C. R. Acad. Sci. Paris, Ser. I 357 (2019) 443-449

Contents lists available at ScienceDirect

C. R. Acad. Sci. Paris, Ser. |

www.sciencedirect.com

Partial differential equations/Potential theory

On the structure of diffuse measures for parabolic capacities ™ n
Check for
updates
Sur la structure des mesures diffuses des capacités paraboliques
Tomasz Klimsiak, Andrzej Rozkosz
Faculty of Mathematics and Computer Science, Nicolaus Copernicus University, Chopina 12/18, 87-100 Torufi, Poland
ARTICLE INFO ABSTRACT
Article history: Let Q = (0, T) x €2, where Q is a bounded open subset of R?. We consider the parabolic
Received 29 April 2019 p-capacity on Q naturally associated with the usual p-Laplacian. Droniou, Porretta, and
Accepted 30 April 2019 Prignet have shown that if a bounded Radon measure w on Q is diffuse, i.e. charges no set
Available online 14 May 2019 : i _ . 1
of zero p-capacity, p > 1, then it is of the form u = f + div(G) + g for some f € L'(Q),
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if p > 1, then each bounded Radon measure @ on Q admitting such a decomposition is

diffuse.
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RESUME

Soit Q = (0,T) x €, olt Q est un ouvert borné dans R? On considére la p-capacité
parabolique dans Q naturellement associée au p-laplacien. Droniou, Porretta et Prignet ont
démontré que, si une mesure de Radon bornée i dans Q est diffuse, c'est-a-dire si u ne
charge pas les ensembles de p-capacité nulle, elle est alors de la forme p = f +div(G) + g,
ott fell(Q), Ge(LP(Q))% et geLP(0,T; WS”’(Q) N L%(£2)). Nous montrons I'inverse de
ce résultat : si p > 1, alors toute mesure Radon bornée qui admet une telle décomposition
est diffuse.

© 2019 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Let Q be a bounded open set in RY and Q = (0, T) x  for some T > 0. For p > 1, the parabolic p-capacity of an open
subset U of Q is defined by (see [5,13])

cap,(U) =inf{jlulw :u e W, u>1y ae.in Q},
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where W = {u € LP(0,T; V) :u; € LP'(0, T; V))}, V = Wg"’(sz) N L%(Q) and V' is the dual of V; we endow V with the
norm |jully = ||u||W(1),p(Q) + llullf2(q), and W with the norm |jullw = ||ut||Lpr(0$T;V,) + llullLe0,1:v)- The capacity cap,, is then
extended to an arbitrary Borel subset of Q in the usual way.

Let Mp(Q) denote the space of all (signed) bounded Radon measures on Q equipped with the norm |u|ry = |u1|(Q),
where |ut| stands for the variation of p. We say that u € Mp(Q) is diffuse if it charges no set of zero parabolic p-capacity,
ie. if w(B) =0 for any Borel B C Q such that cap,(B) = 0. We denote by My ;(Q) the subset of M,(Q) consisting of
all diffuse measures. Droniou, Poretta, and Prignet [5] have shown that for every u € Mg p(Q), there exists f € L'(Q),
G=(G',...,G% with G' e LP'(Q), i=1,...,d, and g € LP(0, T; V) such that

W= f+div(G) + g. (11)

The decomposition (1.1) plays a crucial role in the study of evolution problems with measure data whose model example is

ur—Apu+h(wy=p inQ,
u=ug on {0} x ©, (1.2)
u=0 on (0, T) x 0%,

where A,u =div(|Vu|P~2Vu) is the usual p-Laplace operator, p > 1, ug € L'(Q) and h: R — R (see [5,9,11]).

The decomposition (1.1) is a counterpart to the decomposition of diffuse measures proved in the stationary case by
Boccardo, Gallouét, and Orsina [2] (see also [7] for an extension to the Dirichlet forms setting). In the stationary case, each
finite Borel measure @ on 2 that charges no set of zero p-capacity admits a decomposition of the form

w = f +div(G), (1.3)

where f e L1(Q), G=(G!,...G%) with G' e LP"(Q), i =1, ..., d. The decomposition (1.3) proved to be important and useful
in the study of elliptic equations with measure data (see, e.g., [3-5,8]).

In the stationary case, it is also known that if @ is a bounded Borel measure on 2 admitting decomposition (1.3), then
it is diffuse (see [2] and also [7] for a related result concerning the capacity associated with a general Dirichlet operator).
In the parabolic setting, only a partial result in this direction is known. The difficulty is caused by the term g; appearing
in (1.1). Petitta, Ponce, and Porretta [11] (see also [10]) have shown that, if & € M}(Q) admits decomposition (1.1) with g
having the additional property that g € L°°(Q), then u is indeed diffuse. The problem whether one can dispense with this
additional assumption was left open. It is worth noting here that not every diffuse measure can be written in the form (1.1)
with bounded g (see [10,11]).

