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1
Presented by the Editorial Board LP N LY(G) —> LI(G) be defined by Fp(f)m = 7 (f)Kq. The map 7, extends uniquely
to a linear map of LP(G) into LY(G), denoted by Fp. Let F}, be the transpose of F, and

f € LP(G). We prove that f € fr[Lr(ﬁ)] if and only if .Fp(f)IC%% € Lr(a), and, if that is
the case, we have

F= A0 S [Fp (1),
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RESUME

Soit G un groupe localement compact a base dénombrable dont la représentation réguliére

gauche est de type I, G son dual et K = (Kz),.¢ un champ mesurable spécifique

d’opérateurs. Dans cette note, on aborde une formule d’inversion pour LP(G). Soit 1 <

p,r<2, %—!— % = % + % =1,et Fp:LP NLY(G) — L9(G) la fonction définie par Fp(Hm =
1

n(f)l(ﬁ. L'application F, se prolon_ge de maniére unique en une application linéaire de
LP(G) dans LI(G), notée Fp. Soit F, la transposée de F, et f € LP(G). On prouve que
- — P 1 1 -~

f e FILT(G)] si et seulement si Fp(f)K? ™5 € L"(G), et, si C’est le cas, on a

F= A S [Fp ().
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1. Introduction

Let G be a locally compact group, G its dual, 1 < p <2, % + % =1, felL'NLP(G) and F(f) be the usual Fourier
transform of f. If G is an abelian or separable unimodular type-I group (cf. [3, p. 214]), then the LP-Fourier transform
Fp(f) of f is defined by Fp(f) :=F(f), Fp(f) € Lq(a) and the map f — F,(f) extends uniquely to a linear map of
LP(G) into L9(G) with norm < 1. If G is not unimodular, then F,(f) could not be defined as F,(f) = F(f) so that the
Plancherel formula, the Hausdorff-Young theorem, and other harmonic results hold on G.

Let G =ax + b denote the affine group of a local field. Then G is not unimodular and there is (up to equivalence) a
unique infinite-dimensional irreducible unitary representation 7w of G (cf. [2, p. 209]), which acts in a Hilbert space . The
LP-Fourier transform Fp : LP N LY(G) — Lq(H) is defined by

J’p(f)=f(f)05%=7f(f)o5%,

1
where L4(H) is the Banach space of bounded operators A on # with ||A|lq = {Tr(|A]9)}9 < oo, and &1 is a specific un-

q
bounded positive self-adjoint operator in H. The map Fp, extends uniquely to a linear map of LP(G) into L4(#), denoted
by Fp.Let 1 <p,r<2, % +1=141=1, felLP(G) and F, be the transpose of Fp. Then by the inversion theorem for

_q4 s
LP(G) [2, Th. 2.22, p. 244], f € F;[L-(H)] if and only if F(f)81_1 € Ly(H), and, if that is the case, we have
p

_1
s

f=Fr@1 alFp(DI.

Note that the “essential” dual 6655 of G, which gives the Plancherel formula, reduces to the single representation {r}.

In this paper, by using the dual object G, we shall generalize the LP-inversion theorem to (nonunimodular) second
countable locally compact groups with type-I regular representation. For another approach to the LP-Fourier transform, for
any nonunimodular group, which does not use the dual object G or a subset of G, see [7].

2. Notations

Let G be a locally compact group equipped with a left Haar measure v. Let A be the modular function of G, K(G)
the space of continuous functions with compact support and D(G) the space of regular (Bruhat) functions with compact
support on G. For a complex function f on G and x € G, we adopt the notations: d,x = dx, f(x) =fx, fx) = fx).
The Fourier algebra of G is

AG) =f{u=fxg: f,gel*(G)},

with the norm |[[ulla) = inf{|| fll2llgll2 : u = f = g}. If G is abelian, the dual group G is the set of all characters on G. If
G is not abelian, the dual G of G is the set of (equivalence classes of) irreducible unitary representations of G. For 7 € G,
we denote the associated representation space by Hy, and if an operator A is bounded on a densely domain, we give the
same notation A to its extension. In the following G is second countable with type-I left regular representation. There are
a standard measure @ on G, called Plancherel measure (see [1, p. 225] or [5, p. 545]), a p-measurable field (7, Hy), ¢ of
representations of G, and a measurable field K = (Kz), ¢ of nonzero positive self-adjoint operators such that, for almost

