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UNIBRANCH ORBIT CLOSURES IN MODULE VARIETIES

BY GRZEGORZ ZWARA

ABSTRACT. – Let A be a finite dimensional associative algebra over an algebraically closed field such
that there are, up to isomorphism, only finitely many indecomposable leftA-modules. We show that the
orbit closures in the associated module varieties are unibranch.

 2002 Éditions scientifiques et médicales Elsevier SAS

RÉSUMÉ. – SoitA une algèbre associative avec unité, de dimension finie sur un corps algébriquement
clos et telle queA ne possède qu’un nombre fini de modules à gauche indécomposables, à isomorphisme
près. Nous montrons que l’adhérence de toute orbite dans la variété associée de modules est unibranche.

 2002 Éditions scientifiques et médicales Elsevier SAS

1. Introduction

Throughout the paper,k denotes a fixed algebraically closed field andA an associative
finite dimensionalk-algebra with identity. Furthermore,modA stands for the category of finite
dimensional leftA-modules. A variety means an algebraic reducedk-scheme and a point of a
variety is always assumed to be closed.

Let d � 1 and denote byMd(k) the algebra ofd × d-matrices with coefficients ink. The
setmoddA(k) of theA-module structures on the vector spacekd, i.e. algebra homomorphisms
M :A→ Md(k), has a natural structure of an affine variety. Moreover, the general linear group
Gld(k) acts onmoddA(k) by conjugation and theGld(k)-orbits correspond bijectively to the
isomorphism classes ofd-dimensional leftA-modules. We shall denote byOM the orbit in
moddA(k) corresponding to ad-dimensional moduleM in modA. An interesting problem is
to study geometric properties of orbit closures inmoddA(k). It was proved in [1] that the orbit
closures are normal Cohen–Macaulay varieties with rational singularities providedA is the path
algebra of a Dynkin quiver of typeAn.

One of the methods to study the geometry of a varietyX is to investigate a resolution of
singularities ofX , that is a proper, birational morphismY → X whereY is a smooth variety.
Let M ∈ modA. Our first aim is to construct a resolution of singularities of the orbit closure
OM . Recently M. Reineke has constructed a resolution of singularities for the orbit closures of
representations of Dynkin quivers (see [5]).

LetX ∈modA, d= dimkM andc= [X,M ]A. Here and later on,

[Y,Z]A = dimkHomA(Y,Z)

for any modulesY,Z ∈modA. We denote byadd(X) the full subcategory ofmodA consisting
of the modules isomorphic to a direct summand ofX i for somei � 1. The canonical action of
Gld(k) on the spaceHomk(X,kd) induces canonically an action ofGld(k) on the Grassmann
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878 G. ZWARA

varietyGrass(Homk(X,kd), c) of c-dimensional subspaces of the vector spaceHomk(X,kd).
We consider theGld(k)-variety

C =moddA(k)×Grass
(
Homk(X,kd), c

)
,

and its one specialGld(k)-orbit

OMX =
{(
M ′,HomA(X,M ′)

)
; M ′ ∈OM

}
.

Here, HomA(X,M ′) is a subspace ofHomk(X,kd) consisting of the mapsf such that
f(ax) = M ′(a)f(x) for any a ∈ A and x ∈ X . We first study properties of the restriction
pM,X :OMX →OM of the canonical projectionC →moddA(k).

THEOREM 1.1. – The morphismpM,X is projective and birational, andOMX consists of the
points(N,V ) ∈ C such that there is an exact sequence

0→Z → Z ⊕M
β→N → 0

in modA with V = imHomA(X,β). Moreover, ifZ ⊕M ∈ add(X) then(N,V ) is a smooth
point ofOMX .

Let indA be a complete set of pairwise nonisomorphic indecomposable modules inmodA.
We denote byI(M) the set ofY ∈ indA such that there is an injectiveA-homomorphism
Y →M i for somei� 1. Our main result is as follows.

THEOREM 1.2. – LetM be a module inmodA such thatI(M) is a finite set. Then:
(1) pM,X :OMX →OM is a resolution of singularities ifI(M)⊆ add(X);
(2) the fibres ofpM,X are connected;
(3)OM is a unibranch variety;
(4)OM = {N ∈moddA(k); [Y,N ]A � [Y,M ]A, Y ∈ I(M)}.

Recall that a varietyX is said to be unibranch if it is irreducible and the normalization map
X̃ → X is bijective. Since any normalization map is closed, the above implies thatX̃ → X
is a homeomorphism. Hence unibranch varieties are topologically like normal varieties. An
interesting question is whetherOM is a normal variety ifI(M) is a finite set.

The algebraA is called representation finite if the setindA is finite. Then the setI(M) is
finite as well, for anyM ∈modA. Hence we derive the following consequence.

COROLLARY 1.3. –Let A be a representation finite algebra. Then the closure of any
Gld(k)-orbit in moddA(k) is a unibranch variety for anyd� 1.

As another application of Theorem 1.2 we get the following result.

THEOREM 1.4. – If M is a preprojective module inmodA thenI(M) is a finite set and
hence the varietyOM is unibranch.

We refer to Section 5 for the definition of preprojective modules.
The paper is organized as follows. In Section 2 we show a criterion for smooth points of the

orbit closures in module varieties. Sections 3, 4 and 5 are devoted to the proofs of Theorems 1.1,
1.2 and 1.4, respectively. In Section 6 we present an example of an orbit closure in a module
variety which is not unibranch.
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2. Smooth points of orbit closures

Let M andN be two modules inmodA. We shall use several times the characterization
proved in [7] that the orbitON is contained in the closureOM of the orbitOM if and only if
there is an exact sequence inmodA of the form

0→Z → Z ⊕M →N → 0

for some moduleZ . Applying the left exact functorHomA(Y,−) to the above exact sequence
we obtain the following well known fact.

LEMMA 2.1. – LetM,N,Y ∈modA and assume thatON ⊆OM . Then[Y,M ]A � [Y,N ]A.

The remainder of this section will be devoted to the proof of the following result.

