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RESUME

Nous considérons les équations d’Euler compressibles et incompressibles avec frontiére
libre et tension de surface. Dans les deux cas, nous fournissons des estimations a priori
pour I'existence de solutions locales avec vitesse initiale dans H3 et la condition H3 sur
la densité dans le cas compressible. Une condition supplémentaire est nécessaire sur la
frontiére libre. Par comparaison avec la littérature, les deux résultats abaissent la régularité
des données initiales pour les équations d’Euler en coordonnées lagrangiennes, avec tension
de surface.

© 2018 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

In this note, we address the water wave problem, which has been studied extensively. Our setting is rather general:
we consider the Euler equations with a free surface and allow initial data to have nonzero curl, i.e. the initial data is
rotational. The domain is assumed to be of finite depth, but the results can be easily adapted to the infinite depth as well.
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We consider both the compressible and incompressible cases; for the compressible Euler equations, we assume that the
density is bounded from below, i.e. we consider the case of a liquid.

Our aim in this note is to announce two recent results on the local existence with non-zero surface tension. In both
main theorems (the compressible and incompressible cases, respectively), we assume that the initial data is of H> regularity
in the interior. This lowers the regularity of existing results for the compressible equations. In the incompressible setting,
our result lowers the known regularity in Lagrangian coordinates, albeit it does not improve over what has been obtained
in Eulerian coordinates.

The history of the Euler equations with free interface is rich—we refer the reader to [2,4,5] for a more complete ac-
count. We only mention a few important works dealing with non-zero surface tension. The first general well-posedness
result for the incompressible free-boundary Euler equations with surface tension is [2], followed by [9,10] and [3]. Earlier,
well-posedness had been established under the assumption that the initial vorticity vanishes on the boundary [8]. For the
compressible equations with surface tension, the first result was [1].

In the first part of the note, we address the compressible Euler equations, while in the second part we treat the incom-
pressible version.

2. Compressible case

In the Lagrangian setting, the free-surface compressible Euler equations read

Rov™ +a"**9,q=0 in [0,T) x €, (1a)

O R+ Ra**3,vea=0 in [0,T) x Q, (1b)

®a*f +a* 9, vyaf =0 in [0, T) x €, (1c)

g=q(R) in [0,T) x L, (1d)

a"*N,q+ola’ N|Agn* =0 on[0,T) x I'y, (1e)

vEN, =0 on [0, T) x I'p, (1f)

n(0,)=id, R(0,-) =00, v(0, )= vo. (1g)

Above, v, R, and g denote the Lagrangian velocity, density, and the pressure, respectively; N is the unit outer normal to
0%, a is the inverse of Vn, o = constant > 0 is the coefficient of surface tension, and Ay is the Laplacian of the metric g;;
induced on 9Q(t) by the embedding 7, i.e. gij = d;n - 9jn = 9;n"d;jnu.

We consider the domain ¢ = € = T? x (0, 1). We note that using the straightening map in [7, Remark 4.2], it is easy to
modify the approach to consider a general curved domain Q' =R? x (0, h(x1, x2)). Applying the change of variable in [7],
we get

R8:v* +a"*bP ,9pq =0
instead of (1a); here b is the cofactor inverse matrix of the straightening map. The other equations in the system (1a)-(1g)
are modified similarly. The methods outlined here then easily carry over for the new system as well, provided ' is at least
H® regular.
Denoting the coordinates on €2 by (x!, x2, x3), we have I'1 = T2 x {x> =1} as the free boundary and I'g = T? x {x3 =0}
as the stationary one. On the pressure function, we assume

R !
(ql(}T)) > Aq = constant > 0, (2)
which is satisfied by a large class of equations of state.

We denote by IT the canonical projection, on 7(I'1), from the tangent bundle of () to its normal bundle, which is
given by 1'[%‘ = (Sg — g’<’a,<n“amﬁ. We recall that initial data for (2) is required to satisfy compatibility conditions (cf. [5]).
The following is the main result in the compressible case.

Theorem 2.1. Let vo be a smooth vector field on 2 and oo a smooth positive function on Q2 bounded away from zero from below.
Assume that v and g satisfy the compatibility conditions. Let q: (0, c0) — (0, co) be a smooth function satisfying (2) in a neigh-
borhood of 0¢. Then, there exist a T, > 0 and a constant C,, depending only on o > 0, ||voll3, [volls.ry, llQoll3, llQoll3.ry, and
[(Adivve)[T1|l—1,r, such that any smooth solution (v, R) to (1), with initial condition (vo, 0o) and defined on the time interval
[0, T,), satisfies

A = VI3 + 10cvI15 + 102vIIT + 102 vIIG + IRIZ + 19cRII3 ‘)
+ 102RIT + 192 RIG + T3 VI3 -, + ITT8%0,vI§ -, < Cs.

where 9 stands for the tangential derivative.
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Next, we describe the strategy of the proof and discuss the treatment of difficult terms. The main part is based on the
energy estimate for three time derivatives,

