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RESUME

Récemment, Dil et Boyadzhiev [10] ont établi une formule explicite pour les sommes
de nombres hyper-harmoniques multiples, dont les indices sont les suites ({0}, 1). Nous
montrons ici que les sommes de nombres harmoniques multiples dont les indices sont
({0}, 1; {1}x_1) peuvent étre exprimées en termes de valeurs zéta (multiples), de nombres
harmoniques (multiples) et de nombres de Stirling de premiére espéce. Nous donnons une
formule explicite.

© 2018 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Let s1,...,Snm and n be positive integers. The classical multiple harmonic numbers (MHNs) and multiple harmonic star
numbers (MHSNs) are defined by the partial sums (see [15,22]):

1
Cn (51,82, ,Sm) = Z TG R (1.1)

n>ny>-->np>1
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1
;‘; (513527"' 55111) = Z 51n52 nsmv (1.2)
n>ny>-np>1 102 M

when n <m, then &, (51,52, -+ ,Sm) =0, and & (¥) = ¢; (¥) = 1. The limit cases of MHNs and MHSNs give rise to multiple
zeta values (MZVs) and multiple zeta star values (MZSVs) (see [15,16,19,22,27]):

¢ (51,82, -+ ,Sm) = lim & (1,52, ,Sm),
n—oo
£ (81,82, ,Sm) = lim &7 (51,82, , Sm)
n—oo
defined for s3,...,5,n > 1 and s; > 2 to ensure convergence of the series. For non-negative integers s, ..., Sp+k, we define
the following generalized multiple harmonic numbers
1
Gn (S1 3 Sm3 St o+ s Smke) = > — (13)
n'---n
0<Mpyk<---<NMmy1 1 m+k

<Nm=Np-1--=M =N

Obviously, if m=0 or k=0 in (1.3) and s; e N:={1,2,---}, then

Sn (81,70, SK) =8a (ST, ,5K)

En (s, s sms ) =&y (51,5 Sm) -
There are a lot of recent contributions on MZVs and MZSVs (for example, see [15,16,19,22,27]). The earliest results on MZVs
or MZSVs are due to Euler, who elaborated a method to reduce double sums ¢ (s1, s2) (also called linear Euler sums [13,25])

of small weight to certain rational linear combinations of products of zeta values. In [13], Flajolet and Salvy introduced the
following generalized series:

S . 0 HT(IS”HI(ISZ) . Hr(lsr) 14

S,q = Z n—q, (1.4)
n=1

which is called the generalized (nonlinear) Euler sums. Here S := (s1, s2,...,5:) (r,si e N,i=1,2,...,r) withs; <s; <...<

sy and g > 2. The quantity w :=sq + --- + s, + q is called the weight and the quantity r is called the degree. The notation
H,(f’ ) denotes the ordinary harmonic numbers defined by

n

1
HP = tn(p) =) 7 (e,
j=1

It has been discovered in the course of the years that many nonlinear Euler sums admit expressions involving finitely “zeta

values” (that is say values of the Riemann zeta function

o0

1
(o)=Y — (=1

n=1

with positive integer arguments) and linear Euler sums. The relationship between the values of the Riemann zeta values
and Euler sums has been studied by many authors. For details and historical introductions, please see [1,4-7,11,13,17,20,21,
24-26] and references therein.

From [2,9,10,12,14,18], we know that the classical hyperharmonic numbers are defined by

m 1 *
W= Y — =4 (10, 1). (15)

I<nm=<--<nj=<n

In [23], we define the generalized hyperharmonic numbers h,sm) (k) by

m 1
" (k) = > = tn ({0m—1, 1: {Th1) (16)

nmn <N _
1=t k-1 < <Nm1 mim-+1 m-+k—1

<NMm=<Nm-1=--=M=n
where m, k € N. (The notation {}, means that the sequence in the bracket is repeated p times.) In this paper, we prove the
result: for positive integers m and k, the Euler-type sums with hyperharmonic numbers

00 p(m)
S(k,m;p):zzw (p=m+1)

n
n=1
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are related to the multiple zeta values, multiple harmonic numbers and Stirling numbers of the first kind. For k=1, 2, 3,
the above results have been proved in Dil et al. [10] and our paper [23]. The purpose of the present paper is to prove the
following two theorems.