PROPOSITION 2.2. – Let 0→ Z → Z ⊕M →N → 0 be an exact sequence inmodA such
that [Z⊕M,M ]A = [Z⊕M,N ]A. Then the varietyOM is smooth at any point of the orbitON .

Proof. –Let Ω:0→Z →Z ⊕M
g→N → 0 be an exact sequence inmodA such that

[Z ⊕M,M ]A = [Z ⊕M,N ]A.

We may assume thatN ∈moddA(k), whered= dimkM = dimkN . It suffices to show that the
dimension of the tangent spaceTOM ,N of OM at N is not greater thandimOM . We have to
recall some notation and results of Section 3 in [8]. Let

moddA,Z⊕M,t : (Commutative k-algebras)→ (Sets)

be the functor defined in [8], Section 3.3, wheret= [Z ⊕M,M ]A. This functor is represented
by an algebraick-schemeX such that the underlying variety is given by

Xred =
{
L ∈moddA(k); [Z ⊕M,M ]A = [Z ⊕M,L]A

}
.

In particular the orbitsOM andON are included inXred. Hencedimk TOM ,N � dimk TX ,N . On
the other hand, the tangent spaceTX ,N corresponds to the preimage ofN via the canonical map

moddA,Z⊕M,t

(
k[ε]/

(
ε2
))

→moddA,Z⊕M,t(k).

Let U,V ∈ modA. The group of extensionsExt1A(V,U) may be interpreted as the quotient
Z

1
A(V,U)/B1

A(V,U), where Z
1
A(V,U) is the group of cocycles, that is thek-linear maps

Z :A→Homk(V,U) satisfying

Z(aa′) = Z(a)V (a′) +U(a)Z(a′), for all a, a′ ∈A,

andB
1
A(V,U) = {hV −Uh; h ∈Homk(V,U)} is the group of coboundaries. Any cocycleZ in

Z
1
A(V,U), whereU,V ∈modA, induces an extensionWZ of theA-moduleV by theA-module

U , which has the following block form

WZ =
[
V 0
Z U

]
.
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Moreover,WZ � V ⊕U if and only ifZ ∈ B
1
A(V,U). LetZ1

A,L(V,U) be the subset ofZ1
A(V,U)

consisting of the cocyclesZ such that[L,WZ ]A = [L,U ]A + [L,V ]A. Then Z
1
A,L(V,U)

is a vector space containingB1
A(V,U). Let Ext1A,L(V,U) = Z

1
A,L(V,U)/B1

A(V,U) for any
U,V ∈modA.

Applying Lemma 3.11 in [8] we get that

dimk TX ,N = dimk Z
1
A,Z⊕M (N,N).

Thus it remains to show thatdimk Z
1
A,Z⊕M (N,N) � dimOM . Let AutA(M) denote the

automorphism group of theA-moduleM . This is a nonempty open subset of the space of
A-endomorphisms ofM . Using the equalities

dimOM =dimOM = dimGld(k)− dimAutA(M) = d2 − [M,M ]A,

dimk Z
1
A,Z⊕M (N,N) = dimk B

1
A(N,N) + dimkExt1A,Z⊕M (N,N)

= d2 − [N,N ]A +dimk Ext1A,Z⊕M (N,N),

we reduce the problem to the inequality

dimkExt1A,Z⊕M (N,N) � [N,N ]A − [M,M ]A.(2.1)

If a short exact sequenceΣ : 0 → N → W
g′→ N → 0 corresponds to an elementξ of

Ext1A,Z⊕M (N,N) then the following induced sequence

0→HomA(Z ⊕M,N)→HomA(Z ⊕M,W )→HomA(Z ⊕M,N)→ 0

is exact. It implies thatg :Z ⊕M →N factors throughg′ :W →N . Hence, the pullback ofΣ
via g is a splittable exact sequence and consequently,ξ belongs to the kernel of the last map in
the following long exact sequence induced byΩ:

0→HomA(N,N)→HomA(Z ⊕M,N)→HomA(Z,N)

→Ext1A(N,N)→ Ext1A(Z ⊕M,N).

This implies that

dimkExt1A,Z⊕M (N,N) � [N,N ]A− [Z ⊕M,N ]A + [Z,N ]A = [N,N ]A − [M,N ]A.

Since[Z⊕M,M ]A = [Z⊕M,N ]A, then[M,M ]A = [M,N ]A, by Lemma 2.1. Hence we obtain
the inequality (2.1). ✷

3. Proof of Theorem 1.1

Let M,X ∈ modA and M be the category of triples(N,V,ϕ) such thatN ∈ modA,
V ∈modk andϕ :V →HomA(X,N) is ak-linear map. A homomorphism

f : (N,V,ϕ)→ (N ′, V ′, ϕ′)
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is a pair f = (f1, f2) such thatf1 ∈ HomA(N,N ′), f2 ∈ Homk(V,V ′) and the following
diagram

V
ϕ

f2

HomA(X,N)

HomA(X,f1)

V ′ ϕ′

HomA(X,N ′)

is commutative. LetB be the one-point extension ofA byX , namely the algebra[
A X
0 k

]

with the usual addition and multiplication of matrices. If(N,V,ϕ) ∈M thenN ⊕ V becomes a
B-module with the multiplication

[
a x
0 λ

]
· (n, v) =

(
a · n+ϕ(v)(x), λv

)
.

One easily checks that this leads to an equivalence of categories

Φ:M→modB

(see for example Section 2.5 in [6]). We shall construct affine varieties corresponding toM
like the module varietiesmoddB(k), d � 1 correspond tomodB. Let d � 1, c � 0 and
Gl(d,c)(k) = Gld(k)×Glc(k). Then

D =moddA(k)×Homk

(
kc,Homk(X,kd)

)
is an affineGl(d,c)(k)-variety, where(g, h)# (N,ϕ) = (g #N,ϕ′) with ϕ′(v)(x) = gϕ(h−1v)(x)
for any v ∈ kc andx ∈ X . We defineM(d, c) as the closedGl(d,c)(k)-invariant subset ofD
consisting of the pairs(N,ϕ) such thatimϕ⊆HomA(X,N), that is

ϕ(v)(ax) =N(a)
(
ϕ(v)(x)

)
for anyv ∈ kc, a ∈A andx ∈X . Then theGld,c(k)-orbits inM(d, c) correspond bijectively to
the isomorphism classes of triples̃N = (N,V,ϕ) in M with dimkN = d anddimk V = c. We
shall denote byO

Ñ
the orbit inM(d, c) corresponding tõN .

