exp(hh™(2))f(2).

3. Hopf algebra pairing between Urg, and Uypg_
The pairing

(2.3.1) (el FIED = (e (H T [A) = 2, A,
(232) (D,K)=1, (D,h"[X]) = (D, f(2)) = 0,
(233)  (eld A" = (eld, K) = (b*[1], SIE)) = (BT, K) = 0,

extends to a Hopf algebra pairing between Uyg, and Urg_.
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4. Double algebra Uyg

The double Uy g of U g, then contains both algebras Urg, and Urg_ as subalgebras;
we will denote the same way elements of these algebras and their images in Uyg. The
algebra Uy g may then be viewed as the algebra with generators h™[r], h™[\], e[€], f[€'], D
and K subject to the algebra relations above, as well as to the additional relations

(2.4.1) K is central,

(242) 1 BT = 24652 = ) W,

(249 117 £()] = ~2a7r)(2)£2),

(244 (1= e(w)] = 21T + U)(a"* X)) (w)e(w),

(2.4.5) [e(2), f(w)] = (4" 6(z,))gT TR O — (g 7K 5(z,w))g ™" ™),

(246) (D" I==0(g")(2) +h Y (a7 = ) Aei] ()b el

where A : A[[h]] — R|[[]] is defined by A(A) = (T + U)(A) — (T'+ U)((9A)4a), and
(2.4.7) (D, f(2)] = —8f(2) + hg™?[O(T + U)hT — (T + U)(8h™)Al(2) f(2).

Remarks.
1) We will show later on how to put the e — e and f — f relations in a correct form.

2) Note that the above relations have also variants defined using generating series. For
example, (2.2.4b) can also be written

(2.5.1) A_h™(2) = (¢%%h7)(2) ® 1+ 1@ (¢K12h7)(2).

We can also write the h~ — A~ commutator as

1

(25.2) (W™ (2), h™ (w)] = (T= + T,)(q" @40 — g~ K@40)G (2, w)
+ %(qk(azww) _ q—K(az+aw)) Zei @ Ue;;

recall that G(z,w) = Y, €'(2)e;(w) and that (8, + 8,,)*G(2,w) € R® R for k > 1; this
shows that the r.h.s. of the formula for [h~(2), h~(w)] belongs to A2R, as it should be.
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3. ¢e—e and f — f relations

As we explained in the introduction, the forms (2.1.2) and (2.2.3) of the e — e and f — f
relations do not enable us to derive quadratic relations for the e[e], f[e]. To do that, we
need to put these relations in the vertex form (0.2). This will be done by proving some
results on the kernels on the curve X.

To see what kind of kernels will be useful, observe that in the quantum affine
situation, the quantity of interest will be k(z,w) = =2, We have Ink(z,w) =

z—quw"
Ing+ 3,5, ﬂ—n—irf:(w/z)". Since in that situation, we have X = CP!, 9 = zL%,
and G(z,w) = 3 + X5, (w/2)', k(z,w) coincides with
. _ g0

o G(z,w)

(in this expression, the indices w mean that the operators act on the variable w). We are
therefore led to the study of the expression ﬁxﬂG (z,w), in the general situation.
For that, we first study 0, G. In the case where X = CP! and w = dz, the Green kernel
G is equal to 1/(z — w), and 9, = d/dz, so that 3.G is exactly equal to G*. In general,
these two quantities have the same most singular terms on the diagonal, but they usually

no longer coincide. We now study their difference.

3.1. Construction of ~y

Let us compute the endomorphism of R, defined by

(3.1) p(f)(z) = resu G2 (2, w) f(w)we.

p is the restriction to R of the endomorphism p of k,, defined by

(32) pf) = resu(G? = G2)(2,w) f(w)wu.

Let a(z,w) = (z — w)G(z,w); we have a(z,w) = —(z — w)G(z,w) and

2, 21(1) = resua(z, w)(G + G)(z, ) (w)wn,
Now (G + G)(z,w) = 8(z/w)/ro(z), so
[2,p](f)(2) = (2, 2) f ().

