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RESUME

Etant donné un corps parfait de caractéristique exponentielle e, nous montrons que les
Cor-, KSB—, Ko- et Ko-motifs des variétés algébriques lisses a coefficients dans Z[1/e] sont
localement quasi isomorphes deux a deux. De plus, nous démontrons que leurs catégories
triangulées de motifs a coefficients dans Z[1/e] sont équivalentes. Une application est

donnée pour la suite spectrale motivique bivariante.
Crown Copyright © 2018 Published by Elsevier Masson SAS on behalf of Académie des
sciences. All rights reserved.

1. Introduction

The purpose of the paper is to compare motives of smooth algebraic varieties corresponding to various categories of
correspondences. We also investigate relations between associated triangulated categories of motives. We work in the
framework of symmetric monoidal strict V-categories of correspondences defined in [1]. They are just an abstraction of
basic properties of the category of finite correspondences Cor.

Given a functor f :.o/ — % between two such categories of correspondences, we prove in Theorem 3.1 that whenever
the base field k is perfect of exponential characteristic e and f is such that the induced morphisms of complexes of
Nisnevich sheaves

fo 1 Zg (@Q[1/e] = Zm(q)[1/e], q=0,
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are quasi-isomorphisms, then for every k-smooth algebraic variety X the morphisms of twisted motives of X with
7Z[1/e]-coefficients

M. (X)(q) ® Z[1/e] > Mz(X)(q) ® Z[1/e]

are quasi-isomorphisms. Furthermore, we prove in Theorem 3.1 that the induced functors between triangulated categories
of motives

DM®(k)[1/e] - DM (k)[1/e], DMy (k)[1/e] = DMg(k)[1/e]

are equivalences.

Using Theorem 3.1 together with theorems of Suslin [8] and Walker [11] (as well as a result of [4]) comparing motivic
complexes associated with the categories of correspondences Cor, KSB, Ko, and Ko, we identify their motives of smooth
algebraic varieties with Z[1/e]-coefficients. Moreover, their triangulated categories of motives with Z[1/e]-coefficients are
shown to be equivalent (see Theorem 3.5).

Another application is given in Theorem 3.8 for the bivariant motivic spectral sequence in the sense of [2].

Throughout the paper, we denote by Sm/k the category of smooth separated schemes of finite type over the base field k.

2. Preliminaries

Throughout this paper, we work with symmetric monoidal strict V-categories of correspondences in the sense of [1].
The categories Cor, I(SB, Ko, Kq are examples of such categories (see [3,4,8,9,11] for more details).

Given a symmetric monoidal strict V-category of correspondences 7, it is standard to define the category of
o/ -motives DM?(I{). By definition (see [1]), it is a full subcategory of the derived category of Nisnevich sheaves with
o/ -correspondences consisting of those complexes whose cohomology sheaves are Al-invariant. As usual, the stabilization
of DMZ{ff(k) in the Gp,-direction leads to the category DM, (k) (see [1] for details). If R = Z[S~!] is the ring of fractions of
Z with respect to a multiplicatively closed set of integers S, then .2 ® R, whose objects are those of .2/ but morphisms are
tensored with R, is a symmetric monoidal strict V-category of correspondences (see [1]).

Definition 2.1. Following [10,9,8], the <7 -motive of a smooth algebraic variety X € Sm/k, denoted by M,/ (X), is the normalized
complex of Nisnevich .o7-sheaves associated with the simplicial sheaf

n— o/ (— x A", X)nis, A" =Speck[tg,...,tn]/(to+ -+ 1ty —1).

In what follows, we identify simplicial (pre-)sheaves with their normalized complexes by using the Dold-Kan correspon-
dence. Also, if necessary, we associate Eilenberg-Mac Lane S!-spectra with (pre-)sheaves of simplicial Abelian groups. The
reader will always be able to recover any of these associations/identifications.

We have a motivic bispectrum

MO (X) := (EM(M_ (X)), EM(Mor (X A G, EM(M s (X AGR2)), ..),

where each entry EM(M (X AGLY), g >0, is the Eilenberg-Mac Lane S!-spectrum associated with the simplicial <7 -sheaf
n— o (—x A", X A Grﬁq)ms. Mgy (XA G,Qq) will also be denoted by M ./ (X)(q). In what follows, we denote by Z ./ (q) the
complex M, (pt)(q)[—q], pt := Speck (the shift is cohomological).