Now we define the regular morphismΦ(d,c) :M(d, c) → modd+cB (k) in similar way as we
have defined the equivalenceΦ. Let (N,ϕ) belong toM(d, c) andξ denote the composition of
the canonical isomorphisms:

Homk

(
kc,Homk(X,kd)

) ∼→Homk

(
X,Homk(kc, kd)

) ∼→Homk

(
X,Md×c(k)

)
.

Here and later on,Md×c(k) is the vector space ofd × c-matrices with coefficients ink. Then
Φ(d,c)(N,ϕ) :B→ M(d+c)×(d+c)(k) is the algebra homomorphism given by

Φ(d,c)(N,ϕ)
[
a x
0 λ

]
=
[
N(a) ξ(ϕ)(x)
0 λ · 1c

]
,

[
a x
0 λ

]
∈B.
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The morphismΦ(d,c) induces the bijection between the orbits inM(d, c) and some orbits in
modd+cB (k), preserving and reflecting the closures and their geometric properties. In order to
avoid introducing new notions, we formulate this fact in a less general form, which is sufficient
for our applications.

PROPOSITION 3.1. – Let (N,ϕ) and(P,ψ) be points ofM(d, c). Then

(N,ϕ) ∈Gl(d,c)(k) # (P,ψ) ⇔ Φ(d,c)(N,ϕ) ∈Gld+c(k) #Φ(d,c)(P,ψ).

Furthermore, if this is the case, thenGl(d,c)(k) # (P,ψ) is smooth at(N,ϕ) if and only if

Gld+c(k) #Φ(d,c)(P,ψ) is smooth atΦ(d,c)(N,ϕ).

Proof. –Let C = ke1 × ke2 be the semisimple subalgebra ofB, where e1 = 1A and
e2 = 1k are orthogonal idempotents withe1 + e2 = 1B. The inclusionC ⊆ B induces the
Gld+c(k)-equivariant regular morphism

p :modd+cB (k)→modd+cC (k)

sending an algebra homomorphismL :B→ Md+c(k) to its restrictionL|C :C → Md+c(k). We
denote byE the element ofmodd+cC (k) given by

E(λ1 · e1 + λ2 · e2) =
[
λ1 · 1d 0

0 λ2 · 1c

]
, λ1, λ2 ∈ k.

The isotropy group ofE equals

{[
g 0
0 h

]
∈Gld+c(k); g ∈Gld(k), h ∈Glc(k)

}

and hencep−1(E) is a Gl(d,c)(k)-variety. By Proposition 2 in [3], it suffices to show
that imΦ(d,c) = p−1(E) and the mapΦ(d,c) :M(d, c) → p−1(E) is a Gl(d,c)(k)-equivariant
isomorphism of varieties.

We claim thatp−1(E) consists of the algebra homomorphismsL :B→ Md+c(k) of the form

L

[
a x
0 λ

]
=
[
N(a) ψ(x)
0 λ · 1c

]
,

[
a x
0 λ

]
∈B,(3.1)

for some mapsN :A→ Md(k) andψ :X → Md×c(k). SinceL is an algebra homomorphism
thenN ∈ moddA(k) andψ is a k-linear map satisfyingψ(ax) =N(a)ψ(x) for anya ∈ A and
x∈X . Consequently, ifL is an algebra homomorphism of the form (3.1) then

L(λ1 · e1 + λ2 · e2) =
[
N(λ1 · 1A) ψ(0)

0 λ2 · 1c

]
=
[
λ1 · 1d 0

0 λ2 · 1c

]
,

for anyλ1, λ2 ∈ k. This implies thatp(L) =E.
Assume now thatL∈ p−1(E). Then

E(e1) =
[
1d 0
0 0

]
and E(e2) =

[
0 0
0 1c

]
.
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Let b=
[ a x

0 λ

]
be an element ofB. Applying the algebra homomorphismL to the equalities

e1 · b=
[
a x
0 0

]
, e2 · b=

[
0 0
0 λ

]
, b · e1 =

[
a 0
0 0

]
and b · e2 =

[
0 x
0 λ

]

we get thatL is of the form (3.1), which proves the claim.
From the above description ofp−1(E) and the definition ofΦ(d,c) we obtain that

imΦ(d,c) ⊆ p−1(E). Let (g, h) ∈Gld,c(k), (N,ϕ) ∈M(d, c), (N ′, ϕ′) = (g, h)# (N,ϕ), a ∈A,
x∈X andλ ∈ k. Then

Φ(d,c)

(
(g, h) # (N,ϕ)

)[a x
0 λ

]
=Φ(d,c)(N ′, ϕ′)

[
a x
0 λ

]
=
[
N ′(a) ξ(ϕ′)(x)

0 λ · 1c

]

=
[
gN(a)g−1 ξ(ϕ′)(x)

0 λ · 1c

]
,

(
(g, h) #Φ(d,c)(N,ϕ)

)[a x
0 λ

]
=
[
g 0
0 h

]
·
[
N(a) ξ(ϕ)(x)
0 λ · 1c

]
·
[
g 0
0 h

]−1

=
[
gN(a)g−1 g(ξ(ϕ)(x))h−1

0 λ · 1c

]
.

From the definition ofξ andϕ′ we conclude that

ξ(ϕ′)(x)v = ϕ′(v)(x) = gϕ
(
h−1v

)
(x) = gξ(ϕ)(x)

(
h−1v

)
=
(
gξ(ϕ)(x)h−1

)
v

for any v ∈ kc. This implies thatξ(ϕ′)(x) = gξ(ϕ)(x)h−1 and consequently,Φ(d,c) is a
Gl(d,c)(k)-equivariant morphism.