But G(z,w) = (3, _n(2/w)" + X5y 2" Xi(w))/ro(2), with A; € A, so that

(z = w)G(z,w) = =(w/ro(2))(z/w) ™™ + (2 =w) Y 2*Xi(w)/ro(z)

i>—N

€ —z/ro(2) + (z — w)C((z, w)),

so a(z,z) = —z/ro(2); so that [p, z] = [0, 2]; so we have p = d+function. Since A is
isotropic, p(1) = 0; this shows p = 0.
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Let us consider now 9.G(z,w) — G(z,w)?; this expression belongs to R.®k,, and the
endomorphism of R it defines is zero, so it belongs to R @ R. We have shown:

PROPOSITION 1. — There exists v € R ® R, such that 0,G(z,w) = G(z,w)* + v(z,w).

3.2. The kernel of 8™, n > 0

In this section we will study the expressions 3 9%e’ ® e;. For k = 0, this expression
is equal to G; for k = 1, it is equal to 9,G = G? + ~; for k = 2, it is equal to
9.(G? +v) = 2G(G?* +v) + 0.7 = 2G?® + 2G~ + 9,7. More generally, we have:

PROPOSITION 2. — Let (P,En)) kezn>0 be the system of polynomials in Clyy, 71, ...] defined
by PO =0, PO =1, P = 0, and P = DP™ + (k= )P, + 40(k + 1)PT,
for n > 0, where D = Zizo Yi+10/07;. Then

(3.3) Z e’ ®e; = Z P,En)(fy, d.7,...)G*,
k>0
(34) doe@ore = (-1)" Y BV(-1)'9,7)G"
k>0

The proof is a simple induction. Then, we have 35(3°,.,h"0" !/nl)e’ @ e; =
Y20 (Cnst B P (y, 8.9, ...))G; Tet us set

[
(35) Uk(h,")’(),")’]_, ) = Z TLTP,‘(: 1)(’)’0,’)/1, )

n>1
We have, with ¢ an auxiliary variable, and with u(f,t,7v;) = >~ t*uk, the equations

ou ou
(3.6) o5 =+ Dut (t* + vo)a, Uprmo = 0;

by Cauchy’s principle, they determine « uniquely. Let ¢, ¢ € hC[v;][[1]] be the solutions to

o _ » 09
(37) W Dyt 2

then the expansions of ¢ and 1 are 1) = —h+..., = h>yp+..., and ¢, ¢ have the properties
(38) ¢(_h7 (_1)i7i) = ¢(h7’7i)7 1/)(_ha (_1)1'71') = -1/}(h’7i)'

Moreover, ¢ — In(1 + t4)) satisfies (3.6); this identifies this function with w.
We conclude from this the first part of

ProrosiTiON 3. — With ¢ and 1 the solutions of (3.7), we have

o _ . . .
(3.9) > g 5 Lige = ¢(h,9:v) — In(1 + Gy(h, dy)),
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. _ g9 . . .
(3.10) > ! 8‘1 e' ®e; = —¢(—h,d.y) + In(1 + Gyp(—h, 8%v)),
R | . ; ~
(3.11) G S—ei = —¢(h,0,7) + In(1 = G(h, 0,7)),

7

L = —g(=h,007) + In(1 — Gih(—h, 8.7)).

—a
(3.12) Yol

The last part is proved using the last part of prop. 2.

Note that the formal series f(9,) — f(—0,,) is divisible by 9, + 9,, in C|9;, 0, ][[A]],
and denote their ratio by £0:)=F(=0u)

0. +0,
We then have:

(3.13)  ¢(h,8:v) — In(1 + G9p(h, 8;7)) — ¢(~h, 9,7) + In(1 — Gy(~h,8,7))
= 9. + 0, Y=7)

with f(z) = fx;l; to see it, it suffices to add (3.9) and (3.11) and to use the following
lemma.

LeMMA 1. — We have the equality
(0. + 0w)G =7 — 7.

Proof. — We know that G2 — G2 satisfies (G2 — G%,Id ® a), = Oa, for any
a € k on the other hand, (0 ® 1)(G + G) satisfies the same 1dent1ty It follows that
G2—G? = (0®1)(G+G), so that (®1)G = —y—G2. Hence, (109)G = —7—G%. =

In partlcular, we have
(3.14)

$(h, 0iy) — $(—h, Diy) + In(—ip(—h, D) [1h(h, 8iy)) = L 0) = F(Z0u)

az+aw (7*7)-'_’/07

Y9 € R ® R, vanishing on the diagonal.

