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ALGEBRAIC COVERS:
FIELD OF MODULI VERSUS FIELD OF DEFINITION (*)

By Pierre DEBES AND JEaN-CLAUDE DOUAI

ABSTRACT. — The field of moduli of a finite cover f : X — B a priori defined over the separable closure K of
a field K, with B defined over K, need not be a field of definition. This paper provides a cohomological measure
of the obstruction. The case of G-covers, i.e., Galois covers given together with their automorphisms, was fairly
well-known. But no such cohomological measure was available for mere covers. In that situation, the problem
is shown to be controlled not by one, as for G-covers, but by several characteristic classes in H2(K,, Z(G)),
where K, is the field of moduli and Z(G) is the center of the group of the cover. Furthermore our approach
reveals a more hidden obstruction coming on top of the main one, called the first obstruction and which does
not exist for G-covers. In contrast with previous works, our approach is not based on Weil’s descent criterion but
rather on some elementary techniques in Galois cohomology. Furthermore the base space B can be an algebraic
variety of any dimension and the ground field K a field of any characteristic. Our main result yields concrete
criteria for the field of moduli to be a field of definition. Our main result also leads to some local-global type
results, For example we prove this local-to-global principle: a G-cover f : X — B is defined over Q if and only
if it is defined over @, for all primes p.

RESUME. — Le corps des modules K d’un revétement f : X — B, défini a priori sur la cloture séparable de K,
avec B défini sur K, n’est pas forcément un corps de définition. Cet article donne une mesure cohomologique de
I’obstruction. Le cas des G-revétements, i.e., des revétements galoisiens donnés avec leurs automorphismes, était
assez bien connu. Mais pour les revétements seuls, on n’avait pas de tels résultats. On montre dans ce cas que le
probléme est contrdlé par plusieurs classes caractéristiques dans H? (K, Z(G)) (a valeurs dans le centre Z(G) du
groupe du revétement), et non pas par une seule comme pour les G-revétements. On déduit de nouveaux critéres trés
concrets pour que le corps des modules soit un corps de définition. Une autre application est le principe local-global
suivant, conjecturé par E. Dew : un G-revétement est défini sur @ si et seulement si il est défini sur chaque Q,,.

1. Introduction

Let B be an algebraic variety defined over a field K and f : X — B be a finite cover
a priori defined over the separable closure K, of K. Assume that this cover is isomorphic
to each of its conjugates under G(K,/K). The field K is said to be the field of moduli
of the cover. Does it follow that the given cover can be defined over K? The answer is
“No” in general. The field of moduli is not necessarily a field of definition: an example
was recently given by Couveignes and Granboulan [CouGr]. Still, in many circumstances,
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304 P. DEBES AND J.-C. DOUAI

the field of moduli is a field of definition, in which case it is the smallest field of definition
containing K. Studying the obstruction for the field of moduli to be a field of definition
is the main topic of this paper.

The case of covers of the projective line P! in characteristic 0 has been much studied
due to the connection with the regular form of the inverse Galois problem —does each
finite group occur as the Galois group of a regular Galois extension of Q(7')? The general
question classically covers two situations: the first one is concerned with covers —we use
the phrase “mere covers” in the sequel- whereas the second one considers G-covers, i.e.,
Galois covers given with their automorphisms. The notion of field of moduli goes back to
Weil and has been investigated then in particular by Belyi, Fried, Harbater and the first
author. The main known results are the following ones. For mere covers of P!, the field of
moduli is a field of definition if the cover f has no automorphisms (Weil [We], Fried [Fr]),
or, if the-cover is Galois (Coombes-Harbater [CoHa]). For a G-cover of automorphism
group G, the field of moduli is a field of definition if the center Z(G) is a direct summand
of G (e.g. if Z(G) = {1} or G is abelian). Furthermore, for G-covers, the obstruction to
the field of moduli being a field of definition can be measured by a specific characteristic
class in the second cohomological group H?(K,Z(G)) of K with values in the center
Z(G) and with trivial action (Belyi [Be], Débes [Dbl], [Db2]).

No such cohomological characterization of the obstruction was known for mere covers.
Filling up this gap was one motivation of this paper. We present here a general approach
that shows that the problem is indeed entirely of a cohomological nature. A simplified
form of our Main Theorem is this. '

MAIN THEOREM. — Let f : X — B be a mere cover defined over K with K as field of
moduli. Let G denote the automorphism group of the Galois closure of the cover f. Then
there exists an action L of G(K/K) on the center Z(G) of G and a family (Qs)sca of

characteristic classes
Qs € HX(K, Z(G), L)

indexed by a certain set A and with the property that the field of moduli K is a field of
definition if and only if at least one out of the Qs is trivial in H*(K, Z(G), L).

In contrast with the G-cover case, the problem is controlled not by one but by several
characteristic classes in H2(K, Z(G), L). In addition, the action L need not be the trivial
action, as it is for G-covers. Basically, the difference between mere covers and G-covers
is this. By definition of “G-cover”, all K-models of a G-cover are regular and Galois
over K: the extension of constants is trivial. Unlikewise, a mere cover may have several
models over K with different non trivial extensions of constants in the Galois closure
over K. In fact, the various characteristic classes Qs € H%(K, Z(G), L) correspond to the
“possible” extensions of constants in the Galois closure over K of a K-model of f (Main
Theorem (II)). In a next paper [DbDo2], we will show that the problem can be even more
highly structured by using the theory of gerbes of Giraud.

On the other hand, in the mere cover case, the index set A of the Main Theorem may be
empty, that is, there may be a priori no possible extension of constants (in Galois closure)
for a K-model. In that case of course, the cover cannot be defined over K. This is an
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FIELD OF MODULI VERSUS FIELD OF DEFINITION 305

additional obstruction, which does not exist for G-covers. It will be shown to correspond
to the solvability of a certain embedding problem, a condition that is denoted by (A\/Lift)
and plays a central role in the rest of the paper. We will give some practical criteria for
(MLift) to hold, i.e., for A to be nonempty (Prop. 3.1). We will also give an iff criterion
in terms of the vanishing of certain cohomological data (Thm. 4.7).

Contrary to most previous works, we do not need such assumptions as the existence
of unramified K -rational points on the base space B, which can be a quite restrictive
condition, even for B = P! (e.g. K is a finite field and P}(K) consists only of branch
points of the cover). Classically, such conditions imply that the exact sequence of arithmetic
fundamental groups

(1) 1 - Ik, (B*) - Ig(B*) - G(Ks/K) — 1

is split. Here, given a field F' over which B and the ramification locus are defined, B*
denotes the space B with the ramification locus removed and IIp(B*) the F-arithmetic
fundamental group of B*. That splitting condition is denoted by (Seq/Split) in the sequel.
We do not assume in the Main Theorem that condition (Seq/Split) holds. Thus the base
space B can be a curve with no K-rational points. The base space B can actually be an
algebraic variety of any dimension and the ground field K a field of any characteristic.

This has this other application. The covers were so far assumed to be defined a priori
over a separably closed field K,. The question was that of the descent from K to the
field of moduli K. There is a more general form of the problem for which the covers are
assumed to be a priori defined over an arbitrary Galois extension F' of K. A more general
notion of field of moduli relative to the extension F'/K can be defined and the question
is that of the descent from F' to this relative field of moduli. The Main Theorem will be
established in this more general context. The exact sequence of concern then is obtained by
replacing K by F in (1). It is not split in general even in the case B has K -rational points.
Our approach allows to handle this more general form of the problem. To our knowledge it
was only investigated by E. Dew in some special cases [Dew]. We will refer to the initial
form of the problem as the absolute one and to the more general one as the relative one.

Another innovation is that we handle simultaneously both mere covers and G-covers. The
specific objects we will be dealing with are the following ones. Given three groups II, G,
N such that G is normal in N, they are the surjective homomorphisms ¢ : II — G regarded
modulo the equivalence that identifies two such homomorphisms that are conjugate by an
element of N. Both mere covers and G-covers of a base space B correspond to the special
case that II is the algebraic fundamental group of B with the ramification locus removed,
G is the automorphism group of the Galois closure of the cover. The difference between
mere covers and G-covers is this: for G-covers, N = G whereas for mere covers, the
group N should be taken to be the normalizer Norg,G of G in the representation G — Sy
given by the action of G on an unramified fiber of the cover.

Our Main Theorem leads to quite concrete criteria for the field of moduli to be a field
of definition. For example, we obtain the following one for mere covers, which, to our
knowledge, is new: under condition (A/Lift), a mere cover is defined over its field of
moduli if Z(G) = {1} (Cor. 3.2). Our criteria contain all classical results as special cases.
The conclusion of Coombes-Harbater theorem —a mere cover that is Galois is defined over
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306 P. DEBES AND J.-C. DOUAI

its field of moduli— is shown to hold under the only condition (Seq/Split). An example in
[DbEm] shows that the same conclusion does not hold if condition (Seq/Split) is removed.
Under (Seq/Split), we also obtain, for G-covers and mere covers, some upper bounds for
the degree [K, : K| of some field of definition over the field of moduli K.

As first shown in [Db2], there is a connection between the problem “field of moduli
vs field of definition” and some local-global type properties of the field of definition of
covers. Our Main Theorem allows to prove this local-to-global principle for G-covers.

TueoREM (Thm. 3.8). — Let f : X — B be a G-cover defined over Q. Then f : X — B
is defined over Q if and only if it is defined over Q, for all primes p (including p = o).

In particular, finding a regular Galois extension of Q(T') of given group G —the regular
inverse Galois problem- is tantamount to finding a G-cover of P! of group G that has
a model over each Q,. Thm. 3.8 was conjectured by E. Dew and proved in [Db2] for
G-covers of P!. Here we extend this result to G-covers of a variety of arbitrary dimension.
The main difficulty was to handle the case where condition (Seq/Split) does not necessarily
holds. The Main Theorem is the main tool.

Questions of interest remain open. More generally, Thm. 3.8 holds with an arbitrary
number field K replacing Q except possibly in a special case coming from Grunwald’s
theorem (see §3.5). It is unknown whether the local-to-global principle holds in this special
case; no counter-example has yet been found. It is also unknown whether the local-to-
global principle holds for mere covers in place of G-covers. We devote a forthcoming
paper to these questions [DbDol]. We will establish the local-to-global principle for mere
covers under additional assumptions on the group G and the embedding G C S;. We
think however that the local-to-global principle is very unlikely to hold in general for mere
covers. We suggest why in §3.5.

The paper is organized as follows. In §2, we give the basic definitions and recall the
dictionary between covers and representations of (arithmetic) fundamental groups. This
is very much classical for covers of curves in characteristic 0. In §3 we state the main
results and give the applications. The Main Theorem divides into three parts. Part I is
concerned with the first obstruction, i.e., condition (A/Lift). When this condition holds,
there is a second obstruction, the main obstruction. It is described in Part II. Finally,
Part III reformulates the whole result under the additional assumption (Seq/Split). Concrete
criteria for the field of moduli to be a field of definition are derived in §3.4. §3 ends with
the proof of the local-to-global principle for G-covers over @. §4 is devoted to the proof
of the Main Theorem: the problem is entirely rephrased in algebraic terms; we can then
handle it with cohomological techniques. The same techniques allow to investigate the
basic condition (A/Lift): an iff cohomological criterion is given in §4.3.