1d 1d (RO, N
5d—/R(O)83v583vﬂ+ x| & d' (R)(32R)? +/a§(1a P adveNg
Q Q I
_ RO) (.3, ap B a3 3(4
- / - (82 (Ra* 3 v ) — Ra*P o, vy ) (E)
Q
LAY q
+ [ RO (32 (a0 3) ~a9? (1)) 02007 (4)
Q
3fR(O) (R)84R8t2R8tR—/R(O) (R )84R(8tR)3
Q Q
1 q'(R)
+§/R(O)8t< - )(aER)Z
Q
where
(R)

q(R) =

and J = det(Vn). The first two terms on the left provide a coercive term ||8[3v||é + ||8[3R||(2). In the third term [} =
I, 92 (Ja*Pq)33vsNg on the left side of (4), we use (1e) for the pressure, leading to I1 = [; I, 32 (/8AgN)33 v, where
we set 0 =1 for simplicity. This may be rewritten as

t t
——//\/gg"fn;‘;ajafv“aiafva —//&(JEg""H;‘i)aja?V”a?va

0 0 Iy

t
1 N 1 3
Z_E/@glfngajafv“aiafva+ 5//at(@g’fng)ajafv“aiafva
I

0TI

t
. 1 .
—//ai(\/ggung)ajafv“a?vwrEfﬁg'fn;‘jajafv“aiafva|o
0 I

=111+ T2 + 113 + L14.

The integral 117 leads to a coercive term %||H58t2v||3 ry The highest-order term results when 9; falls on ﬁg”, which gives
the integral

t
I131 =—//3i(«/§gij)ﬁaﬁu3j3t2‘/”3t3va,

0 I't

for which we need to explore its special structure. Note that we used the identity l'[‘;i =n%7,,, fi being the unit outer normal
to the moving boundary. It turns out that this integral cancels a part of the integral resulting from I14 (cf. [5] for complete
details).

It remains to discuss the treatment of the right side of (4). Denote the terms on the right side of (4) by J1-75. All the
integrals resulting from 77, J3, Ja4, and J5 can be estimated using integration by parts in time and space and employing
the Holder and Sobolev inequalities. On the other hand, when expanding 7>, there is a tricky term T = fé fQ BEA““ afauvaq
where A = Ja, which cannot be treated in this way, and special cancellations are needed to control it. We namely claim

|T|§6N+<@o+@/@, (6)

where &2 denotes a generic polynomial in .4#°, %, a generic polynomial of the norms of the initial data.
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Here we sketch the main ideas used in proving (6). Using the formula for the cofactor matrix A = Ja, we rewrite

t
=
0

qe“ T 9139307 v 0197 Ve

—
—

t
qe“ T 92 v3930 8107 v + /
0

Q Q
¢ t

—//qe"‘“aﬁfvxagnfaﬁfva —//qe““81m838t2v1828t3va )
0 Q 0 Q
¢ t

+/fqe°‘“alat2vlaznfa3a§va +//qe°‘“a1mazafvfaga§va+L
0 Q 0 Q

=T1+---+Tg+1L
where A% = €T 3yn; d3n;, A2Y = —€¥TY1n; 0307, A3* = €791, 81¢, and L stands for the lower-order terms. Also,

€%PY is the totally anti-symmetric symbol with £123 = 1. To explore the cancellation, we group the terms in (7) as T; + T3,

T+ Ts, and T4+ Tg. All three pairs are treated by integrating by parts in time. When writing out T + T3, the highest-order
terms are

t t
[/qéa”azatzvkawralf’?va+//q€a“313?h3377r323tzva
0 Q 0 Q

and the leading terms cancel by relabeling the indices o <> A in the second integral. The same cancellation occurs also in
the other groupings To + Ts and T4 + T¢. However, there we integrate the derivatives 9, and d3; the last sum produces the
boundary term fn qa?vzazaEV3. To bound this term, we use the projection identity I'I%‘ = 8%‘ - g"lakn‘)’aln/g, which allows
us to relate [1092v and 392v> and write

/ qOf V20207 v3 = / qogvo (T 0202 v* + gMaknsam, 0207 v%).
I I

The last expression can then be controlled using the coercive terms and the trace inequality. Collecting all the inequalities
leads to

t
82 VIIG + 1197 RIG + ITI907vI[§ , <EN + P + gz/ 2.
0

The energy estimates for two time derivatives and one time derivative are similar. For instance, using analogous methods,
we obtain

t
= = =2 ~
82V 1§ + 1907 RIIG + 1T18” 3 v |13 -, 56/+90+9/@ (8)
0
and
t
=2 2 =2 2 =3 2 ~
891§ + 119”3 RIIG + IT19” v[[§ v, 5e_m+%+@/@ 9)
0

We emphasize however, that unlike [1], we cannot continue and perform the same estimate for |33v|2 + |[a>R||2. The
reason is that the analog of the term (7) cannot be treated the same way due to lack of time derivatives.

Instead, we obtain the full control of .#” by using a new Cauchy invariance property for the compressible Euler equations,
stated next. Note that the Cauchy invariance provides a 3D analog of the 2D vorticity preservation.