It suffices to show that there is a regular morphismη :p−1(E)→M(d, c) such that

ηΦ(d,c)(N,ϕ) = (N,ϕ) and Φ(d,c)η(L) = L(3.2)

for any (N,ϕ) ∈ M(d, c) and L ∈ p−1(E). We defineη as follows. If L is an algebra
homomorphism of the form (3.1) thenη(L) = (N,ξ−1(ψ)). Since

ξ−1(ψ)(v)(ax) = ψ(ax)v =N(a)ψ(x)v =N(a)
(
ξ−1(ψ)(v)(x)

)
for anyv ∈ kc, a ∈A andx ∈X , the morphismη is well defined. The proof of the equalities (3.2)
is straightforward. ✷

PROPOSITION 3.2. –Let Ñ , P̃ ∈M andΦ:M→modB be the equivalence defined above.
ThenO

Ñ
⊆O

P̃
if and only ifO

ΦÑ
⊆O

ΦP̃
. Furthermore, if this is the case, thenO

P̃
is smooth

at any point ofO
Ñ

if and only ifO
ΦP̃

is smooth at any point ofO
ΦÑ

.

Proof. –Let Ñ = (N,V,ϕ) andP̃ = (P,W,ψ). The orbitO
P̃

is contained inM(d, c), where

d= dimk P andc= dimkW . Observe that the regular morphismΦ(d,c) :M(d, c)→modd+cB (k)
is compatible with the equivalenceΦ, that isΦ(d,c)(N ′, ϕ′) belongs to the orbitO

Φ(T̃ )
for any

point (N ′, ϕ′) of the orbitO
T̃

, whereT̃ = (T,U, ζ) is an object ofM with dimk T = d and
dimkU = c. Therefore the claim follows from Proposition 3.1 providedO

ΦÑ
is contained in

M(d, c).
If O

Ñ
⊆ O

P̃
then O

Ñ
⊆ M(d, c). Assume thatO

ΦÑ
⊆ O

ΦP̃
. It remains to show that

dimkN = d and dimk V = c. By the characterization of the orbit closures inmodd+cB (k)
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mentioned in Section 2, there is an exact sequence inmodB of the form

0→ Z →Z ⊕ΦP̃ →ΦÑ → 0

for someB-moduleZ . Recall that1B = e1 + e2, wheree1 = 1A ande2 = 1k are orthogonal
idempotents. Then we get the exact sequences

0→ eiZ → eiZ ⊕ ei(ΦP̃ )→ ei(ΦÑ)→ 0

in modk for i= 1,2. Hence,

dimkN =dimk e1(ΦÑ) = dimk e1(ΦP̃ ) = dimk P = d,

dimk V =dimk e2(ΦÑ) = dimk e2(ΦP̃ ) = dimkW = c,

which finishes the proof. ✷
Using the above proposition we can reformulate the results of Section 2. We abbreviate

dimkHomM(Ỹ , Z̃) by [Ỹ , Z̃]M for any objects̃Y andZ̃ in M.

COROLLARY 3.3. – Let Ñ , P̃ ∈M. ThenO
Ñ
⊆O

P̃
if and only if there is an exact sequence

0→ Z̃ → Z̃ ⊕ P̃ → Ñ → 0

in M for someZ̃. Furthermore, if this is the case, then:
(1) [Ỹ , P̃ ]M � [Ỹ , Ñ ]M for anyỸ ∈M.
(2)O

P̃
is smooth at any point ofO

Ñ
provided[Z̃ ⊕ P̃ , P̃ ]M = [Z̃ ⊕ P̃ , Ñ ]M.

Let F :modA→M be the full and faithful functor such that

FN =
(
N,HomA(X,N),1HomA(X,N)

)
for any moduleN ∈modA andFα= (α,HomA(X,α)) for anyA-homomorphismα :N →N ′.

LEMMA 3.4. – Let Ñ = (N,V, f) be an object inM such thatO
Ñ

⊆ OFM and f is

injective. Then[FX,FM ]M = [FX, Ñ ]M.

Proof. –The assumptionO
Ñ
⊆OFM implies that the orbitsO

Ñ
andOFM belong to the same

varietyM(d, c), whered = dimkM andc = [X,M ]A. In particular,dimk V = [X,M ]A. Let
α= (α1, α2) be a homomorphism inHomM(FX, Ñ). Then we get the commutative diagram

HomA(X,X) 1

α2

HomA(X,X)

HomA(X,α1)

V
f

HomA(X,N).

Sincef is injective,α2 is uniquely determined byα1. Furthermore, the image ofHomA(X,α1)
must be included in the image off . In particular,α1 belongs toimf . Since the functorF is full
and faithful, then[FX,FM ]M = [X,M ]A. Thus

[FX, Ñ ]M � dimk imf = dimk V = [X,M ]A = [FX,FM ]M.

The reverse inequality[FX,FM ]M � [FX, Ñ ]M follows from Corollary 3.3. ✷
4e SÉRIE– TOME 35 – 2002 –N◦ 6
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Applying Corollary 3.3(1), Lemma 3.4 and the additivity ofF , we derive the following
consequence.

COROLLARY 3.5. – Let Ñ = (N,V, f) ∈M. Assume thatO
Ñ

⊆ OFM and f is injective.

Then[FL,FM ]M = [FL, Ñ ]M for anyL from add(X).

LEMMA 3.6. – Let Ñ = (N,V, f) be an object ofM such that f is injective and
O
Ñ
⊆OFM . Then there is an exact sequence

0→Z → Z ⊕M
β→N → 0

in modA such thatimf = imHomA(X,β).