We end this introduction by indicating how this paper applies to more general situations.
Firstly, because they are the most classical situations, we are in this paper mostly concerned
with G-covers and mere covers. In a final note we explain that our paper actually applies
to any kind of covers f : X — B given with some “extra structure”. Secondly, the notion
of field of moduli can be defined for other kinds of structure than covers, e.g. an algebraic
variety X. [DbEm] shows that, under suitable conditions, the obstruction that the field of
moduli is a field of definition is the same as for the cover X — X/Aut(X). Consequently

4°¢ SERIE — TOME 30 — 1997 — N° 3



FIELD OF MODULI VERSUS FIELD OF DEFINITION 307

results of the current paper yield results about fields of moduli of curves in particular.
Finally we consider here covers a priori defined over an algebraic extension of the base
field K. Various notions of field of moduli can also be defined for objects a priori defined
over a transcendental extension of K. A subsequent paper will show how to unify these
various notions and will explain that the essential problem is the one considered here, i.e.,
the algebraic descent from K to the field of moduli.

We wish to thank D. Harbater, M. Emsalem, M. Fried, H. Lenstra, P. Satgé and J. Wolfart
for their interest in our paper and many valuable suggestions.

2. Preliminaries on mere covers and G-covers

NortatioN 2.1. — Given a Galois extension F/k, its Galois group is denoted by G(E/k).
We let elements 7 of Galois groups act to the right (z — z7). Given a field k, we denote
by ks a separable closure of k£ and by G(k) the absolute Galois group G(ks/k) of k. As
usual in Galois cohomology, we write H"(k, —, —) for H"(G(k),—,—). In a group G,
conjugation by an element g € G is the homomorphism = — 29 = gzg~! (z € G). As
for Galois actions, our notation has the group act to the right.

2.1. Mere covers and G-covers over a field K

Let K be a field and B be a regular projective geometrically irreducible K-variety.
By mere cover of B over K, we mean a finite and generically unramified morphism
f + X — B defined over K with X a normal and geometrically irreducible K-variety. The
term “mere” is meant to distinguish mere covers from G-covers defined below.

The associated field extension K (X)/K(B) is a finite separable field extension that is
regular over K (i.e., K(X)N Ky = K (in a common separable closure of K(B))). The
degree of a cover is d = [K(X) : K(B)] = [Ks(X) : Ks(B)]. The cover is said to be
Galois over K if the field extension K(X)/K(B) is Galois.

Mere covers f : X — B over K and finite separable regular field extensions

K(X)/K(B) actually correspond to one another through the function field functor.

[Indeed, let E/K(B) be a finite separable extension regular over K. For each affine open subset U = Spec(R)
of B, let R be the integral closure of R in E. The associated morphisms Spec(R) — Spec(R) can be patched
together to give a finite and generically unramified morphism f : X — B over K with X a normal and irreducible
variety.

Furthermore, if D is the (reduced) ramification divisor (see definition just below) of the extension EK /K (B),
then the morphism is étale above B* = B—D. This follows from the Purity of Branch Locus ([Mi], [SGA1;
Exp. 10)).

Finally, if in addition D is a divisor with normal crossings, then the morphism is also flat. For certain authors,
flatness is part of the definition of covers. We will not need it. So we have not included it so not to restrict
the generality of our results.]

A cover f : X — B over a separably closed field K has two basic geometric invariants,
which only depend on the isomorphism class of the cover. First the group G of the cover,
i.e., the automorphism group of the Galois closure fr X — Bof f, or, equivalently, the
Galois group G(K, (X )/ Ks(B)). Second, the ramification divisor D of the cover, which is
defined as follows. Since B is normal, the local ring at each hypersurface of B is a discrete
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308 P. DEBES AND J.-C. DOUAI

valuation ring. Say that an hypersurface of B is ramified if the associated discrete valuation
ramifies in the extension /K (B). Then define the ramification divisor as the formal sum
of all ramified hypersurfaces. By invariants of a cover over a non separably closed field K,
we always mean the invariants of the cover over K obtained by extension of scalars. The
ramification divisor D of a cover over K is invariant under the action of G(K).

By G-cover of B of group G over K, we mean a Galois cover f : X — B over K
given together with an isomorphism h : G — G(K(X)/K(B)). The capital letter “G” in
“G-cover” indicates that the Galois group is part of the data; the “G” (italicized) is here
the name of the group. G-covers of B of group G over K correspond to regular Galois
extensions K (X)/K(B) given with an isomorphism of the Galois group G(K (X )/K(B))
with G.

2.2. Isomorphisms of mere covers and G-covers

An isomorphism between two mere covers f : X — B and f' : X’ — B over a field
K is an algebraic morphism x : X — X' that induces a K (B)-isomorphism between the
function field extensions K (X)/K(B) and K(X')/K(B). In a common algebraic closure
of K(B), this condition amounts to this: the extensions K (X)/K(B) and K(X')/K(B)
should be conjugate by x. Equivalently, an isomorphism y : X — X' of mere covers is
an algebraic isomorphism X — X', defined over K, such that x o f' = f.

Isomorphisms of mere covers of B over K and K(B)-isomorphisms of extensions
of K(B) correspond to one another: just extend the argument of §2.1 for “objects” to
“morphisms”. More precisely, the function field functor is an equivalence of categories.

An isomorphism between two G-covers f : X — B and f' : X' — B of group G over
K is a map x : X — X’ with the following properties:

— x is an isomorphism of mere covers over K.

— x commutes with the given actions of G.

In a common algebraic closure of K (B), the extensions K (X)/K(B) and K(X')/K(B)
are necessarily equal and x induces an element of G(K(X)/K(B)). Isomorphisms of
G-covers of B over K correspond to K (B)-automorphisms of regular Galois extensions
of K(B).

If F/K is a field extension and f is a mere cover (resp. G-cover) over K, the mere cover
(resp. G-cover) over F' obtained from f by extension of scalars is denoted by f ®x F
(that f ® k¢ F' is indeed a mere cover (resp. G-cover) over F' follows from our definition,
in particular from the regularity condition). Assume the base space B is defined over K.
A mere cover (resp. a G-cover) f : X — B over F is said to be defined over K if
there exists a mere cover (resp. a G-cover) fx : X — B over K such that fx Q@ F
is isomorphic to f over F.

2.3. K-arithmetic fundamental group

Assume that the base variety B is defined over K and fix a G(K)-invariant divisor
D of B with only simple components. Set B* = B—D. The K-arithmetic fundamental
group of B* is denoted by IIx(B*) or simply by [T when the context is clear. In the
notation of [SGA1], IIx(B*) is m1(B*,£), where £ is the geometric generic point of
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FIELD OF MODULI VERSUS FIELD OF DEFINITION 309

B corresponding to Spec(K(B)s) — Spec(K(B)) — B*. The group IIx(B*) can be
defined in the following way.

Fix a separable closure (K (B))s of K(B). Take then for K, the separable closure of
K inside (K (B));. Let Qp C (K(B))s be the maximal algebraic separable extension
of K,(B) unramified above B*. Then Ilx(B*) is the Galois group of the extension
Qp/K(B). The K,-fundamental group IIx_ (B*) is also called the geometric fundamental
group. From Galois theory, for each Galois extension F'/K, we have the following exact
sequence of fundamental groups

1 - Ip(B*) - lIg(B*) - G(F/K) — 1

REMARK 2.2. — Assume K is of characteristic 0. From Grauert-Remmert’s theorem and
the GAGA theorems, covers of B that are unramified outside D correspond to analytic
unramified finite covers of B\ D, which, in turn correspond to topological covers of B\ D
(for the complex topology). This implies that I (B*) is the profinite completion of the
topological fundamental group of B.

2.4. Dictionary “covers’/homomorphisms”

2.4.1. Mere covers. — Degree d mere covers of B over a field K with ramification
divisor in D correspond to transitive representations

v HK(B*) — Sd

such that the restriction to Il (B*) is transitive. Here S, denotes the symmetric group
in d letters.

[Correspondences. A degree d mere cover f : X — B over K with ramification divisor in D corresponds,
via the functor “function fields”, to a finite regular separable subextension E/K(B) of Qp/K(B). Its Galois
closure E /K (B) corresponds to a quotient of Il = IIx (B*), or, equivalently, to a surjective homomorphism
® : g (B*) — G where G = G(E/K(B)). Via Galois theory, the extension E/K(B) corresponds to a specific
subgroup H of G. Label the left cosets of G modulo H by the integers 1,...,d in such a way that H corresponds
to 1. The action of G by left multiplication on the left cosets of G modulo H provides a representation i : G — Sg.
The composed homomorphism ¥ = io ® : [Ix — Sy is the desired representation. The representation ¥ is only
defined up to conjugation by an element of S;. But the image group G = ¥ (Il ) is well-defined.

Conversely, given a representation U : Il (B*) — Sy as above, denote the stabilizer of 1 by IIx (1). Consider
the fixed field £ = ng W of Tk (1) in Qp. Then the extension E/K(B) is the function field extension
associated to a degree d mere cover f : X — B over K.

Two covers over K are isomorphic if and only if the corresponding representations ¥
and U’ are conjugate by an element ¢ in the normalizer Norg,G in Sy of the image group

G = \I/(HKS) = \III(HKS), ie.,
U (z) = pU(z)p™? forall z € Ilx(B™)

2.4.2. G-covers. — G-covers of B of group G over K correspond to surjective
homomorphisms
¢ 1Ig(B*) - G

such that ®(Ilx, (B*)) = G.
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[Correspondences. A G-cover f : X — B over K of group G and with ramification divisor in D corresponds,
via the functor “function fields” to a specific finite regular Galois subextension of Qp/K(B), i.e., via Galois
theory, to a specific normal subgroup H of IIx(B*). The group IIx /H is canonically identified with the
Galois group G(K(X)/K(B)). Composing the natural surjection IIx — IIx /H with the given isomorphism
F(K(X)/K(B) — G provides a surjective homomorphism @ : Il (B*) — G as above.

Conversely, given such an homomorphism, consider the fixed field £ = Qger(m of Ker(®) in Qp. Then
the extension E/K (B) is the function field extension associated to a Galois cover f : X — B over K of group
IIx /Ker(®). The isomorphism IIx /Ker(®) — G endows f with a structure of G-cover over K]

Two G-covers over K are isomorphic if and only if the corresponding homomorphisms
® and @’ are conjugate by an element of ¢ € G, ie.,

' (z) = p®(z)p" forall z € Ilg(B*)

2.4.3. Mere cover induced by a G-cover. — If a G-cover corresponds to an homomorphism
® : IIg(B*) — G as above, then the associated mere cover corresponds to the
homomorphism ¥ : IIx(B*) — S; obtained by composing ® with the regular
representation G — Sy of G (where d = |G]).