PrOPOSITION 4. — Recall that T = Q—QW, let us set

1/}0 = %((b(h?a;f)l) - d)(*h?a;f)l))’ Q/J-I-(Vz) = w(_ha7i)7 1/’—(’7@) = ¢(h7'yi)7

then

1 1 1 + Gl/’+(% 2’77 )
3.15 Te i = s U2 . o0F
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and
4 4 G1/; (Bi W)
3.16 e' @ Te; = —o(0,,7 +—l — L
From (3.13) follows
L 14 Ge @) o 1 1= GYo(97)
. 5 —Iln——FF—22¢ 007)— —ln—F—" ¥~
=y )
- az+aw ’y 7 .
Remark that
(3.18) ZTe Qe —e ®Tei:az+6 (vy—7);
recall that 7 = Y Ue; ® €' satisfies
. T,-
(3.19) Ry ('y— 7)-

Let us precise now the e — e and f — f relations. Let
(3.20) A=) e (T+U)e,
then A = S-Te' ®e; + e @ [(Te;)r + Ues]; so

_ 1 1 + G1/)+(7> 275 )
(3.21) A= —7+1o(vy,0.7,...) + ﬁl 1+ Gy_(v,0.7,...)

1, 1-69-(3,0u7, )
2h ]_—G’l/}+("}/, wfy"“)

=7 —%o(V,0uw?, ) +
The relations are then written

(3:22)  MODTs b az,whi (7,0, - e(2)e(w) =
ezhf(z’“’)[z —w+ a(z,w)p_(v,0.7,...)]e(w)e(z)

(3.23) ¢N@FONNTCEW 5 — 4z, w)p_ (7,027, )]} f(2) f(w) =
g O 10) 2P0 (101 — o+ a2, w)pi (7, B2y, - )|} f (w) £(2);

recall that a(z,w) = (z — w)G(z,w) belongs to (G;k.,)*>

Relation (3.22) and (3.23) should be understood as follows. Expand for example e(z) as
Y okez erz~*. Then (3.23) gives a formula for [ey,e;41] — [ex+1, €] in terms of a formal
series with positive powers in f, with coefficients of the form i j>p @ij€i€j. Summing up
such relations for (k,1), (k+ 1,1 — 1), etc., and using either [e,,,e,] = 0 (it k£ — [ is odd)
are [em+1,€m] + [€m,em+1] = 0 (if it is even), we arrive at a formula expressing [ey, €]
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as a formal series with positive powers in A, with coefficients of the form 3, ;5 aije;e;.
This means that these relations define the structure of a topological Hopf algebra on Uy g
(the topology of this algebra being defined by the basis of neighborhoods of zero defined
by the two-sided ideals generated by A" and the z[¢], z = e, f,ht, e € z2MO).

Let us show that the e — e and f — f relations define a flat deformation of the symmetric
algebras in the e[e] and f[e], € € k. The reason why this deformation could be non-flat is
that in the procedure described above, we could have used relation (3.22) with z and w
exchanged instead. This could lead to other formulas for [es, €;]. To show that this is not
the case, we will prove that one can pass from one of these identities to the other (with
both sides exchanged) by multiplying it by an element & of 1+ A ], ; C((z:, w;))[[A]]-

Because of the identity (z — w)(G + G) = 0, it is enough for this element to satisfy both

€ e[l 4 Gy ] = V(1 — G|

and B
ML+ Gy ] = 2'“”"[1 Gip],

where 9; = %(%@%m)-
Using (3.9) and (3.11), the first identity becomes

~ T 9_1 i a= 01
£ = e2h76—2h¢oe¢(—ﬁ)—¢eziq el ®ei—e' @l g=le;

9

and using (3.10) and (3.12) the second one becomes

—a
e +q——7;"—lei®ez‘

~ ~ 91
¢ = 6—2nre2n¢06—¢(—n)+¢ezi —e;®%5

Note that since 3, i(%_le"@)e,- Ty Lejand — 3, e,® LR Le. ®e' both
belong to h(R® R)[[A]], the r.h.s. of both equatlons belong to 1+ h(R® R)[[h]], as desired.
The fact that they coincide is a consequence of

27’1( Po— 1/)0) 2FLTZ_T“J (v— ’y) 1+ G¢ (’77 27 - ) 1- Gw~(j7 awi? )
1 + G¢+(77 2y .- ) 1- G¢+(77a’w77 )

which amounts to the statement (3.17) above.

