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To construct the numerical scheme for the time-fractional diffusion-wave equation, we
write the equation in the form of a system of two low-order equations. We state an a prior
estimate result that helps us to derive error estimates in discrete semi-norms of L°(H')
and H'(L?). The convergence is unconditional. Another gradient scheme is also suggested.
We state its convergence results, which improve the convergence order proved recently for
a SUSHI scheme.
These results hold then for all the schemes within the framework of GDM: conforming and
nonconforming finite element, mixed finite element, hybrid mixed mimetic family, some
Multi-Point Flux approximation finite volume schemes, and some discontinuous Galerkin
schemes.
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RESUME

On considére la méthode GD (Gradient Discretization), développée récemment, comme
discrétisation dans I'espace pour les équations de diffusion et d’onde fractionnaires en
temps avec une dérivée fractionnaire de type Caputo pour toute dimension d’espace. Le
temps est discrétisé en intervalles de pas constant.

Dans le cas des équations de diffusion fractionnaires en temps, nous construisons un
schéma implicite et nous prouvons une estimation d'erreur dans la norme L°°(L2). Un
résultat similaire dans la norme L“(Hé)-norm a également été affirmé.

Pour construire le schéma numérique pour I'équation d’onde fractionnaire en temps,
on écrit I'équation sous la forme d'un systéme de deux équations d’ordre plus bas.
Nous construisons un schéma implicite, et nous donnons une estimation a priori qui
nous permet de montrer des estimations d’erreur dans les semi-normes de L®(H!) et
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H'(L?). La convergence est inconditionnelle. Un autre schéma a également été suggéré.
Nous présentons ses résultats de convergence, qui améliorent I'ordre de convergence d'un
schéma SUSHI prouvé récemment.
Les résultats obtenus sont alors valables pour tous les schémas particuliers de GDM :
éléments finis, éléments finis mixtes, famille mimétique mixte hybride, quelques schémas
de volumes finis multi-points et quelques schémas de Galerkin discontinus.

© 2018 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

We are concerned with the convergence rate of GDM, developed recently in [5], as discretization in space for the follow-
ing time-fractional problem:

ofux,t) — Aux, t)= f(x,t), (xt)eQx(0,T), (1)

where Q is an open bounded connected subset of R? (d € N*), T >0, and f is a given function. The operator d% denotes
the Caputo derivative of order o whose formula is, for m — 1 < p <m, with m € N*

t
8l u(t) = l"(m;—p) / (t — )™ 1Py M (5)ds. 2)
0

Equation (1) represents the heat equation (resp. wave) when o =1 (resp. & = 2). We focus in this note on the cases when
0 <o <1and 1<« <2, which refer, respectively, to time-fractional diffusion and diffusion-wave equations.
The initial conditions are given by, for all x € Q:

u(x,O):uO(x), when0 <o <1, (3)
ux,00=u’x) and u(x,0)=u'(x), whenl<a <2, (4)

where u® and u! are given functions defined on . Homogeneous Dirichlet boundary conditions are given by

ux,t)=0, (x,t)edQx(0,T). (5)

GDM is a generic framework for the discretization and numerical analysis of different kinds of partial differential equations.
It has been developed recently in [5] and it includes, for instance, conforming and nonconforming finite element, mixed
finite element, hybrid mixed mimetic family, some Multi-Point Flux approximation finite volume schemes, and some dis-
continuous Galerkin schemes. It has been applied successfully to approximate numerous models, see for instance [4,6,7] and
references therein.