2.4.4. G-cover attached to a mere cover. — Conversely let ¥ : [Ix(B*) — Sy be the
representation of Il associated to a degree d mere cover f: X — B. Set G = (k).
The induced map V¥ : IIx(B*) — G corresponds to the Galois closure K (X)/K(B) over
K of the function field extension K(X)/K(B). It does not necessarily correspond to a
G-cover over K. It does if and only if ¥(IIx) = ¥(Ilg,) = G, which amounts to saying

that the extension K/(E() /K(B) is a regular extension.

2.5. (G-)covers

We frequently use the word “(G-)cover” for the phrase “mere cover (resp. G-cover)” in
statements holding for both mere covers and G-covers. We will consider descent problems
for the field of definition of (G-)covers from a Galois extension F' of a field K down to
the field K. In the mere cover situation, we will always assume that the Galois closure
over F' of the mere cover is, as G-cover, defined over F. This insures that the group of
the cover is the same over F' as over F;. This is of course not restrictive in the absolute
situation, i.e., when F' is separably closed.

Both mere covers and G-covers can be handled simultaneously. Namely mere covers
correspond to transitive representations ¢ : IIp(B*) — S whereas G-covers f : X — B
correspond to surjective homomorphisms ¢ : IIr(B*) — G. In both cases let G denote
the group of the cover. Then set

G in the G-cover case
~ | Nors,G in the mere cover case
Z(G) in the G-cover case
C =CennG = .
Cens,G in the mere cover case

where Z(Q) is the center of G and Norg,G and Cengs,G are respectively the normalizer
and the centralizer of G in S,. Thus, both mere covers and G-covers over F' correspond
to homomorphisms (or representations) ¢ : [Ip(B*) — G C N.
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Suppose given a Galois extension F'/K and a (G-)cover f : X — B such that the
base B is defined over K and the ramification divisor D is G(K)-invariant. Then the
mere cover f (resp. G-cover f) can be defined over K if and only if the representation
¢ : Up(B*) — G C N can be extended to a representation IIx(B*) — N.

Finally we always regard IV as a subgroup of S; where d is the degree of f: in the mere
cover case, an embedding N — S; is given by definition; in the G-cover case, embed
N = G in S, by the regular representation of G.

2.6. Galois action

The Galois group G(F/K) has a natural action on F-varieties; in particular, G(F/K)
acts on (G-)covers of B over F. Let f : X — B be a (G-)cover and 7 € G(F/K).
The corresponding conjugate (G-)cover will be denoted by f™ : X™ — B”. The group
of the cover f7 is the same as the group of f; if D is the ramification divisor of f,
then D7 is the ramification divisor of f”. Assume now that B is defined over K and
that D is G(K)-invariant. Let ¢ : Ilp(B*) — G be the homomorphism corresponding
to f. Pick an element 7 € IIx(B*) above 7 € G(F/K) and consider the homomorphism
¢ : TIp(B*) — G defined by

¢ (x) =z ) forall z€Ilp(B*)

where 7 = 7z(#)~!. Then the homomorphism ¢’ corresponds to a (G-)cover that
is isomorphic over F to the (G-)cover f7. Note that because our notation has the
groups G(F/K) and IIx(B*) act to the right, we have f* = (f*)" and ¢*® = (¢°)",
(u,v € G(F/K)).

2.7. Field of moduli

Fix a Galois extension F//K. Let f : X — B be a mere cover (resp., G-cover) a priori
defined over F. Consider the subgroup M (f) (resp. Mg(f)) of G(F/K) consisting of
all the elements 7 € G(F/K) such that the covers (resp., the G-covers) f and f7 are
isomorphic over F'. Then the field of moduli of the cover f (resp., the G-cover f) relative
to the extension F/K is defined to be the fixed field

FMU) (resp. FMa(h))

of M(f) (resp. Mg(f)) in F. The field of moduli relative to the extension K,/K is
called the absolute field of moduli (relative to K). The field of moduli of a (G-)cover is
easily seen to be contained in each field of definition containing K (in particular, it is
a finite extension of K). So it is the smallest field of definition containing K provided
that it is a field of definition. The ramification divisor D of f is automatically invariant
under M(f) (resp. Mg(f)). '

Let K., be the field of moduli of f relative to the extension F/K. Then the field of
moduli of f relative to the extension F'/K,, is K,, (this essentially follows from the fact
that M (f) (resp. Mg (f)) is a closed subgroup of G(F/K) for the Krull topology (e.g.
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[DbEm]). That observation generally allows to reduce to the situation where the base field
K is the field of moduli of the given (G-)cover f.

Assume ¢ : [Ip — G C N is the homomorphism corresponding to the (G-)cover
f : X — B over F. Then K is the field of moduli of the (G-)cover f relative to
the extension F'/K if and only if the ramification divisor D is G(K)-invariant and the
following condition —called the field of moduli condition—, holds.

(FMod)  For each u € Tl (B*), there exists ¢y € N such that
#(zY) = ¢(x)*v (for all z € IIx(B*))

For each v € Il (B*), ¢y is well-defined modulo CenyG = C. Denote the map
IIx (B*) — N/C that sends each u € I1x(B*) to the coset of ¢y modulo C by . It follows
immediately from the definition that @ : Il (B*) — N/C is a group homomorphism. Also
if ¢ is changed to ¢ with o € N, then @ should be replaced by %, where @ is the
coset of a modulo C.

The map p : Hx(B*) — N/C is a key data of the problem. If K is the field of
moduli, i.e., if condition (FMod) holds, then the map ¥ is uniquely attached to the original
representation ¢ : [Ir — G C N. In the sequel, the homomorphism @ : [Ix(B*) — N/C
is called the representation of 1l modulo C' given by the field of moduli condition.

2.8. Extension of constants in the Galois closure

Let F/K be a Galois extension and f : X — B be a (G-)cover defined over F'. Let
¢r : lIp(B*) — G C N be the associated homomorphism. Assume that the (G-)cover f
can be defined over K, ie., that the (G-)cover f has a model fx : X — B over K.
Let ¢ : g (B*) — N be the associated extension of ¢p to IIx(B*). Consider the
function field extensions F'(X)/F(B) and K(Xg)/K(B) respectively associated to f
and fx. Denote the Galois closure of the extension F'(X ) /F(B) (resp. K(Xg) /K(B))
by F(X)/F(B) (resp. K(XK)/K(B)) The field F( ) (resp. K(XK)) is the fixed field
in Qp (defined in §2.3) of the kernel of

¢r :lIp(B*) — G

(resp. ¢ : g (B*) — N)

Consider then the field K = K(/)?K) N F (inside 2p). The extension K /K is called
the extension of constants in the Galois closure of the model fx of f. The phrase “in the
Galois closure” should be stressed: the function field extension K (Xg)/K(B) itself is a
regular extension, i.e., the field K(Xg) N F of constants in K(X) is equal to K.

Denote by A the unique homomorphism G(F/K) — N/G that makes the following
diagram commute. Existence of A follows from ¢ (Ilr) = ¢r(IlF) C G and uniqueness
from the surjectivity of IIx — G(F/K).

lg(B*) —— G(F/K)

ol I

N _— N/G
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PROPOSITION 2.3. — The homomorphism A : G(F/K) — N/G induced by ¢ on G(F/K)
corresponds to the extension of constants K /K in the Galois closure of the model [
of fr. In other words, we have

G(F/K) = Ker(A)

Consequently, G(I? /K) identifies with a subgroup of N/G.

The homomorphism A : G(F/K) — N/G is called the constant extension map (in
Galois closure) of the K-model fx of f. For G-covers, N/G = {1}, the map A is trivial
and K = K. By definition, G-covers over K are required to be Galois over K with
the same Galois group as over K,. Thus they do not have any extension of constants
in their Galois closure.

Proof. — The restriction G(F/()\() /F(B)) — giK(/)?K)/I? (B)) is an isomorphism.
Consequently so is the restriction r : G(F(X)/K(Xk)) — G(F/I?) Now the first group
G(F(X)/K(Xk)) is equal to the quotient group Ker(¢x)/Ker(¢r). The second group
G(F/ K), via the isomorphism 7, corresponds then to Ker(A). O

2.9. Arithmetic action of G(F/K) on a fiber

In this paragraph we fix a Galois extension F'/ K and we assume that the exact sequence
of fundamental groups

1 - Op(B*) - Ig(B*) - G(F/K) — 1

splits. We will call this condition (Seq/Split) for short. We let s : G(F/K) — Ilg(B*)
denote a section to the map Il (B*) — G(F/K).

For F' = K, (i.e., for the absolute form of the problem), then condition (Seq/Split)
classically holds if the base space B has K-rational points off the branch point set D.
Indeed each such K-rational point provides a section s : G(K) — IIx(B*). On the other
hand, condition (Seq/Split) does not always hold: an example in which it does not is
given in [DbEm].

Let f : X — B be a (G-)cover defined over the small field K. Let ¢ : lIx(B*) - N
be the associated homomorphism. Under condition (Seq/Split), the homomorphism
¢r is determined by its restriction ¢p to IIp(B*) and by the homomorphism
¢x os: G(F/K) — N. Thatis, the model fx of f over K is determined by the (G-)cover
f ®k F and the homomorphism ¢x o s.

This homomorphism ¢k os : G(F/K) — N can be interpreted as the action of G(F/K)
on an unramified fiber of the cover. Consider first the special case for which F' = K,
B is a curve and s = s;, is the section given by an unramified K -rational point ¢, on B.
Recall that N comes equipped with an embedding G — Sy. Then Prop. 2.1 of [Db2]
shows that, for each 7 € G(K), the element ¢x o, (7) is conjugate in S, to the action
of 7 on the fiber fz'(t,).

Return to the general case. Each element of IIx(B*) induces a permutation of the
different embeddings of the function field K(Xg) in a separable closure (K(B))s of
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K(B). This set of embeddings K(Xg) — (K(B))s can be viewed as the geometric
generic fiber of the cover. By analogy with the case s = s, , for each 7 € G(F/K), the
element ¢y o s(7) will be called the arithmetic action of T on the generic fiber associated
with the section s. Such actions will be called actions of G(F/K) on an unramified fiber.
The most important case is the case s = s : the generic fiber associated with s; is
the special fiber above t,. Another important special case is for K = F,: the absolute
Galois group G(K) is the profinite group Z generated by the Frobenius, the corresponding
action of G(K) on the generic fiber is given by the action of (a lifting of) the Frobenius.

Actions of G(F/K) on unramified fibers are more precise invariants of the K-models
of the cover than the extension of constants (in Galois closure). Indeed, if s : G(F/K) —
Ik (B*) is a section, the constant extension map A : G(F/K) — N/G is equal to
¢k os: G(F/K) — N composed with N — N/G.