In this note, we show that if p > 1, then in the parabolic case the situation is the same as in the stationary case, i.e. if
n e Mp(Q) satisfies (1.1), then it is diffuse.

2. Main result
Define V, V/, W as in Section 1. We denote by (-,-) the duality pairing between V' and V, and by ({,-)) the duality

pairing between the dual space W’ of W and W.
We start with recalling the decompositions of ® € W’ and € Mg ,(Q) proved in [5].

Lemma 2.1. For every ® € W' there exist h € LP' (0, T; L2(Q2)), g € LP(0, T; V) G = (G1,...,G% with Gl e L' (Q), i=1,....d
such that, for every u e W,

T
(<<I>,u>)=/hudtdx—fGVudtdx—f(u[,g)dt. (2.1)
Q Q 0

Proof. See [5, Lemma 2.24]. O

If ® € W’ satisfies (2.1), then we write
Theorem 2.2. If u € My (Q), then there exists f L'(Q), g€ LP(0,T; V) and G = (G, ..., G%) with G € Lp/(Q), i=1,...,d
such that, for every n € C°([0, T] x ),

T
/nd,u:/fndtdx—/(?~V77dtdx—/(m,g)dt. (2.2)
Q Q Q 0
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Proof. See [5, Theorem 2.28]. O

Definition. Let ® € W’. We say that w € LP(0, T; V) is a weak solution to the Cauchy-Dirichlet problem

we—Apw =9, w(0,-) =0, w=0o0n (0,T) x 022 (2.3)
if

T
/m, dt+/|Vw|p 2yw vnpdtdx = ((®, n))
0

for all n € W with n(T,-)=0.

In what follows, {j,} is a family of symmetric mollifiers defined on R x R¥. For a given ® € W’ and a given decompo-
sition (2.1) with h, G, g having compact supports in Q, we define (for sufficiently large n > 1) ®, € W’ by

T

(<<I>n,u)):/hnudtdx—/GnVudtdx—/(gn,ut>dt, ueWw, (2.4)
Q Q 0

where hy =h* ju, Gp =G * jp and g, = g * ji.

Proposition 2.3. Let ® € W',

(i) There exists a unique weak solution w to (2.3).
(ii) Assume that ® admits decomposition (2.1) with some h, G, g having compact supports in Q . Let &, be given by (2.4) and let wy
be a weak solution to the problem
(Wp)t — Apwy = Py, wp(0,-) =0, wp=00n(0,T) x 3.
Then w, — win LP(0, T; V).

Proof. Part (i) is proved in [5, Theorem 3.1]. To prove (ii), we modify slightly the proof of [5, Theorem 3.1]. By the definition
of a weak solution and (2.4), for sufficiently large n > 1,

T T
—/(m,wn—gn)dt+/Ianl”’ZanVndthZ/hnndthvL/(xn,n)dt,
0 Q 0

for every n € C2°([0, T] x D) such that n(T) = 0. From the above equality, it follows that w, — g, € W and, by a standard
approximation argument, that

t
/ Ns, Wn — &n) ds + (n(t), (wp — gn)(t))Lz(Q)+/[|VWnlp 2Vw, Vndsdx
0 0

=//hnndsdx+/(xn,n)ds, te(0,T],
0 Q 0

for every n € W. Therefore, from the proof of [5, Theorem 3.1] (see the last two equations in [5, page 131]) and [1,
Lemma 5], it follows that Vw, — Vw in LP(Q) and w, — w in LP(0, T; L2($2)). By this and [5, (3.6)] (see also the
comment following it), the sequence {w, — gn} is bounded in W. Therefore, by [14, Corollary 4] and uniqueness of the
solution to (2.3), wy, — gn — u — g in LP(Q). Since g, — g in LP(Q), it follows that w, — w in LP(Q). By what has been
proved, w, — w in LP(0,T; V). O

Lemma 2.5 below is the key to proving our main result. To state and prove it, we need some more notation.
Since cap,, is subadditive (see [5, Proposition 2.8]), each u € M (Q) has a unique decomposition (see [6]) of the form

M= fd+ U, (2.5)
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where g € Mg p(Q) (the diffuse part of u) and e € Mp(Q) is concentrated on a set of zero p-capacity (the so-called
concentrated part of w). For it € My (Q) with decomposition (2.5), we set

Mn =% jn,  Jg=Md*Jn. ¢ = e * Jn.
We denote by w(n, m) (resp. w(n, §)) any quantity such that
lim limsup|w®, m)|=0 (resp. limlimsup|w(n,s)|=0).
m—>00 psoo 80 n—oo

For m > 0, we set Tp(t) = ((—m) At) vm, t € R.