The above model is known to describe well the anomalous diffusion phenomena in highly heterogeneous aquifers and
complex viscoelastic materials, see [9]. Several numerical schemes, based on the use of different numerical methods in space
and several discretizations in time, have been developed to approximate (1)-(5). The aim of these different discretizations
in time is to get high convergence rate in time, see a list of some of these discretizations in [10]. As space discretization,
finite difference, spectral, finite element, discontinuous Galerkin, finite volume, mixed finite element, and finite volume
element methods are used respectively in [16], [13], [10,9,12], [14], [3,15], [17], and [11]. Some of these methods are limited
to one or two space dimensions, e.g., [11,12,16,15,17]. However, “the study on the diffusion-wave equation is scarce”, as
mentioned in [10, p. 148]. To the best of our knowledge, we are not aware with any existing work on GDM for fractional
partial differential equations. We organized this note as follows. In Section 2, we provide some preliminaries concerning
the space and time discretizations. In particular, we derive the required properties, summarized in Lemma 2.1, on the time
discretization in order to deal with the convergence analysis of GSs (Gradient Schemes) for time fractional partial differential
equations. In Section 3, we present the GS of Definition 3.1 for the time-fractional diffusion equation along with a proof of
a convergence order in L*°(L%)-norm. We also state the new a priori estimate (30) of Remark 1. Some particular schemes
that are encompassed by the GS of Definition 3.1 are described in Remark 2. Section 4 is devoted to the analysis of the GS
of Definition 4.1 as an approximation for time-fractional diffusion-wave equation along with a proof of a convergence order
in several discrete norms. In Remark 4, we quote another possible GS for time-fractional diffusion-wave equations, which
recovers the SUSHI scheme of [1] and a Finite Element scheme formulated (but without convergence results) in [12]. In
particular, we state in Remark 4 that the conditional convergence proved in [1] can be improved to be unconditional, which
is new. This result together with the a priori estimate (30) of Remark 1 and a convergence analysis of the GS of Definition 3.1
in a discrete norm of L°°(H(1)) will be addressed thoroughly in future papers.
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2. Discretization in time and space

Definition 2.1 (Definition of an approximate gradient discretization, cf. [5]). Let Q be an open domain of R?, where d € N*. An
approximate gradient discretization D is defined by D = (Xp o, hp, I1p, Vp), where

1. The set of discrete unknowns X'p g is a finite-dimensional vector space on R.

2. The space step hp € (0, 4+00) is a positive real number.

3. The linear mapping Ilp : Xp g — L2(2) is the reconstruction of the approximate function.

4. The mapping Vp : Xp o — L2(Q)? is the reconstruction of the gradient of the function; it must be chosen such that
VD - llj2(q)e is @ norm on Xp .

Then the coercivity of the discretization is measured through the constant Cp given by:

||HDV||L2(Q)
Cp= Povlee
veXp o\{0} ” V'DV ”LZ(Q)d

This yields the following Poincaré inequality, for all v e Xp o

MoVl < CollVDVil2g)- (6)

The strong consistency of the discretization is measured through the interpolation error function Sp : H(l)(Q) — [0, +00)
defined by, for all ¢ € H\(Q)

1

i 02 _ 2 2
sp(@) = min (IMpV =g, + VDV = Vol gy) (7
The dual consistency of the discretization is measured through the conformity error function Wp defined on Hgjy, (2) by

1

Wp@)= max -—————
ueXp o\0} [|Vpull ;2 (g

/(VDU(X)'(P(x)+HDu(x)diV(P(x))dx . (8)
Q

The discretization of [0, T] is performed with a constant time step k = NLH where N € N*, and we shall denote t, =nk,

yn_yn—1
k

for n € [0, N + 1]. We consider the operator 3! of the discrete temporal derivative 81v" = , and we denote by vt

the mean value Y“+v"

Throughout this paper, the letter C stands for a positive constant independent of the parameters of the space and time
discretizations.

The schemes we want to present for the diffusion and diffusion-wave equations are based on the following approxima-

tion for the fractional derivative afw with 0 < 8 <1 (see [9, (4.1)-(4.2), p. 836] and references therein):

n
o (i) =Y kA0 (1) + T (), (9)
j=0

where

gl _ = j D —m— P (10)

J kT2 — B)

and

T ()] < e Pllgllezgo.1)- (11)

The following properties are either proved in [9] or can be justified easily:
Lemma 2.1 (Properties of the coefficients A?*l). For any n € [0, N]| and for any j € [[0,n]], let )J}“ be defined as in (10) where
0 < B < 1. The following properties hold:
k=5
re-p
-8B