3. Main results

Let F'/ K be a Galois extension. The absolute situation (as considered in the introduction)
corresponds to the special case F' = K,. Here we consider more generally a relative
situation: F'//K is an arbitrary Galois extension. In a rough way, descending the field of
definition of a (G-)cover from F' to K consists in enriching the given model of f over F'
with some extra arithmetical data relative to K. There may not exist such arithmetical data
which are compatible with the model over F. But we will see that the fact that K is the
field of moduli insures that such arithmetical data exist at least modulo the group C (defined
in §2.5). So the whole problem can be regarded as a lifting problem: one wishes to lift
some arithmetical data given in a quotient group N/C' up to the group N. More precisely,
this arithmetical data consists of the representation of 1 modulo C given by the field of
moduli condition (defined in §2.7). In practice, this data can be reached in two ways:

— through the extension of constants in the Galois closure (§2.8): §3.1/3.2 use this
to classify the various K-models of a cover. This viewpoint divides the problem into two
steps. The first one is to find all the possible extensions of constants in Galois closure and
leads to a first obstruction: there must be at least one. This obstruction, which does not exist
in the case of G-covers, is called the first obstruction (§3.1). When this first obstruction
vanishes, i.e., when there is a possible extension of constants, there remains the main
obstruction, namely, the obstruction for the existence of a K-model with this extension
of constants. The Main Theorem (Parts I and II) gives a cohomological description of
these obstructions.

— through the arithmetic action of G(F/K) on an unramified fiber (§2.9): such
actions are more precise arithmetic invariants than the extension of constants. But they
are defined under the extra condition (Seq/Split). This condition, however, is a quite
natural condition. Part III of the Main Theorem corresponds to the special case for which
condition (Seq/Split) holds.

The Main Theorem is proved in §4. The last two paragraphs of §3 are devoted to
applications of the Main Theorem. In §3.4 we give some practical criteria for the field of
moduli to be a field of definition. In §3.5 we prove the local-to-global principle.
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We fix a Galois extension F//K and a (G-)cover f : X — B defined over F' and with
K as field of moduli. More precisely, we fix a representation ¢p : IIp(B*) — G C N
associated with the (G-)cover f (cf. §2.5). We will explain how our results depend on the
chosen model. The base B is assumed to be defined over K. Notation is that of §2.

3.1. The first obstruction

The (G-)cover f : X — B may have several models over K (and may have none).
Attached to each of these models is a constant extension K /K. This data is actually a
significant arithmetic invariant of the K-model. It is in fact one of the few data that can
possibly distinguish the different models over K. For example, a Galois cover may have
a model over K that is Galois over K (i.e., may be defined over K as G-cover) and
another model that is not; both models are isomorphic over F'; the extension of constants
(in Galois closure) is trivial in the former case and not in the latter. It seems natural that
this data arises when trying to find all the K-models of a (G-)cover f. Thus a first problem
is to determine all the possible constant extensions K /K, or, equivalently, all the possible
constant extension maps (in Galois closure) A : G(F/K) — N/G (§2.8). On the other
hand there may be none, but in that case of course, the cover cannot be defined over K.
We will see that the fact that K is the field of moduli insures that the map A exists and is
uniquely determined modulo the group C. More specifically, we have this first obstruction.

MaIN THeoreM (I) (First obstruction). — Assume that K is the field of moduli of the
(G-)cover f relative to the extension F|K. Let @ : llg(B*) — N/C be the representation
of llg modulo C given by the field of moduli condition (§2.7).

(@) There exists a unique homomorphism A\ : G(F/K) — N/CG that makes the following

diagram commute
Ig(B*) —— G(F/K)

g [
N/C —— N/CG
(b) The constant extension map (in Galois closure) A : G(F/K) — N/G of each
K-model of the (G-)cover is a lift of A.
(c) In particular, the following condition
(MLift) There exists at least one lifting A : G(F/K) — N/G of A : G(F/K) — N/CG.
is a necessary condition for the field of moduli K to be a field of definition of the (G-)cover.

The map A : IIgx(B*) — N/C is uniquely determined by the representation
¢r : lIp(B*) — G C N associated with the (G-)cover f : X — B. If ¢ is changed
to ¢% with o € N, then ) should be replaced by A%, where @ is the coset of o modulo
CG. The homomorphism A : G(F/K) — N/CG is called the constant extension map (in
Galois closure) modulo C given by the field of moduli condition.

The case of G-covers. In this case we have N/CG = N/G = {1}. Consequently the
constant extension map A modulo C is the trivial one and the trivial map 1: ' — N/C is
the only possible constant extension map lifting A. Thus condition (A/Lift) holds trivially.

The case of mere covers is different. The map A may have no liftings A, (i.e., condition
(MLift) may not hold), and may have several ones. In §4.3 we give an iff cohomological
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criterion for (A/Lift) to hold. However we prefer to keep it as a basic condition because it
is necessary, natural and is likely to hold in practice. Here are some practical criteria.

ProposiTION 3.1. — Condition (MLift) holds in each of the following situations (the third
one anticipates §4.3).

(@) The Galois group G(F/K) is a projective profinite group.
(b) The group CG /G has a complement in the group N /G, (in other words, the natural

map N/G — N/CG splits). This holds in particular for mere covers that are Galois of
group G such that Inn(G) has a complement in Aut(QG).

(¢) The group C/Z(Q) is a centerless group and the “band” of the problem is
representable. The latter holds for example if Inn(C/Z(G)) has a complement in
Aut(C/Z(G)) (e.g. C = Z(Q)).

Proof. — (a) is immediate. (c) is proved in §4.3 (where “band” is defined). In (b), only
.the part relative to the application to Galois covers needs more details. For Galois covers,
the group G acts freely and transitively on each unramified fiber of the cover. Thus the
embedding G — Sy can be taken to be the left regular representation v : G — S; of G
(i.e.,, v(9)(z) = g.x (g, € G)). The following facts (*) and (**), which we will use in
a couple of occasions, are more or less classical. The desired result follows immediately
from (**). Identify G with v(G).

(*) The group N = Norg, (G) is the semi-direct product C' x* Aut(G) of C' = Ceng,G
and Aut(QG).

(**) N/G ~ Aut(G) and N/CG ~ Aut(GQ)/Inn(G).

[Proof of (*). The group C' = Cens, G is the image of the right regular representation 6 : G — Sy (given by

8(9)(z) = z.g9 (9,2 € G)). For each o € Sgq, there exists a unique ¢, € C such that c,0(1) = 1. It is easily
checked that o € N = Norg, (G) if and only if c,0 € Aut(G). The rest of the proof of (*) is straightforward. O

Proof of (**). For each v = §(g).x € N = C'x* Aut(G) (with g € G, x € Aut(G)), we have v(g)~*.(6(g).x) €
Aut(G): indeed, y(g)~" - 6(g) is the conjugation by g~'. This shows that N/G = GAut(G)/G ~ Aut(G). The
rest of the proof readily follows. [J]

3.2. The main obstruction

Assume that condition (A/Lift) holds, i.e., that there is a possible extension of constants
for a K-model of the (G-)cover f. The main question remains: does there actually exist a
K-model with this extension of constants? Part II of the Main Theorem is concerned this
second part of the problem, which we call the main obstruction. More notation is needed.

The actions L, L, L} and the operator §'. Since elements of CG commute with those
of Z(G), the action of N by conjugation on Z(G) factors through the map N — N/CG
to yield an action of N/CG on Z(G). Similarly, the action of N by conjugation on C
factors through the map N — N/G to yield an action of N/G on C. We call these actions
“actions by conjugation (via N)” of N/CG on Z(G) and of N/G on C.

The action L of G(F/K) on Z(QG) is the action obtained by composing the map
A : G(F/K) — N/CG with the action by conjugation of N/CG on Z(G). Given a
lifting A : G(F/K) — N/G of A, the action L, of G(F/K) on C is the action obtained
by composing A : G(F/K) — N/G with the action by conjugation of N/G on C. It
is readily checked that the action L,, restricted to Z(G), coincides with the action L.
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Finally, we denote by L} the action obtained by composing A : G(F/K) — N/G with
the action by conjugation of N/G on CG/G.

Fix a lifting A : G(F/K) — N/G of X. Consider the exact sequence
1-7Z(G)—»C—CG/G -1
Its kernel Z(G) is abelian and central (i.e., Z(G) C Z(C')). Thus the coboundary operator
HY(G(F/K),CG/G,L}) — H*(G(F/K), Z(G), L)

is well-defined. It will be denoted by &1.

The main obstruction to the field of moduli being a field of definition can be described
as follows. Conclusion (e) is the key part. The 2-cocycle €2, involved is defined in (b).

MaIN THEOREM (II) (Main obstruction). — Assume that K is the field of moduli of the
(G-)cover f relative to the extension F/K and that condition (MLift) holds. Fix a lifting
A : G(F/K) — N/G of A\

(@) Let s : G(F/K) — g (B*) be an arbitrary set-theoretic section to the map
g(B*) — G(F/K) and @ : Ilg(B*) — N/C be the representation of Il modulo
C given by the field of moduli condition (§2.7). For each u € G(F/K), there exists an
element ¢, € N, unique modulo Z(G), such that

{ ¢ = A(u) modulo G
¢y = @ o s(u) modulo C

(b) Consider the 2-cochain (Q, ,)uver defined by:

Qo = (b b0 50) (Pr(s(w)s(v)s(uv)™) ™ (u,v €T)

The 2-cochain (0 ,)uver induces a 2-cocycle Qx € H*(G(F/K),Z(G), L), which is
independent of the choice of ¢, € N modulo Z(G) (u € G(F/K)) in (a) above and of
the set-theoretic section s.

(¢) The set of all liftings A' : G(F/K) — N/G of the constant extension map
\: G(F/K) — N/CG modulo C exactly consists of those maps N’ of the form A’ =8 - A
where 0 is any I-cochain in Z'(G(F/K),CG/G,L}) ().

(d) If § is any 1-cochain in Z'(G(F/K),CG/G, LY)) and 8 is the induced I-cocycle in
HYG(F/K),CG/G, LY), then the following conditions are equivalent:

@ Q' = 6(9)

(ii) There exists a K-model of the (G-)cover f with constant extension map (in Galois
closure) equal to the map 0 - A : G(F/K) — N/G (%.

(!) In particular, from the Main Theorem (I), the constant extension map of each K-model of f is of the
form § - A.

() In particular, condition (i) actually depends only on 6 in H YG(F/K),CG/G,L}) and not on the
particular cochain representative 6 in Z!(G(F/K),CG/G,L%).
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(e) In particular the following conditions are equivalent:

O Q' € §'(H'(G(F/K),CG/G, L}))

(il) The field of moduli K is a field of definition of the (G-)cover f (®).

In other words, the field of moduli K is a field of definition if and only if at least one
out of the 2-cocycles §'(6) - 25, where 6 ranges over H(G(F/K),CG/G, LY), is trivial
in H*(G(L/K), Z(G), L). We said in the introduction that the whole problem of whether
the field of moduli K is a field of definition was controlled by several characteristic
classes in H?(G(L/K), Z(G), L). These several characteristic classes are the 2-cocycles
81(9) - Qx (0 € HY(G(F/K),CG/G, L})). Under condition (MLift), the index set A of
our simplified form of the Main Theorem given in the Introduction can be taken to be
A = §Y(HY(G(F/K),CG/G,L}).

In the case of G-covers, we have CG/G = {1}. Thus there is only one characteristic
class in H%(G(L/K), Z(G), L). Furthermore, in that case, the action L is the trivial action.
The case of mere covers is different. There may be several possible constant extension maps
A and to each of them corresponds a chance to descend the field of definition; the actual
test is the vanishing of a well-defined 2-cocycle in H*(G(F/K), Z(G), L) attached to A.