Theorem 1.1. For integers k € N and r € Ng withr 4+ 2 < p € N, then the following identity holds:

1 r+1 r+1
S (k,r+1; p) = Z[ } Y DG AU (p+1-1D), (17)
=1 i+j=k
i,j>0
where [ Z ] denotes the (unsigned) Stirling number of the first kind, which is defined by [8,9]

n
X X n+1 ] k1
! 2y )=
n.x(1+x)(1+2) (1+n) Z[k“}‘ , (18)
k=0
. n . n 0 0 . . .
with [ K ] :=0,ifn <kand [ 0 ] = [ K ] =0, [ 0 ] := 1, or equivalently, by the generating function:

logk (1 —x):(—l)kk!Z[Z] ’r‘l—': xe[-1,1). (1.9)

n=1

Here U ; (p) denotes the infinite sum

> nr (11}
Ui, (p) :=Z&. (1.10)

nb
n=1

For a closed-form representation of U » (p), see Theorem 1.2.

According to the definition (1.8), it is obvious that the (unsigned) Stirling number of the first kind can be expressed in
terms of a rational linear combination of products of harmonic numbers. Some illustrative examples are as follows.

= — !
1] n—"n!,
-
2 =n—1)!Hp—1,
_n_ (n—l)‘ 2 )
317 2 I:anl - Hn—l] ’
[ n—1
S . ) [Has = 3Hu B, +2H0,
[(n]_ (=1 @ 2 @ 6)) 3)
; = [H 1= 6HD —6HZ HP, 4 3(HP )P + 8H,  HY, .

These formulas can also be found in Comtet’s book [8].

Theorem 1.2. For integersm > 0, p > 1 and r € Ng := N U {0}, we have

Unr (0)=¢ (0, () +¢ (P +1, (1}n_1)
m H;
LD YD st
1<ip<-<iy<r I=1 ilp [T Ga—ipD
azl

p—1 m

IDMED OB

1<ip<--<iy<r b=1 I=1 ll l_[ (ia — 1))

a=1
a#l
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& (U
¢(m— ]+1)+§‘*({1}m—j+1) ¥

+(- 1)’”2 > Z

j=11<ij<-<iy=rl=1 1‘[ (iq — )

a;él
p-1 1— i 2—b, {1}y i
+Z Z ZZ p+ b, {1} ])j+§(19+ {1} j 1)(_1)1,_17 (111)
b=1 I=1

J=11<ij<-<i1=r i;’ 1_[ (iq — 1)

a=1
a#l

where Hj, is harmonic number H, withn =1,.

Since the mzvs ¢ (m +1, {1}n—1) (m,n € N) can be expressed as a rational linear combination of products of zeta values
and the mhns ¢y ({1}m) can be expressed in terms of harmonic numbers (see [22]). Hence, the Theorem 1.2 implies that
the sums Up r (p) can be expressed in terms of series of Riemann zeta function and (multiple) harmonic numbers. Further,
from Theorem 1.1, we know that the Euler type sums S (k, m; p) can be evaluated in closed from.

2. Some lemmas and theorems

To prove the Theorem 1.1 and Theorem 1.2, we need the following lemmas.