Let D be an open subset of Q. We denote by M (D) N W' the set of elements ® € W' for which there exists ¢ > 0 such
that |{(®, n))| < clINllso, N € CX(D). For given & € M, (D) N W', we denote by ®™3:D ¢ M}, (Q) the unique measure such
that

(. = [ ndems, peco)
D
(see the comments following [5, Definition 2.22]).

Remark 2.4. In the proof of Lemma 2.5, we will use [9, Lemma 5], which was proved in [9] under the assumption that
p>(2d+1)/(d+1). A close inspection of the proof of [9, Lemma 5] reveals that this additional assumption on p is
unnecessary. The reason is that this assumption on p is needed in [9] to apply [9, Lemma 4]. However, from [5, Remark 2.3],
it follows that the assertion of [9, Lemma 4] holds true for any p > 1.

Lemma 2.5. Let D be an open subset of Q and ® € Mj(D) N W'. Assume that ® admits decomposition (2.1) with some h, G, g
having compact supports in Q and by u, € LP(0, T; V) denote a weak solution to the problem

(up)t — Apliy = Py, un(0,-) =0, up=00n (0,T) x 0Q (2.6)
with &y, defined by (2.4). Then for every n € CZ°(D),
lim limsup I(n,m) = / nd(dmeasDy | (2.7)
m—o0 n—oo
D
where
1 1
In,m)=— [Vug|Pndtdx — — [Vug|Pndtdx.
m m
{m=<up<2m} {—2m=u,<—m}

Proof. Set v = @meas.D . — (p,)Meas.D and g,,(s) = %(Tz,n(s) —Tm(s)), 0 =10ml, ¥ (s)=0(s) — 1, W(t) = fot w(s)ds, O(t) =
fé@(s) ds. We extend v, v, to measures on Q by putting v(Q \ D) =v,(Q \ D) = 0. Observe that |v,;| < dt ® dx, so, by a
standard approximation argument, for all w € W with compact support in D,

<<<I>n,w>>=/wdvn.

Q
Moreover, for every fixed w € W with compact support in D, there exists N > 1 such that

/wdvn:/wd(v*jn), n>N. (2.8)
Q Q
Indeed, for sufficiently large n > 1,

/Wd(V*jn)=/(W*jn)dV=((quW*jn>)
Q Q

=/h(w*jn)dtdx—/G(an*jn)dtdx—/(w*jn)tgdtdx
Q Q Q

=<<d>n,w>>=/wdvn.
Q
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Let E C Q be a Borel set such that cap,(E) =0 and v, is concentrated on E. By regularity of the measure v and [9,
Lemma 5], for every § > 0 there exists a compact set K5 C E, an open set Us C D such that K5 C Us, and ¥s € CC1 (Us) with
0 <5 <1 such that

[(Us \ Ks) <39, /(1—1/f8)dlvc|§5, (2.9)
Q

I8l Qyrr 0.1 w10 (o)) T 1Wsllro.1:v) <6, (2.10)

¥s — 0 weakly *in L*°(Q)asé | 0. (211)

Let n € C2°(D). Taking ¥ (un)¥sn as a test function in (2.6), we obtain

fW(un)wandvn =/(un)fw(un)wandtdx
Q Q

+ / IVun P2V u, V(¥ (un)sn) dedx =: Iy + Io.
Q
Clearly

I= / (W(un))ePsn e dx = — / W(ttn) (P377)e e dx = — f W) (Y)en de dx
Q Q Q

— / W(up)ysn: de dx.
Q

Since W is continuous and bounded, it follows from Proposition 2.3 and (2.10) that Iy = w(n, §). We have

12=/IVunlplﬁ'(un)%ﬂddeJr/IVunlpfzvlanI/fM/f(un)'?dde
Q Q

+ f [Vun P2V unyr (un) Vs dt dx. (212)
Q

Using Proposition 2.3 and (2.11) shows that fQ [Vun Py’ (un)ysndt dx = w(n, §). Applying Hoélder’s inequality, Proposi-
tion 2.3 and (2.10) also shows that the last two integrals on the right-hand side of (2.12) are quantities of the form w(n, §).
Hence, I, = w(n, §), and consequently