3.3. Special case for which (Seq/Split) holds

In this paragraph we assume that condition (Seq/Split) holds (§2.9) and reformulate the
Main Theorem in that situation. We let s : G(F/K) — Ilx(B*) denote a group-theoretic
section to the map g (B*) — G(F/K). Under condition (Seq/Split), there is a more
precise invariant of the K-models of the cover than the extension of constants (in Galois
closure), namely, the action of G(F/K) on the generic fiber associated with the section s
(82.9). In a rough way, descending the field of definition from F' to K consists then in
finding an action G(F/K) — N C S, that is compatible with the given F-model of the
(G-)cover f, ie., the given representation ¢r : lIp(B*) — G C N. “Compatible” means
that the action should respect the semi-direct product structure Ilx ~ IIp x* G(F/K)
given by the section s. More precisely we have the following result.

MAaIN THeEoReM (III) (under (Seq/Split)). — Assume that K is the field of moduli of
the (G-)cover f relative to the extension F /K and that condition (Seq/Split) holds. Fix a
section s : G(F/K) — Ug(B*). Let ¢ : llg(B*) — N/C be the representation of I
modulo C given by the field of moduli condition (§2.7).

(a) For each lifting A : G(F/K) — N/G of A : G(F/K) — N/CG, the
2-cocycle Q) € H*(G(F/K),Z(G),L) of Part 1l is trivial if and only if there exists
an homomorphism ¢ : G(F/K) — N that lifts the homomorphism @ o s and that induces
A modulo G.

(b) In particular, the field of moduli K is a field of definition of the (G-)cover if and only if
the homomorphism @os : G(F/K) — N/C has at least one lifting ¢ : G(F/K) — N (*).

) In particular, condition (i) does not depend on the fixed lift A of .
(*) In particular, the latter condition does not depend on the choice of the section s.
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(¢) More precisely, to each lifting ¢ : G(F/K) — N of the map @os corresponds a model
over K of the (G-)cover f, which has the property that the action ¢ : G(F/K) — N C Sy
is the arithmetic action of G(F/K) on the generic fiber associated with the section s.
Namely, this K-model is the one associated with the extension of ¢p : llp(B*) — G C N
to Ui (B*) = lIp(B*) x* G(F/K) that is equal to ¢ on G(F/K).

3.4. Concrete criteria

In this paragraph, we present some practical criteria for the field of moduli of a
(G-)cover to be a field of definition. We recover all classical criteria as special cases. The
main improvements are that our results are concerned with both G-covers and mere covers,
of a base space B of arbitrary dimension, over a ground field of arbitrary characteristic
and for F/K an arbitrary Galois extension. Furthermore, results of §3.4.1 do not assume
that condition (Seq/Split) holds.

3.4.1. Consequences of Main Theorem (Part II). — It follows immediately from the Main
Theorem (II) that, under condition (A/Lift), the field of moduli K is a field of definition if
the cohomological group H2(G(F/K), Z(G), L) is trivial. Recall that condition (M/Lift)
is automatically satisfied in the situation of G-covers.

COROLLARY 3.2. — Under condition (MLift), the field of moduli K is a field of definition
if the center Z(G) of G is trivial.

This was well-known for G-covers of P! but seems to be new for mere covers for
which previous results involved so far the centralizer C = Ceng,G. Combined with
Prop. 3.1, Cor. 3.2 yields this criterion: a mere Galois cover with centerless group G
such that Inn(G) has a complement in Aut(G) is automatically defined over its field
of moduli.

CoROLLARY 3.3. — The field of moduli K is a field of definition if G(F/K) is a projective
profinite group.

Indeed, if G(F/K) is projective, then condition (MLift) holds (Prop. 3.1(a)) and the
group H2(G(F/K),Z(G),L) is trivial.

Take F' = K, that is, consider the absolute form of the problem. Cor. 3.3 requires then
that G(K) be projective. This holds if K is of cohomological dimension < 1. Finite fields,
k(T), k((T)) (formal power series) with k any field, Q," (maximal unramified algebraic
extension of @), @°, PAC fields are some classical examples of fields of cohomological
dimension < 1. Over these fields, the absolute field of moduli of a (G-)cover is a field
of definition. Another consequence of Cor. 3.3 is that the field of moduli of a (G-)cover
defined over @ is the intersection of its fields of definition: indeed, from Artin-Scheier’s
theorem, each number field is the intersection of fields of cohomological dimension < 1
(see Prop. 2.7 of [CoHa] which proves this for G-covers).

3.4.2. Consequences of Main Theorem (Part III). — In this paragraph we assume that
condition (Seq/Split) holds. The three corollaries below use conclusion (b) of the Main
Theorem (III): the field of moduli K is a field of definition of the (G-)cover if and only if
the homomorphism @ os : G(F/K) — N/C has at least one lifting ¢ : G(F/K) — N.
The first one is an immediate consequence.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



320 P. DEBES AND J.-C. DOUAI

COROLLARY 3.4. — Under condition (Seq/Split), the field of moduli K is a field of definition
if C = CennG has a complement in N. This holds in particular in each of the following
situations:

— G-covers for which Z(G) is a direct summand of G (e.g. G abelian).
— Mere covers that are Galois (use statement (*) in proof of Prop. 3.1).

The last situation is a generalization of Coombes-Harbater’s theorem, which was
established for covers of P!,

CoRroLLARY 3.5 (generalizes [Db2]). — Under condition (Seq/Split), there exists a field of
definition K4 with degree [K, : K| over the field of moduli bounded as follows.

|G|
or G-covers) : Ki: K| < i
|Norg, G|
: . < " =
(for mere covers) [Kq: K] < Cens. G

Proof. — Let K, be the fixed field in F' of Ker(p os). Apply conclusion (b) of the
Main Theorem (III) with K taken to be K4. The restriction of (@ os) to (G(F/Ky)) is
the trivial map and so can be lifted to an homomorphism G(F/K,) — N. Conclude that
K, is a field of definition of the (G-)cover. The desired estimates follow from

[Kq: K] = |G(F/K)/Ker(ps)| = |(s)(G(F/K))| < |N/C|
and the definitions of N and C. O

COROLLARY 3.6 (generalizes [Dew]). — Under condition (Seq/Split), the field of moduli K
is a field of definition if G(F/K) is a finite cyclic group of order divisible by the exponent
exp(N) of the group N.

Proof. — Let ¢ be a generator of G(F/K) and n = [F' : K]. It is easy to lift the
homomorphism @ os: G(F/K) — N/C to some homomorphism G(F/K) — N. Indeed
it suffices to lift ¢ 0 s({) up to an element g € N such that g" = 1. Now because of the
assumption on exp(N), all elements g € N satisfy ¢g" = 1. O

ReMARK 3.7. — The main idea in Cor.3.6 about the use of cyclic extensions is due to
E. Dew. He also notes that the hypotheses only have to be satisfied for an extension F”
of F'. Namely we have this more general result.

(1) Let fr : X — B be a (G-)cover over F with K as field of moduli. Assume that
there exists a field F' such that the extension F'/K is cyclic of order a multiple of exp(N)
and (Seq/Split) holds with F' replacing F. Then K is a field of definition of the (G-)cover
fr ®r F' (but not necessarily of the original (G-)cover fr).

This may be used to give an alternate proof of the fact that over a field K with pro-cyclic
absolute Galois group G(K), the absolute field of moduli is a field of definition.
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3.5. The local-to-global principle

The Main Theorem has the following application which we call the local-to-global
principle for G-covers over Q. The base variety B is a regular projective irreducible
variety defined over Q.

THEOREM 3.8. — A G-cover f : X — B over Q is defined over Q if and only if it
is defined over each completion Q, of Q (including p = o). More generally, the same
conclusion holds with Q replaced by any number field K such that the following special
case does not hold.

SpeciAL CASE. — The special case comes from the special case of Grunwald’s theorem
[ArTa). For each integer v > 0, (. is a primitive 2"th root of 1 and 1, = (. + (L. Then
denote by s the smallest integer such that ns € K and ns11 ¢ K. The special case is
defined by these three simultaneous conditions:

1. =1, 2+ ns, —(2 4+ ns) are non-squares in K.

2. For each prime p of K dividing 2, at least one out of the elements —1, 2 + n;,
—(2 4+ ns) is a square in K,.

3. The abelian group Z(G) contains an element of order a multiple of 2* with t > s.

If K = Q, then s = 2 and i, = 0. Since —1, 2 and —2 are non-squares in Q5, condition 2
cannot be satisfied. Therefore the special case does not occur if K = Q. Similarly the
special case does not occur if K contains /—1 or if K contains /=2 (°) or if Z(G) is of
odd order. Examples for which the special case holds are actually quite rare (see [ArTa]).

The local-to-global principle for G-covers between curves over an arbitrary number field
was conjectured by E. Dew [Dew]. The special case B = P! was first proved in [Db2]
(except in the special case of Grunwald’s theorem). The proof took advantage of the
cohomological nature of the obstruction to the field of moduli being a field of definition.
Thm. 3.8 extends this result to G-covers of more general base spaces B. In particular,
B does not need to have a K-rational point.

It is unknown whether the local-to-global principle holds in the special case of
Grunwald’s theorem; no counter-example has yet been found. It is also unknown whether
the local-to-global principle holds for mere covers in place of G-covers. We will devote
a forthcoming paper to this question [DbDol] (see also Remark 3.9). We will establish
the local-to-global principle for mere covers under additional assumptions on the group G
and the embedding G C S;. We think however that the local-to-global principle is very
unlikely to hold in general for mere covers. There is indeed for mere covers an extra
obstruction, which is as before related to the fact that, unlike G-covers, mere covers may
have several models with essentially distinct extensions of constants in Galois closure.

More precisely, if a given mere cover f : X — B over @ has a model fx : Xx — B
over some number field K, then the local covers fx Q@ K, obtained by extension of
scalars from K to each completion K, of K have this property: the extensions of constants

(®) Case “v/—2 € K”: In that case, either v/—1 € K and then condition 1 is not satisfied, or v/—1 ¢ K, but
then v/2 ¢ K, which yields s = 2, s = 0 and —(2 + 7,) = —2 is a square in K, i.e., condition 1 not satisfied
either.
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in Galois closure f(\,,/ K, all come by extension of scalars from a same extension K /K.
Now, if instead it is only assumed that the mere cover f has a local model f, over each K,
one can hardly expect that the same be true for the associated constant extensions I/{\v /K,.
On the contrary one can imagine that they come from the constant extensions I/(\L /K; of
several models over several fields K; but that no K-model exists.