T .
)\7“ >Ao= 1_,(17_’3)7 Vjell0,n], (13)

=\ >k2f} >...>)Lg+], (12)
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S +1 k'=F

KY o0 oty < ——— (14

n; ! ¢ Tre-p :
and

n ‘l_ﬁ

>kttt < e (15)

= TTre-p)

Proof. For the sake of completeness, we give a brief proof for Lemma 2.1. The property (12) stems from the fact that the
function s — (s + 1)!=# — s1=# is a decreasing function for s > 0. The lower bound (13) can be deduced from the fact that

1. -8 L - -8 .
A’}H > )0t (see (12)) and AR Sits=Pds > k%f(?_ﬂ). This gives ApT! > % > F(T1—ﬂ)' To prove estimate
(14), we remark that

_ 1
~ KT(-p)

N N
dn—1,8 —dnp k(dop —dn.p)
k PUSS Y2 N n—-1.8 L , ,
n;( 1 0 ) ‘; T2 —p)  kPr2—p)
1-8
< ﬂ, (16)
re-p)
where we have denoted
dn_jp=2""PTQ = )= —j+1)'F - — ' (17)

L BRGSO LA
J

Since dg g = 1, then (16) implies the desired estimate (14). Using the expression (10) yields ?:o k =Top STtepH-

This is exactly the desired estimate (15). O

The results (9)-(15) will be applied in Sections 3 and 4 with respectively the choices 8 =« and =« — 1.
3. Formulation of a GS for time-fractional diffusion problem and statement of an L™ (L2)-error estimate

In this section, we apply the GDM to time-fractional diffusion problem (1) (when 0 <« < 1), (3), and (5).

Definition 3.1 (Formulation of a GS for time-fractional diffusion problem). Assume that 0 <« < 1. Let D = (Xp o, hp, [1p, Vp)
be an approximate gradient discretization in the sense of Definition 2.1 and x’}“ be defined as in (10) where 8 = . We

define the following GS as an approximation for problem (1), (3), and (5): Find uoD € X'p o such that

(Voud. Vo) —(au.Mipv) , . ¥vedpo, (18)

12(@) - L2

n+1

and for any n € [0, N}, find 'y € Ap g such that, for all ve Xp g

n

ZA’}“ (I'ID(ug] —ul), HDV>
i=0

+ (VDunD-H, VDV) = (f(ta+1), VI2(q) - (19)

12(Q) 12(Q)d

Theorem 3.1 (L°(L?)-error estimate for (18)-(19)). Let Q be an open bounded connected subset of RY, where d € N*. Let o € (0, 1)
and 0%u be the Caputo derivative given by (2) with m = 1. Assume that the solution to the fractional diffusion problems (1), (3), and (5)

satisfies u € C2([0, T]; H2()).LetD = (Xp.o, hp, IIp, Vp) be an approximate gradient discretization in the sense of Definition 2.1

and A’}“ be defined as in (10) where 8 = «. Then, there exists a unique solution (u”D)::J S nggz to the scheme (18)-(19) and the

following L*(L2)-error estimate holds, for alln € [0, N +1]]
ITpuh — u(tn)llj2(q) < C ((1 + Cp)ES (1) + Cok* ™l ull g2 0.7 Lz(m)) , (20)
where for any function W € C([0, T]; H?(S2)), we denote by

EX (W) = max  max  Ep(d/W(ty)) 21
je(0,1}nel[j,N+1]

and, for any ¢ € H*(R), Ep () = max (Wp(Vy) +2Sp (), CpWp(V¥) + (Cp + 1)Sp ().
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Sketch of the proof of Theorem 3.1. The existence and uniqueness for schemes (18)-(19) stem from the fact that ||Vp -
l2(q is @ norm on Xp . To prove error estimate (20), we compare the solution (u"D) 18)—(19) with the

solution defined by: for any n € [0, N 4 1], find B}, € Xp o such that

ne[0,N+1] of (

(VpED, va)LZ(Q)d =—(Au(ty), pVv) 2y, VYVEXppo. (22)