=1,

To summarize, we have:

THEOREM 5. — Let 7 € RQ R|[h]] satisfy (2.0.1). The algebra U}, 5 . § defined by generators
K, D, ht[r], k=[N, e[e], fle], A € A, r € R, € € k, subject to relations (1.4.1-4) organized
in generating series (1.4.5), subject to relations

() elw)] = A3 es el
(), ew)] =23 7% @ (T + Ues)elw),

(W7 (2), f(w)] = —2(2 e; ® ¢"%") f(w),
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[h™(2), f(w)] = —2( ZqKBe" ® ¢*T + U)e;) f(w),

PR @] =0, B ()b ()] = 7 P (@0 - g KO,

[h™(2),h™ (w)] = %(q’{8 ® ¢ = ¢ 0D ¢ @ (T +U)e;,

[e(2), Fw)] = (¢5%6(z, w))g T+ ) - (¢ KP5(z,w))g ™+,

where the variables z and w are attached respectively to the first and second factor of
the tensor products; K is central, (3.22), (3.23); (2.1.3), (2.1.4), (2.4.6), (2.4.7); with
coproduct defined by (2.1.5), (2.1.6), and to be opposite to (2.2.4), (2.2.5), counit defined
to be zero on all generators, and skew antipode S’ defined by to coincide with S, given
by (2.1.7), (2.1.8), and

S(K) = ~K, S'(h"\)=—h"N, §'(f(=) = — (=) exp(hh™(2)),

is a Hopf algebra, quantizing the Manin triple of section 1.4.

4. Dependence in 7 and A

1. Dependence in T

Let us study the dependence of the algebra Uj 4 g defined in thm. 5, with respect to
7. Let 7 = 7 + v, v € A?R[[h]]. Let us denote with a prime all quantities corresponding
to the algebra Uy 5 . §. Let us denote by u : A — R[[R]] the linear map defined by
uw(A) = (v,1® A)x. We have

(4.1) u=U-U, r-r=v=) (U-U)eec¢.

Then:

PropoSITION 6. — The formulae

(42) j(e'(z)) — e%hu(h+)(%)e(z), Z(f’(z)) — f(z)e%(qkaz)u(h+)(z),

qKB + q—KB

43) () = k), (=) = b () - (——2—uh+)<z>,

i(K') = K, i(D') = D, define an algebra isomorphism i : Uy ;' § — Uy A . §. Moreover,
we have

(4.4)  A(i(z)) = Adexp (% S wwle h+[vg]> (i ®D)A ()}, Vi € Uparg,

with v = Y. v; ® vV}, so that both Hopf algebra structures are isomorphic up to a twist
operation.
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Proof. — i is well-defined, because uh™(2) is expressed as ), Y ; h"'(rg»i))?“;-(i)(z),

rﬁ-i), r;(i) € R, the sums ), bt (rg-i))r;(i)(z) being finite. To prove e.g. that ¢ is an algebra

morphism, we make use (while checking the e — f relations) of the following sequence
of identities:

(q—Kaw(g(z’w))e%(uh+)(Z)q—h_(w)e%(q“uhﬂ(w) _
= (g7 K% 5(z, w))eH g ) B Cuh )

= (K90 §(z, w))e B Wb D) @b~ ()] g=h™ (@)t (g~ )uh®)(2)
= (KO (2, w))e~ FO=a @R =g N}QJ uei®e’)  —h” (w)+H(+aH Nurt)(2)

= K5z, w)eld DRy kT ()@ g K Yunt) )