Proof of Thm. 3.8. — Let f : X — B be a G-cover defined over each completion K,
of a number field K. Since the (absolute) field of moduli is contained in each field of
definition, it can be embedded in each completion K,, where v runs over the set Mg
of all places of K. It is a classical consequence of Cebotarev’s theorem that this forces
the field of moduli to be K. Consequently the ramification divisor is G(K)-invariant.
From the Main Theorem then, the obstruction to K being a field of definition of f is
measured by a certain 2-cocycle 2 € H?(K, Z(G)) (with trivial action). By hypothesis,
this 2-cocycle vanishes in H?(K,, Z(G)) for each place v € M. Therefore the element
Q lies in the kernel of the map

(2) HYK,Z(@) - [[ H* (K., 2(@))
vEMEK
The rest of the proof consists in showing that this map is injective except possibly in
the special case. By writing Z(G) as a product of cyclic groups, one may reduce to the

case Z(G) = Z/nZ. Then from the Tate-Poitou theorem [Se; II-§6.3], the kernel of the
map (3) is in duality with the kernel of the map

HY (K, pn) =[] H"(Kosn)
vEMK
where p, = Hom(Z/nZ,G,,) is the group of nth roots of 1 in K. Classically we
have H(K, j1,,) ~ K* /(K*)". The result then follows from Grunwald’s theorem [ArTa;
Ch. 10]: for a global field, the natural map

KX — [ KX/
vEMK
is injective except possibly in the special case described above (which corresponds to the
special case of Grunwald’s theorem in [ArTa] p. 96 with the extra condition S = §). O

ReMARK 3.9. — The proof extends to the case of mere covers for which the
obstruction “field of moduli vs field of definition” can be measured by a single 2-cocycle
Q€ H*(K, Z(@G)) with trivial action, In general the question is controlled by a family
(Q4)aea of elements of H2(K, Z(G), L). The parametrizing set A, either is empty, or
can be taken to be §'(H'(K,CG/G, LY)). Therefore the local-global principle holds for
mere covers for which

(1) Condition (MLift) holds (which insures A # ).

(2) Z(G) is a direct summand of C = Ceng,(G) (which insures that the set
§'(HY(K,CG/G,Ly)) is trivial).

(3) Elements of Z(G) commute with those of N = Nors,G (i.e., Z(G) C Z(N))
(which insures that the action L is the trivial one).

We will elaborate on this in [DbDol].
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4. Proofs of the main results

This section contains the proof of the Main Theorem. We start with a pure group
theoretical problem in §4.1. This paragraph is the technical core of the paper. We then
prove the Main Theorem in §4.2: appropriately formulated, it appears as a special case of
§4.1. A basic assumption of the Main Theorem is condition (M/Lift). In §4.3 we prove, under
a minimal condition denoted (Band/Rep), an iff cohomological criterion for (A/Lift) to hold.

4.1. A pure group theoretical problem

The problem below is about the possibility of extending a given group homomorphism
with some extra constraints. We will give a cohomological solution (Thm. 4.3): more
precisely we will produce a characteristic class {2 in a certain cohomological group with
the property that the vanishing of it is equivalent to the possibility of extending the given
homomorphism.

4.1.1. Basic problem.

Data. — A commutative diagram

— where all arrows are group homomorphisms,

— where — means that the group homomorphism in question is injective (we may then
regard these maps as inclusions),

— where *» means that the group homomorphism in question is surjective,
— where all sequences in which arrows are lined up are exact.
HyroTHESIS. — We assume that H C CengD.
QUESTION. — Does there exist a group homomorphism F : B — E such that the enlarged
diagram commutes, that is, such that:
(i) F extends F : A — D, i.e., the restriction of F to A equals F, and
(ii) F induces F : B — E modulo H or, equivalently, F is a lifting of F : B — E, and

(iii) F induces f : ' — R overT, i.e., F composed with the map E — R coincides with
the map B — ' composed with the map f?
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4.1.2. Notation

(a) Cosets modulo H. Given any element n € E, the corresponding element in E via
the map E — E will be denoted by 7. For simplicity, we use the same notation, i.e.,
we also use “bars”, for images of elements of D via the map D — D and for images
of elements of R via the map R — R. Finally, given any map g with values in D or £
or R, we denote by g the map defined by g(z) = g(x).

(b) The abelian group Z = D N H. Under the assumption H C CengD, the group
D N H is an abelian group, which we denote by Z. The group D N H is actually equal to
the intersection Z(D) N Z(H) of the respective centers of D and H.

(c) Actions by conjugation

— Action of R on Z: The kernel of the map E —» R obtained by composing the maps
E — F and E — R is the group DH. Since from (b) above, elements of DH commute
with those of Z, the action of E by conjugation on Z factors through the map £ — R
to yield an action of R on Z.

— Action of R on H: it follows from H C CengD that the action of E by conjugation
on H factors through the map £ — R to yield an action of R on H.

— Action of E on D: it follows from H C CengD that the action of E by conjugation
on D factors through the map £ —» E to yield an action of E on D.

For simplicity, we call these actions actions by conjugation via E.

(d) Actions of I

— The action L of T on Z is defined to be the action obtained by composing f : I' — R
with the action by conjugation of R on Z (via E). This action plays a quite important role.
It can be defined equivalently as follows: for each d € Z and each ¢ € T,

dL(c) — (¢

where e € E is any preimage of f(c) via the map £ — R.

— The action Ly of I' on H is the action obtained by composing f : I' — R with
the action by conjugation of R on H (via E). It is readily checked that the action Ly,
restricted to Z, coincides with the action L.

— The action L} of I' on HD/D is the action obtained by composing f : I' — R with
the action by conjugation of R on the kernel of R — R, which identifies to HD/D. It

is readily checked that the action Ly of I' on H induces an action of I' on HD/D and
that that action is the action L} just defined.

4.1.3. Conditions (FMod) and (rest/mod)
The following conditions are important:
(FMod) For each a € A and for each b € B we have

F(a®) = F(a)F®

(rest/mod)  The map F: A — D induced by F modulo H coincides with the restriction
F:A— Do F toA.
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Condition (FMod) is the “Field of moduli” condition. This condition exactly corresponds
to condition (FMod) of §2.7 in the context of (G-)covers. Condition (rest/mod) is concerned

with the corner A — D in diagram 4.1.1. Maps F and F are two natural maps A — D.
Condition (rest/mod) insures that both maps are equal. The name (rest/mod) is meant to
suggest that “restriction” commutes with “modding out by H”.

ProPOSITION 4.1. — Assume that Basic P@blem 4.1.1 has an affirmative answer, i.e., that
there is an homomorphism F extending F' and inducing F and f. Then both conditions
(FMod) and (rest/mod) hold true.

Proof. — Assume that F' exists. Let a € A and b € B. We have:
F(a") = F(a") = F())"® = F(a)"® = F(a)"®

thus proving condition (FMod). Next we have F'(a) = F(a). So F(a) = F(a). This proves
that F coincides with the restriction of F to A, i.e., that condition (rest/mod) holds. I

In addition to condition (FMod) and (rest/mod), what else is needed for Basic Problem
4.1.1 to have an affirmative answer? The answer is Thm. 4.3 below.

4.1.4. Solution to Basic Problem 4.1.1

We respectively denote the maps E — R and E — R by r and 7.

Lemma 4.2. — Let s : I' — B be an arbitrary set-theoretic section to the map B —» T.
For each u € T, there exists an element ¢,, € E, unique modulo Z, such that

Pu = Fos(u)
Proof. — Pick ¢% € E such that 7(¢%) = f(u). Then we have
7(¢%) =r(9%)
= f(u)
= f(u)
=70 F(s(u))

Consequently ¢¢ = F(s(u)). d, for some d, € D. Set

bu = ¢5-(du) ™
Then ¢, satisfies (1). Uniqueness of ¢, modulo Z = DN H is clear. O

For each choice of a set-theoretic section s and a family (¢, )yer as in Lemma 4.2, we
now define elements ®,,, € E, 7,, € A and Q, , € E (u,v € I), in the following way.

O = bu bo by
(2) Yun = s(u) s(v) s(uv)™?
Qo = Pup (F(u0)) ™"
THEOREM 4.3. — Assume that both conditions (FMod) and (rest/mod) hold.

(a) The 2-cochain (S 4 )u,ver defines a 2-cocycle of T' with values in the abelian group
Z = DN H and for the action L on Z.
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(b) Modulo the coboundaries, the 2-cocycle (2 ,)u,ver is independent

— of the set-theoretic section s : I' — B, and

— of the family (¢, )yer satisfying (1) in Lemma 4.2.

(¢) Basic Problem 4.1.1 has an affirmative answer, i.e., there is an homomorphism F
extending F and inducing F and f, if and only the 2-cocycle Q) is trivial in H*(I', Z, L).

Proof of Thm. 4.3 (a).

_Step 1: Q) has value in Z = DN H: Let u,v € T'. Classically 7, is in A. Consequently
F(vu,) is defined and lies in D. A priori ®,, is in E but using (1) we obtain

T(q)u,v) = r(¢u)r(¢v)r(¢uv)_1
= f(u)f(v)f(uv)™?
=1

which _proves that ®,, is in D. Thus 2,, € D. It remains to prove that Q,, =
D, . (F(Vuw))~t is in H. This follows from

Bu =G b0 G
=Fos(u) Fos(v) (Fos(uv))™*  (from (1))

= F(vuw) (from (rest/mod))

Step 2: Cocycle condition. The following formulas are straightforward:

3) {‘I’;}L (@np)? Pynr ®ypp =1

Yoh (i) ? Ygnk Vorp =1

Apply F to the second one and use that

ﬁ((%,k)s(g)) = (ﬁ(%,k))f(s(g)) (from (FMod))

= (F(’yh,k))gg (from Lemma 4.2)
to obtain this formula
@) F(rg) ™ Foma)® F(yg ) Flagne) ™t =1
Combine it with the first formula of (3) to obtain that €, , = @u,v.(f' (Yuw)) ™! satisfies
(5) Qh (Qnk)? Qgne Qpy =1

[Hint: prove the equivalent formula (€, ;. )%¢ Qg.nk = Qg rQgn k. Note that the Q, s commute with elements
of both D and H.]
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Note eventually that, since €}, € Z, we have

bg r 4’9 L
Q b= Q ( Q{L(g) — Qh,(lf)

Conclude that condition (5) is indeed the cocycle condition in H?(I', Z,L). O

Proof of Thm. 4.3 (b). — Let s’ : I' — B be another set-theoretic section of B — I'. From
Lemma 4.2, for each u € I', we may choose an element ¢!, € N, uniquely determined
modulo Z, such that

{ r(¢l) = f(w)

4, =TFos/(u)

As above define a 2-cocycle €' = (£, ,)uver by
@ = by by (D)7
Yo =8 (1) §'(v) (Us'(uv)) ™"
Q= ¥, (F(LL) ™

We need to show that the 2-cocycles (By ,)uver and (B;‘v)u’ver differ by a coboundary.