Step 1. (Comparison between u and E7,). It is shown in [5, Theorem 3.2, pages 52-53] that

lu(tn) = Mo EDlli2 () + IVUtn) — VD ER 2y < 2Ep(u(t)) < 2B, (). (23)

Acting 3! on the both sides of (22), we deduce that 3! E'p satisfies the same scheme (22), but with alu(ty) instead of u(ty)
in the right-hand side. We are therefore able to apply (23) to get

19 u(tn) — Mpd' Bl 20y + VD ultn) — VD' E [l 120yt < 2Ep (8 u(tn) < 2EX (u). (24)

Step 2. (Comparison between E', and ul}). Let us set N, =, — . Taking n =0 in (22) and comparing the result with
(18) (recall that u(0) = u®, subject of (3)) yield nD = 0. In addition to this, writing (22) in the level n + 1, subtracting the
result from (19), and using (9) together with (1) to get

n

L
ZMH (n (UH _ng),npv)Lz(er( Dnnpﬂ’vpv)
j=0

=(S", Mipv) (25)

12 (Q)d LZ(Q) ’
where ST =377 Ia”“zﬂ (u(t]+1) —Ip ”Hl) +T"*!. Using the triangle inequality, estimates of |T"'| and k Yo A?“
given respectively in (11) and (15), and estimate (24) yield

N _

§ =max 5™ 120 = € (}E"D(u) 2wz o LZ(Q))) . (26)
Taking v = n”“ in (25), re-ordering the sum in the result, using twice inequality 2xy < x% + y2, using the fact that
Al k"*l > 0 (this stems from (12)) and applying the Poincaré inequality (6) imply that

n
T ™ 2, o) + 1Yo 12 g < Z(Ay“ MDD I35, + €5 (5)*. (27)

We prove now, by mathematical induction on n that, for all n € [1, N + 1]]
CpS
ITpn" I 20) < ——=»
= Vo

where ) is given in (13). Taking n =0 in (27) yields (28) when n = 1. Assume that estimate (28) holds for n <m and prove

(28)

it for n =m + 1. Taking n =m in (27) and using (12) and the fact that —)»31“ < —Ap yield
- : (CpS)?
AT ™ 12 o) < D AT = 2T ITp )12, o) + €5 (8)* < ap™! — (29)
j=1

Gathering now (28), (26), the triangle inequality, and (23) yields the desired estimate (20). O

Remark 1 (An a priori estimate and an error estimate in a discrete L°°(H )-norm). For the sake of simplicity of this note, we
only presented and proved an L®(L%)-error estimate given in Theorem 3.1. The proof of the L (L%)-error estimate is based
on the a priori estimate (28) for the solutions to the discrete problem (25). However, we are able to prove the following new
L>(H})-estimate

Estimate (30) will help us to derive and prove a convergence rate in a discrete L°°(H(1J)—norm. The proof of the a priori
estimate (30) is based on additional techniques and on another choice (instead of v = n"DH) for the test function v in (25).
This result along with a proof for the convergence of the family of the discrete solutions towards the solution of a weak

formulation will be dealt with in [2].

Remark 2 (Some particular schemes encompassed by GS (18)-(19)). The following particular schemes are encompassed by GS

(18)~(19):
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- The fully discrete Linear Finite Element Scheme [9, (4.7), page 836], when considering only one time fractional derivative
instead of multi-term time fractional derivatives. The discrete gradient Vp and the linear reconstruction I1p involved
in (18)-(19) in this case are the gradient V and the interpolation operator.

However, it is possible to extend the present results to the case of multi-term time fractional derivatives. This will be
detailed in a future work.

- The discrete scheme of [9] (see previous item), but with Finite Element spaces given by piecewise polynomials of degree
less than or equal to a given natural number [ > 2.

- The SUSHI scheme treated in [3]. The operators Vp and I1p involved in (18)-(19) in this case are explicitly given in [8].