= (KO 6(z, w))g~" W+ +a N )urt)(w)
(the first identity follows from &(z,w)f(z) = 8(z,w)f(w), the second from e%e® =
ebeelatl if [a,b] is scalar, the last one from the fact that v is antisymmetric, so that

{(¢*¥? — 1) ® (¢*%? — 1)}v vanishes on the diagonal). The other identities are easily
- checked. While checking the twist identity for f'(z), we use also the fact that

[((¢"° = ®)uh*)(2),h™(2)] = D (a"° = q P )ui(2)[h* (), b (2)]

= S = )2 (7 - ) (z)
=0,

with v = 37, v; ® v}, because {(¢X? — ¢7%%) ® (¢"? — ¢ *?)}v € A’R[[H]]. =

ProPOSITION 7. — The formulae

(4.5) (€ (2)) = e(2)e™ G i (f1(2)) = eF @ TUEDE £,

qKa + q-K8

@0 ) =), ) =) - (Tt )),

i'(K') = K, i'(D’) = D, also define an algebra isomorphism i’ : Up o -§ — Up A+ 8,
satisfying

(4.7) A(7'(z)) = Ad exp(%(hJr ® h+)v) {(' ®@")A'(z)}, Vz € Uparg.
It follows that i/~ o i is a Hopf algebra automorphism of Uy A ..

2. Dependence in A

Let A and A be two Lagrangean supplementaries to R. Then we have, A = (1 +7)A,
with 7 : A — R, given by

(4.8) r(A) = (ro,1® A), 79 € A’R.
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Dual bases for R and A are then (e') and (e;), with & = (1 + r)e;. Let us set
(4.9) ?:ZUéi®ei=T—ZTrei®ei;
we have then

(4.10) Y (T+0)E@e =Y (T+U);@c¢"

Let us consider the Hopf algebras Us a -8, Uy ;-8 and let us denote with a bar the
quantities occurring in the second.

PRrROPOSITION 8. — The mapping
J:Unar8— Usi -8
defined by j(e(2)) = e(2), j(f(2)) = f(2), G(h*(e')) = hF (), j(h™ (&) = h™(es),
J(D) = D, j(K) = K, defines a Hopf algebras isomorphism between Uy, g and Uy, § - 8.
5. Finite dimensional representations

Let us fix A and 7, and denote by Us@)x—onop the algebra defined in thm. 5, without
generator D and with K specialized to zero. We construct a morphism of algebras

(5.1) 7 : Un@|K=0,n0D — End(C?) ® k[[R]],

as follows: let us denote by ¢ = (¢;) the system of coordinates (z;), occurring in the
r.h.s.; we define

(5.2) w(h*[r]) = r(Qh + p* (r)(Oldce, w(h™[A]) = (T + U)(A)(Oh + p~ (M)Idce,

(5:3) m(e(2)) = F(Q)o(z,Q)e, n(f(2)) =6(2,0)/,

where the e, f,h occurring in the r.h.s. are the matrices with nonzero coefficients
ez = for = hiy = —hoy = 1, and

p*: R— R[[R]],p™ : A — (K)[[1]], F(C) € k[[A]]
are subject to the following conditions: recall that A(¢,z) = > ' (¢)(T+U)(e;)(2), and let
(5.4) B¢ 2) =Y pT(eNOT + U)e)(2),7(¢,2) = Y p~(€:)(Q)e'(2);
then
(55) =g T = P00, g - ¢4 = —F(2)8(2,0).
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Let
(5.6) F(2)8(2,¢) = ¢"h(G + G)(2,0),

with & € i(R ® R)[[1]], then we have for some p;» € ™' + (R ® R)[[R]],

]. p]_ + G _ 2
(5.7) A= 1n —aP= 5 Ll (p1+ G)(p2 = G) + 0,
= p2 + G _ ~ .
(5.8) A= L 5= " L2 (p1 = G)(p2+G) — 0.