Proof. –Assume thatO
Ñ
⊆OFM . Then there is an exact sequence

0→ Z̃
γ→ Z̃ ⊕FM δ→ Ñ → 0

in M for someZ̃ = (Z,U, g), γ = (γ1, γ2) andδ = (δ1, δ2). This means that

0→Z
γ1→ Z ⊕M

δ1→N → 0

is an exact sequence inmodA and the diagram

0 U
γ2

g

U ⊕HomA(X,M)
δ2

(
g 0
0 1

) V

f

0

0 HomA(X,Z)
(γ1)∗

HomA(X,Z ⊕M)
(δ1)∗

HomA(X,N)

is commutative and has exact rows. Observe thatimf ⊆ im(δ1)∗ and

dimk imf = dimk V = [X,M ]A = dimk im(δ1)∗.

This implies thatimf = im(δ1)∗ = imHomA(X,δ1). ✷
LEMMA 3.7. – Let Ñ = (N,V, f) be an object ofM and 0 → Z

α→ Z ⊕ M
β→ N → 0

an exact sequence inmodA such that imf = imHomA(X,β) and f is injective. Then
O
Ñ
⊆OFM . Furthermore,OFM is smooth at any point ofO

Ñ
providedZ ⊕M ∈ add(X).

Proof. –Sincef :V →HomA(X,N) is an injective map, there is a unique map

β′ :HomA(X,Z ⊕M)→ V

such thatHomA(X,β) = fβ′. Then we get the following commutative diagram with exact rows

0 HomA(X,Z)
α∗

1

HomA(X,Z ⊕M)
β′

1

V

f

0 HomA(X,Z)
α∗ HomA(X,Z ⊕M)

β∗ HomA(X,N).
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Sincedimk V = [X,M ]A, we deduce thatβ′ is surjective. Hence

0→FZ Fα−−→F(Z ⊕M)
β̃→ Ñ → 0

is an exact sequence inM, whereβ̃ = (β,β′). Consequently,OFM containsO
Ñ

, by Corollary
3.3 and sinceF(Z ⊕M) is isomorphic toFZ ⊕FM .

Assume thatZ ⊕M ∈ add(X). ThenOFM is smooth at any point ofO
Ñ

, by Corollaries 3.3
and 3.5. ✷

Proof of Theorem 1.1. –Since Grassmann varieties are projective andOMX is a closed subset
of OM ×Grass(Homk(X,kd), c), the morphismpM,X :OMX →OM is projective. Obviously
pM,X is birational if its restrictionp′ :OMX → OM is an isomorphism. LetH be the subset
of OM ×Homk(X,kd) consisting of the pairs(M ′, f) such thatf ∈HomA(X,M ′). Then the
projectionq :H→OM is a vector subbundle of rankc of the trivial bundle

OM ×Homk

(
X,kd

)
→OM

(see Section 2.1 in [3] or Lemma 2.1 in [4]). This implies thatp′, being induced byq, is an
isomorphism.

Recall thatM(d, c) is a closed subset of theGl(d,c)(k)-variety

D=moddA(k)×Homk

(
kc,Homk

(
X,kd

))
andOMX is an orbit of theGld(k)-variety

C =moddA(k)×Grass
(
Homk

(
X,kd

)
, c
)
.

LetD′ be theGl(d,c)(k)-invariant open subset ofD consisting of the pairs(L,f) with f injective.
Then the map

π :D′ →C, (L,f) �→ (L, imf)

is a principalGlc(k)-bundle inducing a bijection between the sets ofGl(d,c)(k)-orbits inD′ and
Gld(k)-orbits inC.

Let CA be the subset ofC consisting of the pairs(L,V ) such thatV ⊆HomA(X,L). Sinceπ
is an open and surjective morphism and

π−1(CA) =D′ ∩M(d, c)

is a closed subset ofD′, thenCA is closed inC. This implies thatOMX is contained inCA and
the induced map

π′ :D′ ∩M(d, c)→CA
is again a principalGlc(k)-bundle. Observe thatπ′(OFM ) =OMX . Then

(π′)−1(OMX ) =OFM ∩D′.

Sinceπ′ is a smooth morphism, the claim follows from Lemmas 3.6 and 3.7.✷
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4. Proof of Theorem 1.2

Throughout this section we assume thatI(M) is a finite set. Denote byS(M) the
full subcategory ofmodA consisting of the modulesY such that there is an injective
A-homomorphismY → M i for somei � 1. Obviously the categoryS(M) is closed under
isomorphisms, submodules and direct sums.

Proof of the part (1). –Let X be a module inmodA such thatI(M) ⊆ add(X). Then any
module fromS(M) belongs toadd(X). By Theorem 1.1, it remains to show that the variety
OMX is smooth. Let(N,V ) be a point ofOMX . By Theorem 1.1, there is an exact sequence

0→Z
α→ Z ⊕M

β→N → 0

in modA with V = imHomA(X,β). The above sequence has the form

0→Z ′ ⊕Z ′′

( 1Z′ 0
0 γ
0 δ

)
−−−−−→ Z ′ ⊕Z ′′ ⊕M

(0,ε,ζ)−−−→N → 0,

whereγ is a nilpotent endomorphism. Observe that the sequence

0→Z ′′ (γ,δ)T

−−−→Z ′′ ⊕M
(ε,ζ)−−→N → 0(4.1)

is exact andimHomA(X,β) = imHomA(X, (ε, ζ)). By induction on i, we get that the
homomorphism (

γi, δγi−1, δγi−2, . . . , δ
)T :Z ′′ → Z ′′ ⊕M i

is injective for anyi� 1. We takei such thatγi = 0. Then we obtain a monomorphismZ ′′ →M i

which implies thatZ ′′ ∈ S(M). Consequently,Z ′′ belongs toadd(X). Then(N,V ) is a smooth
point ofOMX , by Theorem 1.1 applied to the sequence (4.1).✷

We shall need the following lemma about unibranch varieties. This result was pointed out to
the author by M. Reineke.

LEMMA 4.1. – Let f :Y →X be a proper birational morphism of irreducible varieties.
(1) If X is a unibranch variety then the fibres off are connected.
(2) If Y is a unibranch variety and the fibres off are connected thenX is a unibranch variety

as well.