Theorem 2.2. (Compressible Cauchy Invariance Formula) Let (v, R) be a smooth solution to (1) defined on [0, T). Then
t
aBy " o apy i dgR
e PYagvita,ny =wf + [ €*PVa ’“‘thaynuﬁ, (10)
0
for 0 <t < T, where wy is the vorticity at time zero.
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Here, we provide a sketch of the proof (cf. [5] for complete details). First, we have
¥ (P 9gviaymy) = %PV dgvia, vy, + %PV dgdvia,
1 1
- _Ee“ﬁy dp (@ 3,9)d, ny + Fe"ﬂya“‘aAqaﬂRay N

by the anti-symmetry of %7 and (1a). Since a = (Vn)~!, we get dg(@**dy,n,) = dga**d,n, +a**d,dgn, =0, and after
some simple algebra, 9;(s*fY dpvHoynu) = %s“ﬁyawaxqaﬁmy Ny The formula (10) then follows by integrating in time.

The rest of the proof of Theorem 2.1 may now be performed similarly to [6]. Namely, control of the curl is provided by
the Cauchy invariance formula (10). Then the divergence of v and its time derivatives are obtained from (1b) in an inductive
fashion, using the fact that the third time derivatives are independently estimated from (4). Finally, the boundary integral
is estimated using (5), (8), and (9). The exception is the missing estimate for v, which is obtained from the equation (1e)
(cf. [5] for details).

Collecting all the estimates leads to

t
A(t) = CoP(A(0) + P(e/V(t))/P(JV(S)) ds,
0

where P is a polynomial, and the rest follows by a standard Gronwall argument.
3. Incompressible case

In this section, we describe the a priori estimates for the local existence for the incompressible Euler equations. We
address the equations in the Lagrangian coordinates, where they take the form

VY +a**9,9=0 1in [0,T) x Q, (11a)
a®Pauvg=0 in [0,T) x , (11b)

9a*? +a*7 9,v,a*f =0 in [0,T) x Q, (11c)
a"*N,q+ola’N|Agn*=0 on[0,T) x I'y, (11d)
v#N,=0 on[0,T) x I'g, (11e)

n(0,) =id, v(0,-)= vq. (11f)

All the quantities are as in the compressible case, except for g, which is now a Lagrange multiplier enforcing the incom-
pressibility constraint. Then we have the following a priori estimates supporting the local existence with the velocity H3 in
the interior, with a condition on the trace at the free boundary.

Theorem 3.1. Assume that o > 0in (11). Let vo be a smooth divergence-free vector field on 2. Then there exist T, > 0 and a constant
Co, depending only on ||voll3, |volla,r;, and o > 0, such that any smooth solution (v, q) to (11) with initial condition vo and defined
on the time interval [0, T,), satisfies

VI3 + 1evii2s + 192 vIs + 197 viio + llglis + 3qll2 + 192all: < Co. (12)

Observe that the Sobolev exponents in (3) and (12) differ. The proof of Theorem 3.1 is different than the one of Theo-
rem 2.1; however, the main steps also rely on the energy inequality for the third time derivative of the velocity

t
1 1
E||a?v||3=5||a?v<0)||3—//8?a,Aa““q)a‘?va.
0 Q

The main difference with the compressible case are in the treatment of the pressure and in bounding the boundary integral
¢
- / / VE(g'g" — gg")an" am.of vt o dyva. (13)
0 I'

For the pressure, the main inequalities are summarized in the following statement.



M.M. Disconzi, I. Kukavica / C. R. Acad. Sci. Paris, Ser. I 356 (2018) 306-311 311

Lemma 3.2. We have the estimates
lglis <ClIVvii2liviiz + Clldevilisr, +C,
l3eqll2 = ClIVVIis+sUigllas + 118:vi1s) + CUVVILsIV VLo + IV VI IVII15+s
+ClaZvIlr + Clvlizs + Cloevzs,
97l <CAIvIslVViiee + 13cvils) gl + 10evii) + CIIV VI (oegll + 197 vIlo)
+ CIVIsIVVITe + 18cvilslVViie + [82vIrs) v + Clagvio
+ C(U19evil2s + IVI313cqln) + CA+ VI35 + 13cvIi) (deviiz + VI3

fort € (0, T) and § > 0 a small number.

The lemma is obtained by solving the elliptic boundary value problems for q, d;q, and afq. For q and q;, we consider the
Neumann problem, while for the second derivative, we use the Dirichlet problem, together with an estimate

I92allo,r; <e€lldzals + CUldeviias + IVIsNaealh) + CA+IVIE + v Udevii2 + VI35

(cf. [4] for details). The treatment for the boundary integral (13) is involved and it relies on its determinant structure
(cf. [2]). The rest of the proof is obtained by the H! estimate for 8t2v. However, in order to control ||v|3, we use the
additional boundary regularity provided by the surface tension, together with the div-curl estimates provided by the Cauchy
invariance [7].
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