Let us determine the possible p; o satisfying the first equations of (5.7) and (5.8) (which
we will call (5.7.a), (5.8.2)). Comparing (5.7.a) and the second line of (3.21), it is enough
to have

(5.9) Infi(py + G) = In(1 — Gyp_(3: 7)) + 2R\

(5.10) Inh(ps — G) = In(1 — G (02 7)) + 2hA

with A, A € (R® R)[[A]], A\ — A = T — 1(0%,7); and comparing (5.8.a) and the first line
of (3.21), it is enough to have

(5.11) Inh(py + G) = In(1 4+ Gap,(97)) + 2hpu

(5.12) Ink(py — G) = In(1 + Gy—(87)) + 2hia

with i € R® R, and p — i = ho(divy) — 7.
(5.10-12) are equivalent to the fact that for certain v,/ € R ® R, equal to 0 on the
diagonal,

v

B 1 i _ € v
(5.13) A= vt or In(h/94(0,,7)), p2 = b:(0i3) +G(1-e"),
and
~ _ € l o'
(5.14) A=p=v +—ln( h/p- (0, ’Y)),Pl——m""G(e - 1),
with the conditions on v and v/
(5.15) V=t o 1n(¢+(<9w’7)/ $_(9,7)) =T — $o(9,7)-

Let us see now, how p* can be deduced from these equalities. The conditions on them are
(5.16) In(1 — Go_(8: 7)) + 28\ = b(1 + p™) (') ® (T + U)(e;) — ho,
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(5.17) In(1 — Gy (0L7)) + 20X = h(pT — 1)(e)) @ (T + U)(e;) —
(5.18) In(1+ Gy4(9:7)) +2hu = h{e' @ (T + U)(e;) — ' ® p~(ei)} — ko,

(5.19) In(1 4+ Gp_(97)) + 2k = —h{e' @ (T + U)(e;) + ' @ p~(e:)} — ho.
Let T, T_ be the endomorphisms of R, defined by
(5.20) Ti(r) = (In(1 - G@b;(ai 7),1®r);

1—-(,1_8
we have T, = =1 ,T_ =1

= h(pt £ 1)T, (recall that T = 1% ey
1-¢°

1+4%

Due to (5.13) (resp. (5.14)), (5.16) and (5.17) (resp. (5.18) and (5.19)) are equivalent.
(2.0.1) and (5.15) can be solved by posing

if(az) - f(_aw)(
o 0. +0,
this follows directly from Lemma 1.

Let us explain the meaning of (5.22). The formal series f(9,) — f(—0,,) is divisible
by 0, + 0,; we denote the corresponding quotient by £(0:)=F(=8u)

(5.21) pt =

(5.22) T=

-73), V' =0,v=1y

. ). This is an element
of C[9.,0,][[]]. In (5.22) the operators 0, and 0J,, the act as usual as partial derivatives
in z and w. We will indicate after Prop. 9 how to modify our result in the case of a
general solution 7 of (2.0.1).

(5.16) then gives us

62 ho=gop | (f(—az)+f(—8w))—f(aw)](v—*r)

1+ g%
+¢(h,0,7) — In(=1/$-(9,7));
and (5.19) gives then

- -0 ) )
Seere)=Yee CIUZCD Ly o)+ ginoiy)
1 1

o | 5 - £-00) = (-0 + £(-0) + (0] (r -7

and so

o _ _ =0 ) )
G20 o) =TT L (lo(-h.0i) + (0,0

+ 9, '|1'8w [% (f(aw) - f(_az)) - 1 +1qaw (f(_aw)

F -0+ f(c?z)} (r-F)Ae 1>

for A € A. So we have:
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PRrOPOSITION 9. — The formulae (5.2), (5.3) define a morphism of algebras
m: Uhg|K=O,noD - End(cz) ® k[[h]]a

provided T is chosen according to (5.22), with F and p* given by (5.6), (5.21), (5.23)
and (5.24).

Let us indicate how the formulae giving p* and ¢ would be altered in the case of an
arbitrary 7 (satisfying (2.0.1)). Let us denote with an exponent () the quantities implied
in prop. 9. The general form of a solution of (2.0.1) is 7 = 7(® 4+ o, a € A2R][[A]]; we
have then 0 = ¢ — (1 + pT) ® Da, p* = pt®, p=(A) = p~O(\) — pH (A ® 1,a)).