4. Formulation of a GS for the time-fractional diffusion-wave problem and statement of its convergence results

In this section, we apply the GDM to the time-fractional diffusion-wave problems (1) (when 1 < « < 2), (4), and (5).
Taking t =tnyq in (1) yields 8% u(tp41) — Au(ta41) = f(tat1), which is equivalent to the system of two equations

O " U(tns1) — Au(tns1) = f(tns1) and T=uq. (31)

This system is used, for instance, in [16] to establish a finite difference scheme in one space dimension. Such a scheme is
based on a Crank-Nicolson method.
The scheme we want to present in this section is based on two approximations in time:

- the approximation of E);"_]ﬁ(tn+1), which is given in (9):

n
O T U(tnpr) = Y kAT Tt 1) + T @) (32)
j=0

- the approximation of U(t;;1) = u¢(tps1), which is given by 3”“”“)_4"2‘,(:”)“““"). The order of this approximation is k2.

Definition 4.1 (Definition of a GS for the time-fractional diffusion-wave equation). Assume that 1 <« < 2. Let D = (Xp o, hp,
Ip, Vp) be an approximate gradient discretization in the sense of Definition 2.1 and A"*! be defined as in (10) where
B =oa — 1. We define the following GS as an approximation for problems (1), (4), and (5):

- discretization of initial conditions: find uop, H% € X'p o such that, for all ve Xp o

(vDu%, VDV)LZ(Q)d - (Auo, HDV)mm and (VDEOD, vpv)mmd =~ (Au" . Tpv) 5 (33)
- discretization of equation (1): for any n € [0, N1]], find u"D“,ﬁ”DJrl € X'p o such that, for all ve Xp g

n

;N}H (M~ ). an)Lz(m +(Vouly™, VDV)LZ(Q)d = (f(tar1), TIDV) 120 (34)

T3 —9'ul and @ = Zlk (3u" — 4l +ulp "), ¥ne 1, NI, (35)

Theorem 4.1 (Error estimates for scheme (33)-(35)). Let Q be an open bounded connected subset of RY, where d € N*. Let o €
(1,2) and 0%u be the Caputo derivative given by (2) with m = 2. Assume that the solution to problems (1), (4), and (5) satisfies

ueC3([0,T]; C3(R)). Let D = (Xp.o, hp, IIp, Vp) be an approximate gradient discretization in the sense of Definition 2.1, and

1 . : : . —n \N+1 N+2 N+-2
A’}* be defined as in (10) where B = a — 1. Then, there exists a unique solution (u”D, u'%))n:0 € XDT:) X XDTB to (33)-(35), and

the following error estimates hold:
- an estimate on the gradient approximation, i.e. L (0, T; H'(§2))-estimate. For any n € [0, N + 1]]
195U — Vu(n) 2 ey = € (B ) + B @) + Co + DIF 1l gs o 1. 2@ - (36)
- a H}(0, T; L?())-estimate
1
N+1 2
(Z k”n'Dﬂ% - uf(ﬁl)”%Z(Q)) = C (E@D(ut) + (CD + 1)k3_a ” u||c3(0’T; CZ(@))) ) (37)
n=0

where EX, is defined in (21).
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To prove Theorem 4.1, we first give a technical lemma whose proof will be detailed in a future paper and an a priori
estimate result.

Lemma 4.1. For any (nD)NJrl Xg‘gz, the following inequality holds, for alln € [1, N]|
(Vo™ Vo (30" — 4 + n”p”))mmd >E™ - F, (38)
where E™! = [ Vp (5 — 011 2y T2 NV “LZ(Q)d 3 ||VD’773||L2(Q)d In addition to this,
1
E™T > S 1VDns iz g (39)