Proof. –We take the normalization mapsg : X̃ → X and h : Ỹ → Y . Then we obtain a
commutative diagram

Ỹ
f̃

h

X̃
g

Y
f

X

where f̃ is a proper birational morphism. Furthermore, the fibres off̃ are connected, by the
Zariski Main Theorem.
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Assume first thatX is a unibranch variety. Theng is a homeomorphism and hencegf̃ has
connected fibres. Sincefh= gf̃ andh is a surjective map, the fibres off are connected.

Assume now thatY is a unibranch variety, which implies thath is a homeomorphism. If the
fibres off are connected then the same holds forgf̃ = fh and consequently forg sincef̃ is a
surjective map. On the other hand, the mapg is finite, which implies that the fibres ofg are finite
sets. Altogether we get thatg is a bijective map andX is a unibranch variety. ✷

We may reduce the proof of parts (2) and (3) of Theorem 1.2 as follows. Assume that we
have shown part (2) for some moduleX ∈ modA satisfyingI(M) ⊆ add(X). ThenpM,X is
a resolution of singularities. In particular,OMX is a unibranch variety and we get part (3) of
Theorem 1.2, by Lemma 4.1. Applying Theorem 1.1 and again Lemma 4.1, we obtain part (2)
of Theorem 1.2, this time for arbitraryX ∈ modA. Therefore we shall choose some special
A-moduleX .

In the remainder of this section we assume thatX =
⊕

Y ∈I(M) Y . ThenS(M) = add(X). In
particular,I(M)⊆ add(X).

LetZ ∈modA andf1, . . . , fr be a basis ofHomA(Z,M). We define theA-homomorphism

ϕZ = (f1, . . . , fr)T :Z →M r.

LetLZ = kerϕZ . ThenZ/LZ belongs toS(M).

LEMMA 4.2. – LetY ∈ S(M) andZ ∈modA. Then[Z,Y ]A = [Z/LZ , Y ]A.

Proof. –The canonical surjective morphismZ → Z/LZ induces an injective map
HomA(Z/LZ, Y ) → HomA(Z,Y ). Let f ∈ HomA(Z,Y ). Since Y ∈ S(M), there is a
monomorphismg :Y →M i for somei� 1. Observe that anyA-homomorphismZ →M i fac-
tors throughϕZ and hence

kerf = kergf ⊆ kerϕZ = LZ .

Consequently,f factors throughZ →Z/LZ which implies that the map

HomA(Z/LZ , Y )→HomA(Z,Y )

is also surjective. ✷
Observe that the endomorphism algebraE = EndA(X) is basic, that isE/ radE is

isomorphic to a product of copies of the fieldk. We have a canonical decomposition of the
identity

1E =
∑

Y ∈I(M)

eY

into a sum of pairwise orthogonal primitive idempotents. For any moduleN ∈modA, the space
HomA(X,N) has a natural (left)E-module structure. Since

eY ·HomA(X,N) = HomA(Y,N)

for anyY ∈ I(M), we obtain the formula for the dimension vector:

dimE HomA(X,N) = ([Y,N ]A)Y ∈I(M).

Applying the generalization of the Auslander theorem proved in [2], we obtain the following
result.
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COROLLARY 4.3. – LetU,V ∈ S(M). ThenU � V if and only if

dimEHomA(X,U) = dimE HomA(X,V ).

LEMMA 4.4. – LetU andV be modules inS(M) such that

dimEHomA(X,U)< dimE HomA(X,V ).

Then[V,V ]A > [V,U ]A.

Proof. –From the assumptions we conclude that[W,U ]A � [W,V ]A for any W ∈ S(M)
and[Y ′,U ]A < [Y ′, V ]A for someY ′ ∈ I(M). Let f1, . . . , fr be a basis ofHomA(Y ′, V ) and
consider theA-homomorphism

ψ : (f1, . . . , fr)T :Y ′ → V r.

Let Z = cokerψ. Then the exact sequenceY ′ ψ→ V r → Z → 0 in modA induces two exact
sequences:

0→HomA(Z,V )→HomA

(
V r, V

)
→HomA(Y ′, V )→ 0,

0→HomA(Z,U)→HomA

(
V r,U

)
→HomA(Y ′,U).

By Lemma 4.2, we get

[V r, V ]A = [Z,V ]A + [Y ′, V ]A = [Z/LZ, V ]A + [Y ′, V ]A

> [Z/LZ ,U ]A + [Y ′,U ]A = [Z,U ]A + [Y ′,U ]A �
[
V r,U

]
A
.

Consequently,[V,V ]A > [V,U ]A. ✷
Let N ∈ modA. We define the subsetCN of Grass(HomA(X,N), c) consisting of the

subspacesV of HomA(X,N) which areE-submodules withdimE V = dimE HomA(X,M).
Recall thatc= [X,M ]A.

LEMMA 4.5. –The setCN is a (possibly empty) projective variety.

Proof. –Let cY = [Y,M ]A for anyY ∈ I(M). Since

HomA(X,N) =
⊕

Y ∈I(M)

HomA(Y,N),

the set

D =
∐

Y ∈I(M)

Grass
(
HomA(Y,N), cY

)
is a subvariety ofGrass(HomA(X,N), c). If V ∈ CN , then

V =
⊕

Y ∈I(M)

eY · V,

whereeY ·V ⊆HomA(Y,N). This implies thatCN is a subset ofD. Furthermore,CN is defined
by the conditions

HomA(f,N)(eY ′ · V )⊆ eY · V
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for anyf ∈HomA(Y,Y ′) andY,Y ′ ∈ I(M). ThusCN is a closed subset of the projective variety
D. ✷

We shall need the following facts about projectiveE-modules. Their proofs are straightfor-
ward.

LEMMA 4.6. – Any projective module inmodE is isomorphic toHomA(X,W ) for some
W ∈ add(X). Moreover, thek-linear map

HomA(W,N)→HomE

(
HomA(X,W ),HomA(X,N)

)
sending a homomorphismf to HomA(X,f), is bijective for anyW ∈ add(X) andN ∈modA.