6. Examples

1. Trigonometric case

Let X = CP!, let z be a coordinate on X, and let w = dz/z. The set of marked
points is {0,00}. Let us pose '

A = {(X0; Ax) € C[[2]] x C[[z7"]|0(0) + Aco(00) = 0}

Dual bases for R and A are €' = 2% for i € Z, and e; = (2z7,0) for s < 0, —(0,27%)
for ¢ > 0, 3(1,—1) for ¢ = 0. We compute then

. 1 qz —w 1 qu — 2
E le'®e; = —|In—,0}—=—{( 0,1 ,
- c®e 2h(nz—qw ) 2h( nw—qz)

so that we can take U = 0; exp(2h Y, Te' ® ;) = (£=2 2222 and the e — e relation is

z—qw' z—quw

(2 — qu)e(2)e(w) = (g2 — w)e(w)e(z),
as it appeared first in [4].

2. Elliptic case

Let X be the elliptic curve C/Z + 70Z; let z be the coordinate on C, and let w = dz.
Let us consider the case {x;} = {0}. We choose A to be spanned by 271, 2, 22, 2%, ...

We define t = €?™*, gy = 2™ (we assume |qo| < 1);

o) = TT0 - s T - a5, <= 2 (np).

n>0 n>0

Let us compute the kernel of 7. We have G(z,w) = ((z — w) — {(2) + ¢(w), so
that for r € R,

r(2) = resuo(C(z — w) = ¢(2) + C(w))r(w)duw,
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and
[(¢% = a7°)r](2) = resw=o(C(z —w+ ) = {(z + h) = ((z —w — h) + {(z - h))?(w)dw,

SO

0(z—w+h)8(z—h)O(—w —h)
6(z—w—"h)0(z+h)0(—w+h)

[07(¢° = ¢7?)7](2) = resu=oIn r(w)dw.

We have then,

6(z —w+h)0(z—h)O(—w — h)

2O e e e e ) A T )

+ R ® R[[h]]

and so
Z e ®[-97(¢? —q7?) + Ule; €

2irh + In O(z—w+h)0(z—h)0(—w —h)

0(z—w—h)0(z+h)0(—w+ h)

+ (N R)[[1]);

so that in the present case, the e — e relation takes the form

9inn0(z —w + h) 0(z — h) 0(—w — h)

(6-1) e(@)elw) = e G TR 0 T ) 8w £ Ty S )eR)

this relation is analogous to the relation (7.3) occurring in [8].

The full set of relations is in addition to (6.1) (for more symmetry in the relations, we
replace K and f(z) by 2K and (¢5?f)(z), and introduce K*(z) = ¢(T+U)r")() and
K= (2) = ¢%%(¢" )(2)):

2i;rh 6(z—w+h)0(z—h)0(—w—h)

62)  f)f() = s e () (),

(6.3)

(KE(2), K*(w)] = 0, K*(2)K~(w) = SG Wt -wt K-

(z—w—h)0(z—w+ K+h)

K~ (w)K*(2),

_ 2imh 0(z—w+h)b8(z—h)0(—w — h)e

(64)  K*(z)e(w) 0z —w — h) 0z + h) B(—w + h)

(w)K*(2),

p0(w—2z+h+K)0(w—h)0(—2z—h+ K)

(6.5) K (2)e(w) = e*" w7 ht K) 0wt h) 0=zt ht K)

e(w)K~(z),

_ pimn 0w — 2+ R) 8(w — h) O(—2z — h)
(6.6) K+(Z)f(’w) = €2 ﬁg(w ) (0T 0(_z — h) f(w)K+(z),
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2inn0(z —w+h) 0(z — h) O(—w — )
0(z—w—"h)0(z+h)0(—w+h)

67 K (2)f(w)=e fFw)K~(2),

(6.8) [e(z), f(w)] = 8(z = w)K* (=) — (2 — w + K)K~(w) ™.

3. Double extensions and infinite twists of the Reyman-Semenov triples

Let as above X be an elliptic curve, and X,, be the set of its n-division points. We fix
an isomorphism of X,, with (Z/nZ)?, and denote by a — I, the projective representation
of (Z/nZ)? on ®;ez/nzCe;, defined by I 06 = Cle; Ig,1)€; = €41, ¢ being a primitive
n-th root of 1.