Definition 2.2. Following the terminology of [2, Section 6], the bivariant <7 -motivic cohomology groups are defined by
HPA(X,Y) = HE (X, o/ (— x A®, Y AGpDnis[—q)),
where the right-hand side stands for Nisnevich hypercohomology groups of X with coefficients in &/(— x A®,Y A
GHMnis[—q] (the shift is cohomological). If &7 = Cor, we shall write H%(X, Y) to denote Hfz;{q(X, Y). We also call H%(X, Y)
the bivariant motivic cohomology groups.
Following [4], we say that the bigraded presheaves H’;‘;(—, Y) satisfy the cancellation property if all maps

BP9 HPA(X, Y) = HPIN T (XA G, V)

induced by the structure maps of the spectrum MS}"(Y) are isomorphisms.

Given Y € Sm/k, denote by

Mgm(Y)f = (EMMg (Y)) g, EM(M g (Y /\G,/,\,,]))f, EM(Mg (Y A G,?lz))f, L)),

where each EM(M g (Y AGJ"))y is a fibrant replacement of EM(M (Y AG/") in the injective local stable model structure
of motivic S!-spectra. It is worth to note that each EM(M 4 (Y A G{M)y can be constructed within the category of chain
complexes of Nisnevich .«7-sheaves and then taking the corresponding S!-spectrum (this can be shown similar to [2, 5.12]).
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Lemma 2.3 (see [1]). The bigraded presheaves Hf;;(—, Y) satisfy the cancellation property if and only if MS{’” (YY) is motivically
fibrant as an ordinary motivic bispectrum.

In what follows, we shall write SH(k) to denote the stable homotopy category of motivic bispectra.

Corollary 2.4 (see [1]). The presheaves H :}*(—, Y) are represented in SH (k) by the bispectrum M %" (Y) s. Precisely,

HEA(X, Y) = SHUO(X1, SPIAMEP (V) p), p,qeZ,

where SP-1 = SP=1 A G
3. Motivic complexes and triangulated categories of motives

Throughout this section, we assume f : o/ — 4 to be a functor of symmetric monoidal strict V-categories of correspon-
dences satisfying the cancellation property. We always assume that f is the identity map on objects.

Theorem 3.1. Suppose that k is a perfect field of exponential characteristic e. If the morphism of complexes of Nisnevich sheaves

o 1 Loy (Ql1/€] = Leyori17e1(@) = Zaa(@l1/e] = Zpgzije (@, 920,

is a quasi-isomorphism, then for every X € Sm/k the morphism of twisted motives of X with Z[1/e]-coefficients

M. (X)(@) ® Z[1/e] > Mz(X)(q) ® Z[1/e]

is a quasi-isomorphism. Furthermore, the induced functor

DM () [1/e] - DM (k)[1/e]

is an equivalence of triangulated categories.

Proof. By Lemma 2.3 the bispectra ME?@Z[l/e](X)f and M%”®Z[1/81(X)f are motivically fibrant. Note that M%"@ZHM(XH
and M%’éz[]/e]qX)f are fibrant replacements of the bispectra

H(«Z @ Z[1/e])(X) == (EM(«(—, X) ® Z[1/e]), EM(«Z(—, X A G,ﬁl) ®Z[1/e]),...)

and

H(# ® Z[1/e])(X) := (EM(Z(—, X) ® Z[1/e]), EM(B(—, X AGp") @ Z[1/e]), ...)

respectively, where “EM” stands for the Eilenberg-Mac Lane (symmetric) S!-spectrum.
By our assumption, the natural morphism of bispectra

Gm Gm
M Fez11/e1(POf = M Zgu11/e1(PO £ (1)

induced by f is a Nisnevich local-level equivalence. Hence, it is a level schemewise equivalence, because both bispectra are
motivically fibrant. Since H(&/ ® Z[1/e])(X) — M%&Z[Ue] (X)f and H(Z ® Z[1/e)(X) — M%%Z[]/e](X)f are level motivic
equivalences, then H(«/ ® Z[1/e])(pt) — H(A ® Z[1/e])(pt) is a level motivic equivalence of bispectra.