/Vf(un)l/fan dvp = w(n, §). (2.13)
Q

Since Ks; C E, cap,(Ks) = 0. Therefore, by (2.9), [va|(Us) = |vgl(Us \ K5) < 3. We also have |fQ ¥ (up)ysndvy| <
||’7||0on ¥s d|vg|™ with |vg|" = |vg| * jn, Which converges to ||77||0on Ysd|vg| as n — oo since |vg|" — |vg| locally weakly *.
Thus fQ ¥ (un)¥sn dvj = w(n, 8). By this, (2.8) and (2.13),

/W(un)wan dv! = w(n, §). (2.14)
Q

Taking 6 (uy)n as a test function in (2.6), we obtain:

/G(Un)ndvn=/(un)t9(un)ndtd?<+/IVunl”‘ZVunV(H(un)n)dtdx
Q Q Q

:[(@(un))tndtd)H—/|Vun|p0’(un)ndtdx
Q Q

+ / Vi P2V un6 (uy) Vn dt dx. (215)
Q
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By the definition of 6,

/ |Vun PO (up)n dt dx = I(n, m).
Q

We have

|/<®(un)>mdrdx\=\f®<un)mdtdx\s / unll77e] dt dx
Q Q

{lun|=m}

and

)/|Vun|p’2Vun6(un)Vr]dtdx)5 / [Vun P~ V| dt dx,
Q {lun|=m}

so by Proposition 2.3,

[(@(un))m dtdx+ / Vi P2V un6 (un) V dt dx = w(n, m).
Q Q
By the above and (2.15),

I(n,m) = / O(up)ndv, + wn, m). (2.16)
Q
By [11, Theorem 1.2, Proposition 3.3],

)/9(un)ndv5 <l / djvg|" = w(n, m). (217)
Q {lun|=m}

Furthermore, by the definition of v,

/Q(un)r}dv?:/ndv’g+/1//(un)ndv?, (2.18)
Q Q Q
and by (2.9) and (2.14),

/Vf(un)ﬂ dvg =/1/f(un)n(1 — ) dvg +/‘/’(un)77‘/f8 dvg = w(n, 5). (219)
Q Q Q
Since fQ 0 (up)ndv, does not depend on §, from (2.8) and (2.17)-(2.19), we conclude that

f@(un)r} dv, = / ndv! + w(n, m).
Q Q
Combining this with (2.16) we see that

I(n,m) = / ndv? + o, m),
Q
which implies (2.7). O

In case & is positive, Lemma 2.5 is essentially [12, Proposition 5]. Note that [12, Proposition 5] is proved for any positive
® € Mp(Q). In Lemma 2.5, we drop the assumption that & is positive, but we additionally assume that ® € W',

Theorem 2.6. Let 1 € Mp(Q). If (2.2) is satisfied for all n € C2°(Q), then € Mo p(Q).
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Proof. Let v=p — fdtdx and ® =div(G) + g, i.e.
T

((@,n)):—/GVndtdx—/(nt,g)dt, new.
Q 0

Clearly ® € W'. By (2.2), ((®,n)) = fQ ndu — fQ nfdtdx for n € C°(Q). From this and the assumption that p € M(Q)

it follows that ® € M,(Q) N W’ and ®™e2:Q — y, Fix an open subset of Q such that D c Q and choose a nonnegative
function 6 € C°(Q) such that =1 on D. Set G’ =G6, g’ = g6, and then &% =div(G?) + (g%);, i.e.

T
(@ == [ ¢"vndeax— [ ghde. new.
Q 0
Next, set G? = G? « ju, g0 = g% # ju, and then ®f = div(G?) + (g)), i.e.
T

((d)ﬁ,n)):—fGZVndtdx—/(m,gﬁ)dt, new. (2.20)
Q 0

Clearly, %, ®% € W’. Since 9 =1 on D, we have ((®%, )) = ((®, n)) for n € C°(D), so &’ € M,(D) N W'. Integrating by
parts, we conclude from (2.20) that d>g € My(D) N W’. Moreover,

(@O)meas,D =V, (2.21)

where vjp denotes the restriction of v to D. Indeed, for n € C2°(D), we have (@, n)) = fD nd(®?)meas.D and on the other
hand, ((®?, n)) = ((®, n)) = fD ndv = fD ndvp. Let u, be a solution to (2.6) with @, replaced by @ﬁ. From Proposition 2.3
it follows that sup,~1 llun|lzr(o,1;v) < o0. Hence, for every n € CZ°(Q),

1 1

L 1 Vi P - L 1 p —o.

dim_limsup / [Vun|Pdedx < Inlloo lim 1imsup —lunllfp o 1.y, =0
{m<Jun|<2m}

By Lemma 2.5 and (2.21), this implies that (v|p) = 0. Hence (u¢);p = (i4p)c = 0 since fdtdx e Mo p(Q). Since D was an
arbitrary open subset of Q with D C Q, we see that 4. =0. O
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