Let § : I' — B be the set-theoretic map defined by &§(u) = s(u)~'s'(u). We have
6(I") € A. Let u € T". Using the uniqueness modulo Z in Lemma 4.2, one obtains

P, = du ﬁ(ﬁ(u)) Cu for some (, € Z
Then set
(6) cu = F(8(w)) Cu = Cu F(6(u))

The following formulas are straightforward:

Q;,L,’U = Quy ﬁ(')’u,v)( Y Cv 1—“}1)%«,( ('7;,11))_1
Voo = Yo (6(w)3 7 8(v) 6(uv) 1))

Apply F to the second one to obtain

F(Y,.,) = F(yu)(F(8(w))* F(6(v)) F(6(uv))™t)%=

Substituting back in the first one yields

(7)

Q= Dol ey enh)P [(F(8(u))?s" F(8(v)) F((uv))~)#e]]F0m)
Now (6) gives
ey gk = (8¢ CHE(S(w) F(6(v) F(8(uv))™Y)

Whence ) ~
Qi},,v = QU:”[(C&S; C'U C;v1)¢uv]F(7uN)

Finally set &, = (v = (™ for each u € T to obtain

Q) = Q. [EEEW ST FOuo
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The 2-cochain ([¢,65™ 7] F (u)), ver is as desired a coboundary of I with values in
the abelian group Z and for the action L on Z. [

Proof of Thm. 4.3 (c).

Step 1: Necessary form of F. Denote the map B — [ by p and fix a set-theoretic section
s : I' — B of p. Then each element u € B can be written in a unique way

U= a s(u) where a € A and u = p(v)

If F: B — FE is any homomorphism extending F '+ A — D and inducing F:B— F and
f: T — R, then we have, on one hand F'(a) = F(a), and, on the other hand,

{ r(F(s(w) = f(u)
F(s(u)) = F os(u)
Lemma 4.2 then provides
F(s(u)) = ¢ucy for some ¢, € Z
Conclude that F(u) is necessarily of the form
(8) F(v) = f(a) PuCu for some ¢, € Z

Step 2: Iff condition for F' to be a group homomorphism. Consider a set-theoretic map
F : B — E defined as in (8). By construction, F' extends F' and induces F' and f. It
remains to find out whether F' is a group homomorphism. Let

with

U=z s(u) xz € A and u = p(v)
v =1y s(v) y € Aand v = p(v)

be two arbitrary elements of B. We have

wv =z s(u) y s(v)
=z 5™ s(u)s(v)s(uv) ™! s(uv)

=z ys(”) Yo S(uV)

whence ~
F(o) = F(2 4 1) uvcun

() F(y)** F(Yur) PuvCun

Il
ol

On the other hand we have

FF(v) = F(z) ducu F(y) duc,
= F(&) Fy)** $ucu duc,
= F(z) F(y)** ¢ucu ducy
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Therefore F' is a group homomorphism if and only if for all u,v € I" we have

F (Vu,0) PuvCuv = PuCu PuCy

Multiplying both terms to the right by the inverse of the left hand side term leads to
the equivalent formula

(¢ e e Quu =1

Finally set d,, = (c;')?* = (c;!)*™ (u € T) to conclude that F is a group homomorphism
if and only if for all u,v € T" we have

(9) Qo = dy dy™ dy

Step 3: Conclusion. Assume Basic Problem 4.1.1 has an affirmative answer, i.e., that
there is an homomorphism F extending F and inducing F' and f. Then F(v) (u € B) is of
the form (8) (Step 1) and (9) holds (Step 2). So the 2-cocycle € is trivial in H*(T', Z, L).
Conversely, if € is trivial in H?(T', Z, L), then (9) holds for some family (d,)uer of
elements of Z. Set ¢, = (d;')%« " (u €T) and define F as in (8). From Step 2, F is an
homomorphism extending F' and inducing F and f. O

4.1.5. Dependence in f

In the diagram of Basic Problem 4.1.1, the map f : I' — R is a lifting of f : T' — R.
In this section we study how the 2-cocycle €2 = (1f is changed when f is changed to
another lifting f' of f.

PROPOSITION 4.4. — (a) The set of all liftings of f exactly consists of those maps f' : T — R
of the form f' = 0 - f where 0 is any 1-cocycle in Z'(I', HD/D, L}).

(b) Let 91,0, € Z'(U,HD/D,L%). Let f{ = ;- f be the corresponding liftings of
f, i = 1,2. If the 1-cocycles 01,05 are cohomologous, then the 2-cocycles Qs Q€
H*(T',Z,L) are equal.

Proof. — (a) follows straightforwardly from the definition of Z'(I', HD/D, L%), which
is the set of all maps 6 : ' — HD/D satisfying the cocycle condition

O(uv) = (u) O(v) ™
(b) Assume that #; and 6, are cohomologous, ie., there exists h € HD/D such that
f2(u) = h™160; (uw)hf ™ forall uel

For each u € T', denote by ¢; , the unique element modulo Z satisfying the conclusion
of Lemma 4.2 with f; replacmg f. Lift each element 0;(u) € HD/D to an element

6; (u) € H and lift the element h € HD/D to an element h € H. Then it is readily
checked that one can take, for each v € I’

{ = 01(u) ¢y
B0 = (07 )P
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It follows that

(Qfé)u,qu = ¢/2,u ¢/2,v (¢I2,u'u)—1 (ﬁ('yu,v))—l
= (1) @) (#w) ™) Flna)™
= (@)

= (Qf/)uv (since h € H C CengD) O

1

From Prop. 4.4, the set of characteristic classes {2y, when f’ ranges over the lifts of I
can be parametrized by H'(T', HD/D, L}). Prop. 4.5 below is more precise. The kernel
Z = D N H of the exact sequence

1-Z—-H—-HD/D—1

is abelian and central in H. Consequently, the correspondence that maps each 1-cocycle
0 € Z'(I',HD/D,L}) to the 2-cochain 6(u)8(v)~s§(uv)~", where, for each h € T,
6(h) € H is a lift of #(h) € HD/D, induces a map —the coboundary operator

§':H'(T,HD/D,L}) — H*T, Z,L)

For each § € Z'(T,HD/D, Ly), §'() is the obstruction to the possibility of lifting 6
up to a 1l-cocycle § € ZY(T', H, Ly).

ProPOSITION 4.5. — Let § € Z'(T,HD/D,Ly) and f' = 0 - f be the corresponding
lifting of f. Then we have

Qp = 6'(0)

Proof. — For each u € T, denote by ¢/, the unique element modulo Z satisfying the
conclusion of Lemma 4.2 with f’ replacing f. It is readily checked that one can take
¢!, = 0(u) ¢,. It follows that

(2 )uw = B &y (D)™ (F ()™

(w)pu 0(v) by (B(uv)pun) ™" (F(Yu)) ™"

0(w)du 8(0)by (Dudo)™ (Qf)uro F(vu)) (uv) ™ (F(yup)) ™!
B(w) 6(v)** () Oluv) ™!

0(w) B(v)™ ™ G(uv)™! (o

=(6'(0) Q)up O
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4.2. Proof of the Main Theorem

Notation is that of §2 and §3. We fix a Galois extension F/K and a (G-)cover
f : X — B defined over F. The base space B is assumed to be defined over K. Let
¢rF : Ip(B*) — G C N be the homomorphism associated to the (G-)cover f. Assume
that K is the field of moduli of the (G-)cover f. Then the ramification divisor D is
G(K)-invariant and condition (FMod) holds, that is,

(FMod) For each v € 1l (B*), there exists oy € N such that
dr(zY) = ¢pp(x)?V (for all z € I1p(B™))

As in §2.7, denote by p : IIx(B*) — N/C the representation of IIx modulo C given by
the field of moduli condition. Recall the definition of @. Given any element n € N, the
corresponding coset modulo C' will be denoted by 7. Then for each u € TIx(B*), g(v) is
defined to be the coset py of any element ¢y € N satisfying the formula above in the

(FMod) condition. The right-hand side term then rewrites

¢rp(2)"" = ¢p(z)*V

ProprosITION 4.6 (Condition (rest/mod)). — For each u € I1p(B*), we have

¢r(u) = P(u)

That is, the restriction of the map  to lp(B*) coincides with the map ¢ : IIp(B*) —
N/C induced by ¢r : Ip(B*) — N modulo C.

Proof. — For u € lp(B*), we have ¢p(z*) = ¢pp(x)?F™ for all € Ip(B*). That
is, one can take ¢, = ¢r(u) in condition (FMod). [

4.2.1. Proof of Main Theorem (I). — From Prop. 4.6, 3(IIp(B*)) C G/CNG ~ CG/C.
Thus there exists an homomorphism A : G(F/K) — N/CG such that the following
diagram commutes

lg(B*) — G(F/K)

dl b

N/C — N/CG

Furthermore, since the map IIx — G(F/K) is onto, such an homomorphism A is unique.
This proves (a).

Let fx be a K-model of the (G-)cover f. Let ¢k : Il — N be the associated extension
of ¢p : IIp — N. As in Prop. 4.6 above, it is shown that, for each v € [l (B*),

¢x(v) = p(v)
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That is, ¢ : lIx — N is a lifting of @ : g (B*) — N/C (%). Consider the constant
extension map (in Galois closure) A : G(F/K) — N/G of the K-model of the (G-)cover f.
From §2.8, it is the map induced by ¢ on G(F/K) modulo G. Therefore the map
A : G(F/K) — N/G should necessarily be a lifting of A : G(F/K) — N/CG. This
proves (b). Finally (c¢) follows immediately from (b). [ '

4.2.2. Proof of Main Theorem (II). — We assume here that condition (A/Lift) holds. We
fix a lifting A : G(F/K) — N/G of A : G(F/K) — N/CG. The situation corresponds
to the following diagram,

which is a diagram as in Basic Problem 4.1.1. The hypothesis of Basic Problem 4.1.1, here
“C C CenyG” follows from the definition of C' = CenyG. Both conditions (FMod) and
(rest/mod) have been checked above. The existence of a solution ¢ : I (B*) — N to
Basic Problem 4.1.1 in that situation exactly corresponds to the possibility of descending
the field of definition of the (G-)cover f from F to its field of moduli K with the
extra property that the constant extension in Galois closure of the K-model be given by
the map A. Part II of the Main Theorem corresponds to the conclusions of §4.1 in the
specific context of (G-)covers. More precisely, conclusion (a) corresponds to Lemma 4.2,
conclusion (b) to Thm. 4.3 (a) and (b), conclusion (c) to Prop. 4.4 (a), conclusion (d) to
Thm. 4.3 (¢) combined with Prop. 4.4 () and Prop. 4.5.

(®) The converse is not true: an arbitrary lifting ¢ : lIx — N of ¢ : g (B*) — N/C need not extend
op :lp — G.
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Finally conclusion (e) is a straightforward consequence of conclusions (c) and (d) (along
with the Main Theorem (I)). Namely, assume that the field of moduli K is a field of
definition of the (G-)cover f. Then from the Main Theorem (I), the constant extension
map A’ of a K-model of f is a lifting of A. Therefore, from the Main Theorem (II) (¢),
A’ is of the form A’ = 6 - A for some 6 € Z'(G(F/K),CG/G,L%). Denote by 6 the
element of H'(G(F/K),CG/G,L%) induced by §. From the Main Theorem (II) (d),
we have Q' = 6'(0) € 6'(H'(G(F/K),CG/G, L%)). The converse follows even more
immediately from (i) = (ii) in conclusion (d). O

4.2.3. Proof of Main Theorem (III). — We assume condition (Seq/Split) holds. We fix
a group-theoretic section s : [Ix(B*) — G(F/K).