Consider a commutative diagram of bispectra

H(o/ @ Z[1/e])(pt) A X4 — H(/ @ Z[1/e])(X) —= M%ZWJ X)f

l

H(# R Z[1/e])(pt) A Xy —=H(HB R Z[1/e])(X) —— M%&Z[l/e] X)r
Since H(«Z ® Z[1/e])(pt) — H(Z ® Z[1/e])(pt) is a level motivic equivalence of bispectra, then so is the left vertical arrow
of the diagram by [7, 12.7]. By the proof of generalized Rondigs-@stveer’s theorem [1, 5.3] the left horizontal arrows are
stable motivic equivalences, and hence so is the middle vertical map. Since the right horizontal arrows are stable motivic
equivalences, then so is the right vertical map. But it is a stable motivic equivalence between motivically fibrant bispectra,
and so it is a level schemewise equivalence.
We see that each morphism of S!-spectra

EM(M g ez11/e1(X)(@) f = EM(M2gz(1/e1(X)(@) f
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is a schemewise stable equivalence. But every such arrow is a local replacement of the morphism EM(M o7 g7(1/6)(X)(q)) —
EM(M zg711/e1(X)(q)). It follows that the latter arrow is a local equivalence, and hence

Mg (X)(q) ® Z[1/e] > Mg(X)(q) ® Z[1/e]
is a quasi-isomorphism of complexes of Nisnevich sheaves.
Now to prove that the induced functor
f: DM () [1/e] — DML (k)[1/e]

is an equivalence of triangulated categories, we use a standard argument for compactly generated triangulated categories.
Precisely, it suffices to show that the image of compact generators of the left category is a set of compact generators of
the right category and that Hom-sets between them on the right and on the left are isomorphic. The families {M (X)) ®
Z[1/e][n] | X € Sm/k,n € Z}, (M5 (X) ® Z[1/e][n] | X € Sm/k,n € Z} are sets of compact generators for DMfg(k)[l/e] and

DMg(k)[l /e] respectively.

The functor f maps one family to another by construction. Also, Hom-sets between compact generators from the first
(respectively second) family is given by bivariant /-motivic cohomology H(X,Y) ® Z[1/e] (respectively H7, (X,Y) ®
Z[1/e]). By the first part of the proof, F induces a schemewise stable equivalence of bispectra

MCm X); — MSn X)
A QZ[1/e]\ M f BRI /e]\ M f -

It follows from Corollary 2.4 that the homomorphism

fH (X, Y)®Z[1/e] > HE (X, Y) Q Z[1/e]

is an isomorphism, as was to be shown. O
The following statement is proved similar to the second part of Theorem 3.1.

Corollary 3.2. Under the assumptions of Theorem 3.1, the canonical functor

DM (k)[1/e] — DM g(k)[1/e]

is an equivalence of triangulated categories.

The proof of Theorem 3.1 also allows us to compare motives of certain smooth algebraic varieties without inverting the
exponential characteristic of the base field. This is possible whenever U € Sm/k is dualizable in SH (k). For instance, it is
shown in [6, Appendix] that any smooth projective variety U € Sm/k is dualizable in SH(k) over any field k. Namely, the
following result is true.

Theorem 3.3. Suppose that k is any field and U € Sm/k is dualizable in SH (k) (e.g., U is a smooth projective variety). If the morphism
of complexes of Nisnevich sheaves f, : 7 . (q) — Z(q), q = 0, is a quasi-isomorphism, then so is the morphism of twisted motives
Mgy (U)(q@) = MzU)(Q).

Proof. Since U is dualizable in SH(k), the proof of the generalized Rondigs-@stvar theorem [1, 5.3] shows that H(&)(pt) A
Uy — H(«)(U) and H(%)(pt) AUL — H(A)(U) are stable motivic equivalences. It remains to repeat the proof of the first
part of Theorem 3.1 word for word. O

Corollary 3.4. Suppose that k is any field and .7 is a family of smooth algebraic varieties that are dualizable in SH (k). Also, suppose
that the morphism of complexes of Nisnevich sheaves f : Z./(q) — Z(q), q = 0, is a quasi-isomorphism. Let DM;g(k)(gf) and
DM %f(k) (F) (respectively DM o (k) (%) and DM (k) (7)) be full compactly generated triangulated subcategories of DM;f{f(k) and
DMegg(k) (respectively DM 7 (k) and DM g (k)) generated by the motives {M o (U)[n]|U € #,ne€ Z}and {(MzU)[n]|U € F,ne
Z} (respectively {MS{"‘ U)®GIn|Ue.Z,nqeZ)and {M%m (U)® Gln] | U € Z,n,q € Z}). Then the canonical functors

DMET (k) (#) — DM (k)(F), DMy (k)(F) — DMy (k)(F)

are equivalences of triangulated categories.