The following Manin triple was introduced in [12]. Let kg, Og be the local field and ring
at 0 € X, and let us define in g = s[, (ko) the scalar product (z,y)y = resg tr(zy)(z)dz.
Let gy = s[,(Op) and g_ be the set of the expansions at 0, of the regular maps
o:X-X, — sl,(C), such that o(z +a) = Ad(I,)(o(z)), for a € X,,. Then (g, g+,9-)
forms a Manin triple. Its quantization was treated in [16] in the s[; case, and is connected
with Sklyanin algebras ([15]).

We propose the following double extension for this triple. Let § = g ® CK & CD,
and let us denote with an index O the Lie bracket in g. We endow § with the bracket
[z,y] = [2,y)o + reso tr(zdy)K, [D,z] = %, for z,y € g, K is central. Let us also
define a scalar product (, )z on § by (z,y) = (z,y)g for z,y € g, (K,z); = (D,z)3 =0
for z € g, (K,D); = 2. Then gy = g4+ ® CD and §_ = g_ @ CK are Lagrangean
subalgebras of g, so that (g,g,§_) forms a Manin triple.

We also propose the following twist for this triple. Let h and n. be the diagonal and
upper (resp. lower) triangular subalgebras of sl,,, and let g, = h(Op) & n (ko) ® CD,

g-={0: X - X, = h(O)|o(z + a) = Ad(L,)(o(x)), for a € X,,} ®n_(ko) & CK.
Then (g, 3+,8-) is a twist of the previous Manin triple.

4. Quantization for twists of Reyman-Semenov triples

Let us restrict ourselves to the case m = 2. Identify as above X with a quotient
C/C + 1C. To apply the techniques developed above to the quantization of (g, g+, §—),
we have to take R = Ogkg, and for A the space of regular functions f on X — X,, such
that f(z + 1/2) = f(z), and f(z + 7/2) = —f(z).

We find the dual bases (a(()k)(z))kzo and (w*/k!)>o of A and R, where

oo(2) =C(z)+C<Z+%>—C<Z+T22>—C<z+ 1270),

with the same conventions as above. Then ), Te’ ® e; is equal to 5 [exp((h — w)d,) —
exp((—h — w)d,)]0; oo(z), or

1 0(z—w—+h) Oz-—w+i+h) z—w—h+3)0(z—w—h+ L)

ﬁn9(z—w+h+%)0(z—w+h+1%’°) 0(z—w —h) 6(z—w+1-n)
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We can again take for ) . Ue; ® e* a constant function, so that e%Zi(T*U)ei(z)ei(“’) is
equal to
(qoem’ﬂn)z
Ow—z+h) Ow—z+h+3)  Hw-z-h) OHw—z—h+3)
Bw—2+h+ 3)b(w—z+ht 555) Bw—z—h+3) 0wz ht 50)

Let K*(2),e(z) and f(z) be the generators analogous to those introduced above. We
obtain the relations

[K*(2), K*(w)] = 0.
plz — w)K* (K~ (w) = plz — w+ K)K~ (w)K*(2),

. 6(z+3
with p(z) = ng:;, and 9(z) = e(zféo) 6(1'(—:#)’

(qoe*™)?9(z — w + h)e(2)e(w) = I(z — w — h)e(w)e(z),

(@0 ™ 20(z = w -+ b) (1) () = Dz — w — B)f()f(w),
(q0e™™)*9(z —w + h) K" (2)e(w) = 9(z — w — h)e(w) K" (2),
Wz —w—K —h)K ™ (2)e(w) = (goe*™)?9(z —w - K n h)e(w)K™(z),
Oz —w = R)K*(2) f(w) = (qoe*™)*I(z — w + h) f(w) KT (2),
(20 ™ 20(z —w + KK~ (2) f(w) = 9(z — w — B) F(w)K~(2),
[e(2), f(w)] = (2 — w)K*(2) = 8(z —w + K)K ™~ (w) ™
K™*(z) is subject to
taug

K* (z + %): K*(z), K* <z + T): K*(z) .

We expect that the algebra presented here is isomorphic to the sl version of the
Sklyanin algebra.
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