~ 1
all 7 € G, K is semi-invariant with weight A~1, the operator 7 (f)K2, where f € L' NL2(G), extends to a Hilbert-Schmidt
operator on M, denoted by P(f)(rr), and the map P : L' N L%(G) —> L2(G) extends uniquely to a unitary map of L2(G)
onto L2(G). In this case, the Plancherel formula, for f € L' N L2(G), is

15
/If(X)Ide=/IIﬂ(f)oKJ%IIZdM(ﬂ).
G G
Throughout this paper, the Plancherel measure w and the field K = (K5 ), ¢ above are fixed so that the conditions (i) and
(ii) of [1, Th. 5, p. 225] hold.

3. Results

Recall that for 7 € G and f € L1(G), the operator 7 (f) := f f(x)m (x) dx is defined in the weak sense, that is,
G

<R (P 52, = / F00 < T00E, 7 520, dx,
G

where &, n € Hy and < .,. >4 is the inner product on H.

s
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Lemma 3.1. Let f, g € D(G). Then
Af % (AT = A(f % 8).

Lemma 3.2. Let f € D(G). Then, for almost all r € G, we have
(AT F)(Kn)? = (Kn) 2 (f).

Lemma 3.3.If f, g € D(G), then, for almost all w € G,
Kx T(f%8) =7 (Af % (A7'8)")Kx.

Lemma 3.4. Let f, g € D(G). Then, for almost all w € G,
Pf()(Pg)*(m) =7 (/)T (§)Kx.

The Fourier transform F(u) of a function u € L'(G) is defined by

F(u)(m) ::n(u):/u(x)n(x)dx.

G

Theorem 3.5. Let u € A(G). Ifu € L1(G), then F(u) o K € L (E), where F(u) is the Fourier transform of u, and we have

URX) = / Trimr (x DY F ) () o Kx1d, (7).

G

Proof. In view of [5, Cor. 3.5, p. 547], there exists a unique T € L'(G) such that

u(x)=/Tr[n(x_1)T(n)]dM(n).

G

Now, for all f, g € D(G), by first applying [5, Th. 3.3, p. 547] (to the first equality) and then Lemma 3.4, Lemma 3.3 (to the
last two equalities), we obtain

/Tr[n(f * )T (m)]dp(r) = /(f * 8)(u(x ) dx
G

G

- / / FoEuE) dydx
G

G

= / / fF&x'ygu@ A~ (%) dy dx
G G

=//u(x)Af(X‘1y) A~ (y)g(y)dydx
G G

= /(u * Af)(y) A~1g(y)dy
G

=<U=x*x Af, A_lg >L2(G)=< P(U % Af)y P(A_lg) >L2(a)

/ Tr[P(ux Af)(m)P*(A™ g) () dpu(mr)

G

_ / Trim W) (Af (A~ g)) Kz 1dut ()

G

=/Tr[n(u)KniT(f*é)]du(ﬂ).

G
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This implies that F(u)o K =T € L' (E), which in turn finishes the proof. O

1
Let 1<p<2, % + % =1and f € LPNL'(G). We define the LP—Fourier transform F,(f) of f by Fp(f)m =7 (f)K%. By
adapting the proof of [4, Th. 6, p. 582], we obtain the following theorem.

Theorem 3.6. (Hausdorff-Young) If
1 1 1
1<p<2, E—}—a:l, fel'NnLP(G),

then Fp(f) € Lq(a), and the map f — Fp(f) extends uniquely to a linear map of L? (G) into L9 (6) with norm < 1.
The spaces LP(G) and L9(G) are in duality by

<f,g>=/f(><)g(><)dx,
G

where f € LP(G) and g € L9(G). If p=2, <.>2(; indicates the usual inner product on L2(G). If p#1, J-_'p denotes the
transpose of Fp and if p =1, Fi=F denotes the Fourier cotransformation, which is an isometric isomorphism of Banach
spaces from L!(G) onto A(G). The map F is defined by

]:'(T)(X)Z/TT[T(ﬂ)JT(X)]dM(ﬂ),

c
where T e L1(G) and x € G.