LEMMA 4.7. – LetN ∈modA, V ∈ CN and assume thatdimkN = dimkM . Then there is
an exact sequence

0→Z → Z ⊕M
β→N → 0

in modA such thatV = imHomA(X,β).

Proof. –We consider a projective cover of theE-module V . By Lemma 4.6, we get a
moduleW ∈ add(X) and a homomorphismγ ∈ HomA(W,N) such thatV is the image of
theE-homomorphism

HomA(X,γ) :HomA(X,W )→HomA(X,N).

Let Z = kerγ. Sinceadd(X) = S(M) and S(M) is closed under taking submodules, the
modulesW andZ belong toS(M). From the exact sequence ofE-modules

0→HomA(X,Z)→HomA(X,W )→ V → 0

we conclude that

dimEHomA(X,W ) = dimE HomA(X,Z) +dimE V = dimE HomA(X,Z ⊕M).

By Corollary 4.3,W is isomorphic toZ ⊕M . ReplacingW by Z ⊕M we obtain an exact
sequence

0→Z →Z ⊕M
β→N

in modA with V = imHomA(X,β). Since dimkN = dimkM , the homomorphismβ is
surjective. ✷

LEMMA 4.8. – LetN be a point ofOM . Thenp−1
M,X(N) = {N}× CN .

Proof. –Let (N,V ) ∈OMX . Applying Theorem 1.1 we get an exact sequence

0→Z → Z ⊕M
β→N → 0

in modA with V = imHomA(X,β). In particular,V is anE-submodule ofHomA(X,N).
Furthermore, from the exact sequence ofE-modules

0→HomA(X,Z)→HomA(X,Z ⊕M)→ V → 0

we obtain thatdimE V = dimE HomA(X,M). HenceV ∈ CN .
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On the other hand, ifV ∈ CN then(N,V ) ∈OMX , by Theorem 1.1 and Lemma 4.7.✷
In order to prove that the varietyCN is connected forN ∈ OM , we shall show that certain

subvarieties ofCN are connected.

PROPOSITION 4.9. – LetN be a module inmodA andU anE-submodule ofHomA(X,N)
satisfyingdimE U � dimE HomA(X,M). Then the subset

CU = {V ∈ CN ; V ⊆U}

of CN is nonempty and connected.

Proof. –Recall thatc = [X,M ]A. We proceed by induction ondimkU � c. If dimkU = c
thendimE U = dimE HomA(X,M) and consequently, the varietyCU = {U} is nonempty and
connected.

Assume thatdimkU > c. Then dimE U > dimE HomA(X,M). As in the proof of
Lemma 4.7, we consider a projective cover

π :HomA(X,W )→U

of theE-moduleU . This leads to an exact sequence

0→Z →W
β→N

such thatZ,W ∈ S(M) andU = imHomA(X,β). From the exact sequence ofE-modules

0→HomA(X,Z)→HomA(X,W )→ U → 0(4.2)

we conclude that

dimE HomA(X,W ) = dimEHomA(X,Z) + dimE U > dimEHomA(X,Z ⊕M).

Thus[W,W ]A > [W,Z ⊕M ]A, by Lemma 4.4. LetsY denote the multiplicity ofY as a direct
summand ofW , for anyY ∈ I(M). This means thatW is isomorphic to

⊕
Y ∈I(M) Y

sY . Then
the set

Q=
{
Y ∈ I(M); sY > 0, [Y,W ]A > [Y,Z ⊕M ]A

}
is not empty. Sinceπ is a projective cover, it induces an isomorphism of semisimpleE-modules

HomA(X,W )/ radE
(
HomA(X,W )

)
� U/ radE U.

This implies that theE-module eY U/eY radE U is isomorphic to(SY )sY , where SY =
HomA(X,Y )/ radE HomA(X,Y ) is a simpleE-module corresponding to the idempotenteY ,
for anyY ∈ I(M). Multiplying the sequence (4.2) byeY we get the equality

dimk eY U = [Y,W ]A − [Y,Z]A

for anyY ∈ I(M). Hence,

Q=
{
Y ∈ I(M); eY radE U �= eY U,dimk eY U > [Y,M ]A

}
.
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SinceE is a basic algebra, we have thatdimk SY = 1 for any Y ∈ I(M) and there is a
nice description of the maximalE-submodules ofU . Namely, any such module is uniquely
determined byY ∈ I(M) with eY radE U �= eY U and a codimension onek-subspace ofeY U
containingeY radE U .

Let Y be an element ofI(M) such thateY radE U �= eY U . Let DY be the subset of
Grass(U,dimkU − 1) consisting of the subspacesP which areE-submodules ofU with
U/P � SY . ThenDY is a projective variety isomorphic to

Grass(eY U/eY radE U, sY − 1)� P
sY −1.

In particular,DY is an irreducible variety.
Assume thatV ∈ CU . ThenV is a properE-submodule ofU . HenceV is contained in a

maximalE-submoduleP of U . Moreover, ifY is an element ofI(M) such thatU/P � SY ,
then

dimk eY U > dimk eY P � dimk eY V = [Y,M ]A

and henceY ∈Q. This implies that

CU =
⋃
Y ∈Q

⋃
P∈DY

CP .

ThenCU is nonempty, by the inductive assumptions and sinceQ is nonempty as well asDY for
anyY ∈Q.

We consider now the closed subvariety

EY =
{
(V,P ) ∈ CU ×DY ; V ⊆ P

}
of CU × DY , for anyY ∈ Q. Let qY :EY → DY be the canonical projection for anyY ∈ Q.
SinceCU is a closed subset of the projective varietyCN , the mapqY is a projective morphism.
Furthermore, the fibreq−1(P ) = CP × {P} is nonempty and connected for anyP ∈DY , by the
inductive assumptions. SinceqY is a surjective closed map with connected fibres andDY is a
connected variety thenEY is connected as well, for anyY ∈ Q. Let πY :EY → CU denote the
canonical projection for anyY ∈Q. Then the morphism

(πY )Y ∈Q :
∐
Y ∈Q

EY →CU

is surjective. ObviouslyimπY is connected for anyY ∈Q.
Let Y1 andY2 be two different elements ofQ. It suffices to show that the setimπY1 ∩ imπY2

is not empty. We takeP1 ∈DY1 , P2 ∈DY2 andP = P1 ∩P2. Then

dimE P = dimE U −dimE SY1 −dimE SY2 � dimEHomA(X,M).