Proof of (a). — Fix a lifting A of . The set-theoretic section I' — B of §4.1 can be taken
to be here the group-theoretic section s. The 2-cocycle 2 = Q4 gets simpler since, with
notation of §4.1, we have then v, , = 1 and so Q,,, = ¢y P, LIt follows immediately

from that and the definition of ¢, that the vanishing of {2 corresponds to the existence of
a lifting ¢ : G(F/K) — N of ¥ os that induces A modulo G.

Proof of (b). — If the field of moduli K is a field of definition, then the map A has at least
one lifting A and the associated 2-cocycle €2, is trivial. From (a) above, the homomorphism
pos has some lifting . Conversely, assume that @ os has some lifting ¢ : G(F/K) — N.
Then this homomorphism ¢ induces an homomorphism A : G(F/K) — N/G modulo G.
This map A is a lift of A. From (a) above, the associated 2-cocycle €2, is trivial. Therefore,
from the Main Theorem (II), the field of moduli K is a field of definition.

Proof of (c). — (¢) follows immediately from the definition of the arithmetic action of
G(F/K) on the generic fiber associated with the section s (§2.9). O

4.3. Condition ()\/Lift)

The following condition.
(MLift) There exists at least one lifting A : G(F/K) — N/G of the constant extension
map (in Galois closure) A : G(F/K) — N/CG given by the field of moduli condition.
is a basic assumption of the Main Theorem (II). Recall also that it is anyhow a necessary
condition for the field of moduli to be a field of definition. In this paragraph, we give, under
a minimal assumption denoted (Band/Rep), an iff cohomological criterion for condition
(MLift) to hold.

Condition (MLift) corresponds to the weak solvability of the following embedding
problem (by “weak” we mean that the solution A need not be surjective).

G(F/K)

(EP,) s l*
L.//F

cG/G ——— N/G —— N/CG
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This problem is trivial for G-covers since for G-covers, we have N = G and so
N/CG = N/G = {1}. The question is also quite classical in the case that the kernel
CG/G@ is abelian and contained in the center of N/G. Namely the question is equivalent
to the vanishing of a characteristic class in H?(I', CG/G) (with trivial action).

The question is a little more delicate when the kernel CG/G is an arbitrary group. First,
there is no natural action of N/CG on the kernel CG/G, but only an outer action, i.e., an
homomorphism % : N/CG — Out(CG/G) from N/CG to the outer automorphism group

Out(CG/G) = Aut(CG/G)/Inn(CG/G)

of CG/G. Here Aut(CG/G) (resp. Inn(CG/G)) denotes the automorphism group (resp.
inner automorphism group) of CG/G. In a general way, given a normal subgroup H of
a group F, denote the subgroup of Aut(H) consisting of all the automorphisms of H
obtained by conjugation by an element of £ by Autcg(H ). Similarly denote the quotient
group Autcg(H)/Inn(H) by Outcg(H).

A necessary condition for the embedding problem (EP,) to have a solution is that the
following one does.

G(F/K)

s
v
(EPI) // JFOA
4
Inn(C’G/G) e AutCN/GCG/G —» Outc,\//cCG/G

Giraud [Gi] calls the homomorphism K o A : G(F/K) — Outc(CG/Q)) the band of
the original embedding problem (EP,) and says that the band is representable when
(Band/Rep) The homomorphism % o X : G(F/K) — Outcn/c(CG/G)) can be lifted up
to a real action G(F/K) — Autcn/(CG/G), (ie., the embedding problem (EPy) has
a solution).

Condition (Band/Rep) is a necessary condition for (A/Lift). Conversely we have

THEOREM 4.7. — Assume that condition (Band/Rep) holds. Fix a solution £ : G(F/K) —
Auten/aCG /G to the embedding problem (EPy). Then there exists

— an action { of G(F/K) on CG/G with restriction x on Z(CG/G) independent of
the choice of ¢,

— a 2-cocycle w, € H*(G(F/K),Z(CG/G),x),
which are explicitly described in the proof below and which have the property that condition
(MLift) is equivalent to the condition

w; ! e sY(HY(G(F/K),Inn(CG/G), "))

where £ is the action of G(F/K) on Inn(CG/G) naturally induced by ¢ and 6" is the
coboundary operator

HYG(F/K),Inn(CG/Q),8*) — H*(G(F/K), Z(CG/G), x)

4° SERIE — TOME 30 — 1997 — N° 3



FIELD OF MODULI VERSUS FIELD OF DEFINITION 335

associated with the exact sequence
1- Z(CG/G) — CG/G — Inn(CG/G) — 1

For example, condition (A/Lift) holds if condition (Band/Rep) holds and CG/G is a
centerless group. Of course Thm. 4.7 leaves us with condition (Band/Rep). This condition

can be regarded as the very first condition for the field of moduli to be a field of definition.
It holds for example if Inn(CG/G) has a complement in Aut(CG/G).

REMARK 4.8. — The procedure that was applied above to the embedding problem (EP,)
can actually be in turn applied to the embedding problem (EP;), which gives rise to a
new embedding problem (EP:), etc. This inductive procedure stops after a finite number
of stages. Indeed, at each stage, the kernel H of the embedding problem is replaced
by Inn(H) which is of order |Inn(H)| < |H|. Thus the sequence of the orders of the
kernels of the successive embedding problems is a decreasing sequence of positive integers.
Therefore, at some stage, we will have |Inn(H)| = |H], i.e., H is a centerless group.

Proof of Thm. 4.7. — Under condition (Band/Rep), the embedding problem (EP;) can be
viewed as a Basic Problem 4.1.1. Denote by & the natural map N/G — Autcy;cCG/G.
We have the following diagram ‘

1
1 }’ \ G(F/K)
>
1 "I'\.’er(ﬁ) J A G(F/K)
/ T~
Ker(x) N/CG % J Rod
\ S \»
N/G _OutcN/GC'G/G

/

> AutCN/GCG/G

CG/G

The action ¢ : G(F/K) — Aut(CG/G) being fixed, the problem is to find an
homomorphism A : G(F/K) — N/G that lifts A, that induces ¢ (and that extends
the trivial map). The hypothesis of Basic Problem 4.1.1, here CG/G C Ceny,gKer(x)
follows from the definition of . Both conditions (FMod) and (rest/mod) hold here trivially
since the upper corner map is the trivial map 1 — Ker(%).

Thus we can use the general results of §4.1. Here Z is the abelian group
CG/G N Ker(k) = Z(CG/G). The action £ of G(F//K) on CG/G is the action L;
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of I' on HD/D of §4.1. The restricted action x of G(F/K) on Z(CG/QG) is the
action L of T on Z. The 2-cocycle w, € H*(G(F/K),Z(CG/G),x) is the 2-cocycle
Q e H*(T, Z, L) of §4.1. The action £* of G(F/K) on Inn(CG/G) is the action L%} of
I' on HD/D of §4.1. The main conclusion of Thm. 4.3 is the existence of a 2-cocycle
w = w € H*(G(F/K),Z(CG/Q),x) which vanishes if and only X has a lift A that
induces /.

It remains to make ¢ vary among the solutions of the embedding problem (EP;). From
Prop. 4.5, a solution £ being fixed, the existence of a solution ¢’ for which the 2-cocycle
wy vanishes in H*(G(F/K), Z(CG/G), x) is equivalent to the condition:

w;l e sY(HY(G(F/K), Inn(CG/G), ) O

Final Note

The goal of this final note is to explain that our paper applies not only to G-covers and
mere covers but to any kind of covers f : X — B given with some “extra structure”.
By extra structure, we mean for example: an action of some given finite group on X
trivial on B; or, an unramified point on X; or, if X is an abelian variety, some level
structure on X, etc.

Thanks to the generality of §4, our paper applies to any objects that can be viewed as
surjective homomorphisms ¢ : Il (B*) — G regarded modulo conjugation by elements of
a group N normalizing G. The main results of §4 are Thm. 4.3, Prop. 4.4 and 4.5. Our main
examples are G-covers (N = G) and mere covers (G is then given as a subgroup of S; and
N is the normalizer of G in S;). The Main Theorem corresponds to a translation of these
results in those situations. But the main results of §4 can be immediately used for covers
given with some other kind of extra structure. The only problem is to identify the group V.

Consider for example the situation of covers f : X — B defined over K, given with
the action of a group I' on X trivial on B. The action of I' can be specified in two ways:

(1) elements of I" are given as acting on points of X: the action of I" corresponds to an
homomorphism I' — Au#(X/B) of I in the automorphism group Aut(X/B) of the cover.

(2) elements of I' are given as acting on functions of X: the action of I' corresponds
to an homomorphism I' — Aut(K,(X)/Ks(B)) of I' in the automorphism group
Aut(Ks(X)/Ks(B)) of the function field extension K (X)/K (B).

Let f : X — B be a degree d cover over K,. Denote the Galois group of the Galois
closure of the function field extension K (X)/Ks(B) by G and the action of G on
conjugates of a primitive element of K (X)/Ks(B) by G C S;. Then we have:

NorgG(1)
G(1)
Aut(X/B) ~ Ceng,(G)

and the anti-isomorphism Aut(K(X)/K(B)) ~ Aut(X/B) corresponds to the classical
anti-isomorphism

Aut(K(X)/Ks(B)) ~

~NorgG(1)
G(1)

*

— Ceng,G
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Thus giving an action of a group I' on X trivial on B is equivalent to giving a subgroup
e of NorgG(1)/G(1), or, to giving a subgroup I',; of Ceng,(G).

With this notation, isomorphism classes of covers f : X — B with action of I
correspond to surjective homomorphisms ¢ : I, (B*) — G regarded modulo conjugation
by elements of the following group N

(1) N = Nors,GNCeng,(I'pt) = Nors,G N Ceng, (T'set)™)

Namely two “covers f and f’ with action of I'”” and with corresponding representations
¢ and ¢’ are isomorphic if

(a) they are isomorphic as mere covers, i.e., if there exists an element w € Norg,G
such that ¢/ = wéw™!, and

(b) the isomorphism is compatible with the actions of I, i.e., if the element w can be
picked in such a way that it commutes with the elements of I'j;.

For G-covers of group G, we have G = Iy and G C Sy is the regular
representation of G. So NorgG(1)/G(1) = G and (I'yy)* = Ceng,G. Whence
N = Ceng,(Cens,G) = G as expected. For mere covers, I',; = 1, so the formula
yields N = Norg,(G) as expected.

Applying the results of §4 for E equal to the group IV above and H equal to C = CenyG,
one obtains that, for a cover f : X — B with the action of a group I', the obstruction to
the field of moduli being a field of definition “lies in” the group H?(K, Z, L) with values
in the abelian group Z = C N G (for a certain action of G(K) on Z).

Formula (1) generalizes to any given “extra structure”: take for N the subgroup of
Nors,(G) consisting of those elements w € Norg,G which “respect the extra structure”.
For example, for covers f : X — B given with a base point on X, the group N is

N = Norgs,GN S4(1)

where S;(1) is the stabilizer of 1 in S,. But since G acts transitively on {1,...,d}, the
group C' = CenyG is trivial. This leads to this classical conclusion: the field of moduli a
cover f : X — B with an unramified marked point on X is a field of definition.
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