Proof. This follows from Theorem 3.3 if we use the same proof as for the second part of Theorem 3.1. O
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Suppose that k is a perfect field. Consider natural functors between categories of correspondences
Ko % k& L ko L cor,

where Ky is defined in [3]. All of these categories of correspondences are symmetric monoidal strict V-categories of cor-
respondences satisfying the cancellation property. Moreover, «, 8, y are strict symmetric monoidal functors that are the
identities on objects. They induce morphisms of complexes of Nisnevich sheaves

B 14
Lty (@) > Zye @) = Ziy (@) = Z(@).  q>0.
By Suslin’s theorem [8], 8 is a quasi-isomorphism. Walker [12, 6.5] proved that y is a quasi-isomorphism. We see that 8

is a quasi-isomorphism as well. Also, « is an isomorphism by [3, 7.2] (over any base field).
As an application of Theorem 3.1 and Corollary 3.2, we can now deduce the following theorem.

Theorem 3.5. Suppose that k is a perfect field of exponential characteristic e. Then for every X € Sm/k the morphism of twisted motives
of X with Z[1/e]-coefficients

Mty (X)(@) ® Z11/p] > My (X)(@) ® ZI1/e] 2> My (X)(@) ® ZI1/e] > M(X)(@) ® Zi1/e]
are quasi-isomorphisms of complexes of Nisnevich sheaves. Furthermore, the induced functors

DM (k)[1/e] <> DMf(fé; (o[1/e] L DM (k)[1/e] > DM (k)[1/e]
and

DMg, (k)[1/e] 2 DMKSD (o[1/e] LA DMk, (k)[1/e] RN DM(k)[1/e]
are equivalences of triangulated categories.

We also have the following application of Theorem 3.3.

Theorem 3.6. Suppose that k is a perfect field and U € Sm/k is dualizable in SH(k) (e.g., U is a smooth projective variety). Then the
morphisms of twisted motives

My (U)(@) < Mye ()@ 2> Miy (W) (@) L> MU)@), a>0,

are quasi-isomorphisms of complexes of Nisnevich sheaves.

Corollary 3.7. Suppose that k is a perfect field and .% is a family of smooth algebraic varieties that are dualizable in SH (k). Under the
notation of Corollary 3.4, the functors

DME! (k) (7) = DM?%3 to(7) L DM (k) (7) Y, Mo (k) (7)
and
DM, (k) (F) <> DMy (k)(F) L, DMy, ()(F) L DM(I)(F)

are equivalences of triangulated categories.

Another application of Theorem 3.1 is for the bivariant motivic spectral sequence in the sense of [2, 7.9]:
EY = HZS;‘“"(U, X) = K_p_q(U,X), UeSm/k.

It is Grayson’s motivic spectral sequence [5] applied to the bivariant algebraic K-theory of smooth algebraic varieties (see [2,
Section 7] for details and definitions). The spectral sequence is strongly convergent and the following relation is true (over
perfect fields) by [2, 7.8]:

Hy2 (U, X) = DM (k) (Myce (U), Mye (X) (@1 p — 2q1).

D D
K§ K§

The latter relation together with Theorem 3.5 implies the relation

HY AW, X)® Z[1/e]=H",} (U, X) ® Z[1/e].

2]
K§
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In turn, if X € Sm/k is dualizable in SH(k), then Theorem 3.6 implies the relation
p.gq _ yba
HKgB(U’X) =H U, X).
Thus, we have proved the following theorem.

Theorem 3.8. Suppose that k is a perfect field of exponential characteristic e. Then the bivariant motivic spectral sequence with
Z[1/e]-coefficients takes the form

Ey! = HY, "7 (U. X) @ Z[1/e] = K—p—q(U. X) ® Z[1/e]

forallU, X € Sm/k. Furthermore, if X € Sm/k is dualizable in SH (k) (e.g., X is a smooth projective variety), then for every U € Sm/k
the bivariant motivic spectral sequence takes the form

EST=HP 47U, X) = K_p_q(U. X).

Thus the preceding theorem says that the classical motivic spectral sequence starting from motivic cohomology and
converging to K-theory can be extended to bivariant motivic cohomology and bivariant K-theory on all smooth algebraic
varieties after inverting the exponential characteristic. In turn, if the second argument is dualizable in SH(k), then the
exponential characteristic inversion is not necessary.
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