Consequently, the setCP is nonempty, by the inductive assumptions. We takeV ∈ CP . ThenV
belongs toCPi and hence(V,Pi) belongs toEYi for i = 1,2. This implies thatV belongs to
imπYi for i= 1,2. ✷

Let N be a point ofOM . Applying Lemma 4.8 and Proposition 4.9 forU = HomA(X,N),
we get that the fibrep−1

M,X(N) is connected. This finishes the proof of parts (2) and (3) of
Theorem 1.2.
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Proof of the part (4). –By Lemma 2.1, the varietyOM is contained in the set

R=
{
N ∈moddA(k); [Y,N ]A � [Y,M ]A, Y ∈ I(M)

}
.

Let N be a point ofR. Applying Proposition 4.9 forU = HomA(X,N) we get that the setCN
is nonempty. From Lemma 4.7 we get an exact sequence0→Z → Z⊕M →N → 0 in modA,
which implies thatN ∈OM . ✷

5. Proof of Theorem 1.4

Let (ΓA, τ) denote the Auslander-Reiten quiver of the algebraA (see [6] for details). We
may identify the set of vertices ofΓA with indA. A connected componentC of ΓA is called
preprojective if it has no cyclic paths and anyτ -orbit in C contains a projective module (see [6]).
Moreover, a module frommodA is said to be preprojective if it is isomorphic to a direct sum
of modules from preprojective components. Dually, one defines preinjective modules, replacing
projective modules by injective ones.

LetM be a preprojective module inmodA. Thus we have a decomposition

M �
⊕

1�i�n
(Mi)bi

such thatMi is a vertex of a preprojective componentCi of ΓA, for any 1 � i � n. If
[X,Mi]A > 0 thenX belongs toCi (see 2.4(11) in [6]) and there is an oriented path inCi
leading fromX to Mi, for anyX ∈ indA and1 � i � n. The number of such verticesX is
finite and henceI(M) is a finite set. Consequently, the orbit closureOM is a unibranch variety,
by Theorem 1.2. ✷

Remark5.1. – We would like to mention one more application of Theorem 1.2, which we
shall not use. The notions and concepts from representation theory necessary to give a complete
proof are quite involved; they can be found in [6]. Assume thatA is a tame concealed algebra
(see [6] for the definition). LetM be a module inmodA having no nonzero preinjective direct
summands. Then the setI(M) is finite and therefore the orbit closureOM is a unibranch variety.
An interesting question is whetherOM is unibranch for an arbitrary finite dimensional module
M over a tame concealed algebra.

6. An example

Let A= k[X,Y ]/(X2, Y 2) and assume that the characteristic ofk is not equal to2. We give
an example of an orbit closure inmod4

A(k) which is not unibranch. We viewmoddA(k) as the set
of the pairsL= (LX ,LY ) of matrices inMd(k) subjected to the conditions

L2
X = L2

Y =LXLY −LY LX = 0, for anyd� 1.

Furthermore, the points ofmoddA(k) will be identified with the correspondingd-dimensional
A-modules. We define

M =





0 0 0 0
1 0 0 0
0 0 0 0
0 0 1 0


 ,


0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0




 , Uλ =

([
0 0
1 0

]
,

[
0 0
λ 0

])
,
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for anyλ ∈ k. Since there is an exact sequence inmodA of the form

Σλ : 0→Uλ →M →U−λ → 0,

the point

Nλ =





0 0 0 0
1 0 0 0
0 0 0 0
0 0 1 0


 ,


0 0 0 0
λ 0 0 0
0 0 0 0
0 0 −λ 0




� Uλ ⊕U−λ

belongs toGl4(k) #M , for anyλ ∈ k.
LetX be the unique, up to an isomorphism, simpleA-module. Assume thatλ �= 0. We claim

first that the fibrep−1
M,X(Nλ) contains at least two points. The exact sequencesΣλ andΣ−λ lead

to the exact sequences:

0→ Uλ → Uλ ⊕M
α→Nλ → 0 and 0→U−λ →U−λ ⊕M

β→Nλ → 0.

According to the equalityNλ = Uλ ⊕U−λ, we have a decomposition

HomA(X,Nλ) = V ⊕ V ′

of HomA(X,Nλ) into a direct sum of two one-dimensional subspacesV = HomA(X,Uλ)
andV ′ =HomA(X,Nλ). Observe thatimHomA(X,α) = V andimHomA(X,β) = V ′. Then
(Nλ, V ) and(Nλ, V

′) are different points ofp−1
M,X(Nλ), by Theorem 1.1.

We claim now thatOM =Gl4(k) #M is not a unibranch variety. Suppose that this is not the
case. LetU be the union of orbitsONλ

for all λ �= 0. The fibres ofpM,X :OMX → OM are
connected, by Lemma 4.1. This implies thatdimp−1

M,X(N) � 1 for anyN ∈ U . We need the
following formula for the dimensions of orbits in module varieties, applied already in the proof
of Proposition 2.2:

dimOY = dimGld(k)− [Y,Y ]A,

for anyY ∈moddA(k) andd� 1. Then

dimOM = 16− 4 = 12 and dimONλ
= 16− 6 = 10,

for any λ �= 0. Observe thatONλ
= ONµ if and only if λ = µ or λ = −µ. This implies that

dimU = 11 anddimp−1
M,X(U) � 12. SincepM,X is a birational map,

dimOMX = dimOM = 12 and dim(OMX \ OMX ) � 11.

On the other hand,p−1
M,X(U) is contained inOMX \ OMX , a contradiction.
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