Lemma 4.2 (Discrete a priori estimate). We assume that there exists ((nD, nD))N“ € XgJBZ X XgJBZ such that, forall v e Xp o and
forallne[[1,N]

n

n+1 —j+1 _ —j n+1 n+1
SoH (Mory ! ). Tiov) L (Vo™ Vov) L = (8T o) g (40)
j=0
where, for all n € [0, NT, S™ € L?(Q), and 1% = nY, = 0. Let S be given by S = max\_ [|S™*1 ll12(0)-
Then the following estimate holds:
N+1 2
5 _
maxnvanan(g)d - (Z k||nDnD||L2(m) <CS, (41)
n=0
3 n+1_4 n n—1 _l
where S =8 +max)_, [Vp @' — 22 =30H12 )5 o0 + VDB 0k — 1) |2y

Sketch of the proof of Lemma 4.2. Taking v = ﬁ’g'l in (40), reordering the sum in the result, and using the inequality

2xy <x* + y? and the fact that )»'}“ - A’}f > 0 imply that

_ 3nn+1 4nn + 77n—]
)\24’1 ” HD n+1 ”LZ(Q) + 2 (VDnn+l V ( D D
LZ(Q)d

2k
n
= YT = ADINDI I g + 28 (M7 2 + V01 iz (42)

Summing (42) over n € [1, ] — 1], where J € [[2,N + 1]}, and using (38)-(39), the fact that ZT{;} Z'J’-:] (A’}“ -
MEDITIDT 12,6, = YaZ O =28 DI 12, o) + Y05 Yoo = AT DT |2, ) and (14) to get

J-1 J-1 n
kY iy g, + 5 ||vpnp||Lz(9)d <kY D 0 DI I, g,
n=1 n=2 j=2
J-1
< Hi+1 =1 2 12
+21<SZ}(||HD 5 iz + V05 iz ) + € (IMpTb 1 g + IV1b 12, g0 ) (43)
n=

. —1 2 — .
Re-ordering the sum to get ZI Y (A’}H A”+l> ITIpn D”LZ(Q) ZI ()‘Zﬁ A,{) ITIp "+1||L2(Q>, gathering
this with (43), and the fact that A"*2 = A"+1 imply that

n+1 —
J-1
kY A7 1% 0, + ||van||L2(Q)d =243 Y (1Mo Nz + 1005 2y )
n=1
+C (IMpMb 1 g + IV1b 22 g ) - (44)

Using (13) and Young inequality, (44) implies that



446 A. Bradji / C. R. Acad. Sci. Paris, Ser. 1 356 (2018) 439-448

J-1
kno Y ITDTH s gy + VDD 17200 < D KIVDUp 1T g0 + CA, (45)
n=2
where A = ||HD’7D||L2(Q) + ||VD’7%)||%2(Q)a +§2 Using a discrete version of the Gronwall’s lemma, (45) implies that
HVD’?D”Lz(Q)dv for all n e [0,N + 1], and ) ° N+1 ]<||HD77D||L2(Q) are bounded above by CA. Let us now find an upper
bound for A. Taking n =0 in (40) and replacing v by 77 nD in the result yield

_ 2 _1
oD p 12 ) + P VDD I2 gy = (8T, DY) 2 ) +2 (Vpn}p, Vo (aln}p - né))mmd : (46)
Using Young’s inequality (46) implies that A < CEZ. This yields the desired estimate (41). O

Sketch of the proof of Theorem 4.1. The existence and uniqueness for schemes (33)-(35) stem from the fact that

IVD - l2¢) is @ norm on Xp . To prove error estimates (36)-(37), we compare the solution (“"D’EHD)ne[[o Nt1] with

the solutions of (22) and the following auxiliary problem: for any n € [0, N 4-1]], find Y/, € Xp o such that, for all v € Xp o

(Vo Y. VDV)LZ(Q)d = — (Aut(tn), Ip V) 2(q) - (47)

Step 1. (Comparison of u(t,) with E "‘” and u(tp) with T”D). The same reasoning quoted to obtain (23)-(24) can also be
applied on the scheme (47) to get

llue (tn) — T Yhll 20 + 13" (ue(tn) — T YH) ll2(q) < 2B (). (48)