Lemma3.7.let1<p,r<21+1l=1He LP(C) and M € L' (G).
1

(i) If f € D(G), then, for almost all T € G, we have Ff@m (KT
(ii) If, for almost all 7 € G, we have M(r) = (Kn)lr% H (i), then

%zfpf(n).

Fp(H) = F(M).
Lemma 3.8. Let p € 11, 2]. Then, for all f in D(G), we have:
[Fp ()1 = Fp(AT7 7).
Lemma 3.9.Let 1 < p <2 and % + % = 1. Then
(i) For every H € LP(G), we have
Fp(H") = A0 [Fp(H)]™.
(i) For all H € L2(G), we have F5(H) = F, ' (H*).

Theorem 3.10 (Inversion theorem for LP(G)).Let 1 < p,r <2, 1 + 1 =1, f € LP(G). Then f e F[L"(C)] if and only if
]-"p(f)lC%% € Lr(ﬁ), and, if that is the case, we have

1

AT f = F(Fp (KD TS),

and
- - 1.1
f=FKr s [Fp(HI).
Proof. For every g € K(G) * K(G), we have

g=Fp (KT 1F()]). (1)

In fact,
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g=7, \Fg) =F ' F(g)ok!z
= Fy | Fr(g) ok
= FH(KT 2 [F ()] )
_fp(icrficr HF(QI) (3)

=Fp(K " [Fr (&)1,

where (2) follows from Lemma 3.9 (ii) and (3) follows from Lemma 3.7 (ii) by setting H = i3 [Fr(g)]* and M = ICP : H.
Now we prove the necessity. Let f € LP(G) such that f = Fy(H), where H € Lr(G) Then, for all g € K(G) x K(G), we
have

/ TrHFg(m) (Kn)? 5 [Fp ()1 () dyu (1)
G

- / Tr(LF ()10 (Kx) P 5 [Fr(g)]5()) dyu ()
G

= < f. B (KPS [R@T) >
—<F.g> by (1)
= / g0 Fr(H) (%) dx

G
=/Tr[Frg(n)H(7r)]dM(n).

G

Let &4 be the Dirac measure at x € G. Then, for every x € G,

f[fr(g)H](X)=fTr[n(X)frg(N)H(n)]du(n)

G

=/Tr[fr(sx*g)(n)H(n)]d,L(m
G

- / TrFr(ex * ©) (1) (Kn )P 5 [Fp () (1)1 dp (1)
G

= F(F(@KP  [Fp (O ).

Hence, since F is one-to-one, we obtain F(g)H = ]—'r(g)lc%% [Fp(H]* and thus H*[Fr(9)]* = ]-'p(f)/C%% [Fr(@)]*.
Therefore F,(f)K? 5 = H* € L' (C).
We prove the sufficiency. Let f € LP(G) such that fp(f)lC%_% € Lr(a). Then, for all g € K(G) * K(G), we have

<Fgs==F.8>=<f. (K 1F@I) >

/Tr[fpf(n)(Kn)F’ﬁ[fr(g)]*(N)]dM(n)

G
1_1 1 1 1 1
- / THF [T (K)P @ (OIdy(m) (- —— =~ — )
J p N roq
G
= / Tr(F(@)1(Ke) P~ 5 [Fp (1)) dp (1)
G

—< g F (KD [Fp (O >
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Consequently,

F= B S IR (NI,

and thus
ATHATI DT = F = AU RO

_ A_%[fr(fp(f)lc%_%)]w by Lemma 3.9 (i),

1

which implies that A~s f = ﬁr(fp(f)lc%—%)_ o

Remark 1. By using some adequate traces that generalize the ordinary traces of operator (cf. [6]), some of these results
could be extended to other nonunimodular groups for which the Plancherel formula holds.
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