Step 2. (Comparison of &', with ul, and Y}, with ). We set 1}, = u’, — 7, and %, = ', — YL, Taking n = 0 in schemes
(22) and (47) and comparing the results with (33) yield 770@ =T7p = 0. In addition to this, writing (22) in the level n + 1,
subtracting the result from (34), and using (31)-(32) to get

+1 —j+1  —j +1 = (s™t!
Zk" (HD( —p)s HDV)Lz(Q) + ( Vonp VDV)LZ(Q)d = (s", HDV)LZ(Q)v (49)
where "1 =3""_, I<A’}+18] (Ut(tj+l) - l'[p‘fjpﬂ) + T+, Applying a priori estimate (41) yields
N+1 2
max 13X [ Von'bll 2@y + D kITIDTp I <CS. (50)
@ Dl | =
n=0
Using estimates of \TQ‘“| and kZ’}:O )\?“ given respectively in (11) and (15) and estimate (48) yield
S = max 8™ [l 2.y < C (B (ue) + K3~ u| (51)
= ma 2@ = D (Ut C3(0.T: 12()) ) -

1 1
Using (35) implies that 75 — 8'nk = -T2 + ' EL,. On the other hand, from (22) and (47), we deduce that

t 0
<VD (al O} N ) ,vpv) =— (A <8lu(t1) — M) , H'DV) , VvedXpy. (52)
L2(Q)L‘l 2 LZ(Q)

1
Taking v = 9! E1D - Té in (52), using the Cauchy-Schwarz inequality together with (6) and a convenient Taylor expansion

1
LZ(Q)d

H (ﬁnDH I(3nn+1 477”734‘77351))

Therefore,

imply that

< CCpk2||u||Cg([0ﬂ; @) In the same manner, we can prove that

< CCoR* ulles jo,7y; c2m)-

12 (Q)d

S < CEYS (o) + (Cp + D™ ulles o.7: c2(ay)-

This with estimate (50) and error estimates (23) and (48) imply the desired estimates (36)-(37). O
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Remark 3 (On the convergence order). Assume that there exists C > 0 such that following estimates hold (they are satisfied
by some important examples of GSs, see [5, Page 53])

Cp<C, (53)

Sp(@) < Chpllgllezg,. Yo €C2(Q) NHYR). (54)
—.d

Wp (@) < Chpligll , gd. Y9 €CH@R)" C Ha (). (55)

cl@

Using the representation 8'W(ty41) = %fti”“ W (t)dt, and (54)-(55) imply that E’{)(u), given by (21), is of order hp. There-
fore, under hypotheses (53)—(55), error estimates (20) and (36)-(37) imply that

- Scheme (18)-(19) is of order k2~ + hp in a discrete L% (L?)-norm;
- Scheme (33)-(35) is of order k3~ 4+ hp in discrete semi-norms of L°(H!) and H!(L?).

Remark 4 (Another GS for time-fractional diffusion-wave equations). Another possible GS, instead of (33)-(35), for time-

fractional diffusion-wave equations, i.e. 1 <o <2 in (1), is the following: for any n € [0, NJ], find u”D‘H € X'p o such that for

all ve Xp o

n
1 (a1 41 n+1 5 n+l 1 j
)\n (a HDu’D s HD V)LZ(Q) + j}_] ()"j—l )\.] ) (8 H’DU'D, HDV)LZ(Q)

1 1
+ <VDUHD+2,VDV> = (f"+7 +agtut, HDV) pren ? (56)
LZ(Q)d L(S2)
where uoD is given as in (33).
This scheme is based on a Crank-Nicolson method. In addition to the SUSHI scheme of [1], the Finite Element scheme
[12, (3.9), p. 475] is also encompassed by (56). It is possible to show the following convergence result for scheme (56) with

uoD given by (33), under assumptions (53)-(55):

IVpuh - Vu(n) 2@y = € (K™ + ) lullgs o 1, e (57)

This convergence is unconditional and it is similar to that of (33)-(35), see Remark 3. This improves the conditional conver-
gence proved in [1, Theorem 1, p. 394]. These convergence results will be detailed in [2].
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