Lemma 2.1. (/23]) For positive integers n and k, then the following identity holds:

n
[k] =~ 1)1 (1) - (21)
Lemma 2.2. ([23]) For positive integers m, n and k, we have the recurrence relation
D1l i k ki
™ o = ——— >~ = 1'n™ () [y, = H ) . (22)
i=0
where

m+n—1
h,ﬁm><0):=< o )

Lemma 2.3. ([22]) For positive integers m and n, then the recurrence relation holds:

— m—1 M- 1 P
B () = < rl > (=1)'Bi(n) Xn (m — 1), (2.3)
i=0

where

Xn (M) == Zx;“ (xi € C),

ki—1 km-1—1
B (n) := Z Xy 3 Xyt D X, (Bo(m):=1).
ki=1 ko=1 km=1

Lemma 2.4. (/23,26]) For integers k e Nand p e N\ {1} :={2, 3, ...}, then the following identity holds:

(2.4)

[n—i—l]
-y P L

(k) Yy (k)}
— nin(n+k) k ’

{(p— Ne(p) + —— X

where Y, (n) := Yy <Hn, 1!H,§2>, 2!H,(,3), s, (r— l)lHﬁ,r), .- ) and Yy (X1, X2, - - -) stands for the complete exponential Bell polyno-
mial defined by (see [8])

tm tk
exp ZXmE =1+ZYI<(X1,X2,~--)E. (2.5)

m=>1 ’ k>1
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Noting that, in [22,25], we find the relation
. 1
& () = —¥m@)  (n.m € No) (2.6)
and give

Y1) =Hy, Yo () = H2 + H® Y3 () = H3 + 3H,HY + 2HY,
Y4 () = H2 4+ 8H,H + 6H2HP + 3(H)? +6H.

Lemma 2.5. (/3]) For positive integers m and n, then

> (=D'AImA;(m) =0, (2.7)
i+j=m
i,j>0
where
Am (n) := Z Qg -+ A, (ap € C),
1<km<---<ki<n
Anm):= Y -, (@eC).

1<km<--<ki<n

For convenience, we set Ag (n) = Ag (n) = 1. If n < m, we let A, (n) =0.

Proof. By a direct calculation, the following identities are easily derived:

[Ja-an™=>" Anmt™,
i=1 m=0

[[Ja+at=> Anme™
i=1 m=0

Hence, by using Cauchy product of power series, we have

1= ]_[ 1 —ait)”! ]_[ A — a;t)
i=1 i=1
= (Z Am (n) t’") (Z (=)™ Am () t’")
m=0 m=0

=> 1 Y D'AmA;m ™
m=0

i+j=m
i,j=0

Thus, comparing the coefficients of t™ in the above equation, we obtain the formula (2.7). The proof of Lemma 2.5 is
finished. O

The above lemmas will be useful in the development of the main theorems. Next, we give some important theorems and
theirs proofs by using these lemmas.

Theorem 2.6. For integers r > 0 and m,n > 1, then

1 [Py ) )
o ;W R =H_j2_ (=D (1)) Gngr (111;). (28)
=Km 1=n i,jg(r]n

where

GW=%0®W:=1 and ¢ (1})=2%({1};):=0 G j=1.
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Proof. The proof is by induction on m. For m =1 we have )" ﬁ = ¢nyr (1) — ¥ (1), and the formula is true. For m > 1
1<ki<n
we proceed as follow. Let

1
Gn(s1,52, smlr+1):= Y T Eme T (2.9)

1<km<---<ki<n
L @r+1)=1.

Then by the definition (2.9) and the induction hypothesis, we have that

Zlk 1{mlr+1)

tn ({]}m+1 |r+1 k+r

Z =2 D A G (1))

k=1 1+] m
i,j>0

3 igd 1})Z§k+rk‘+r

e

D DA {gnr ((141) = Goer (10 41) }

pa=

DDA ()= YD DG A& (1)) (210)

i+j=m+1 i+j=m+1
i,j>0 i,j>0

On the other hand, from Lemma 2.5, setting a, = ,]—C and n=r, we get:

> =D 1 (1)) =0 m=1). (211)
i+j=m
i,j>0

Hence, combining (2.10) and (2.11), we prove that formula (2.8) holds. O

Similarly, by a similar argument as in the proof of Theorem 2.6 and with the help of formula (5.2) in reference [22], we
obtain the more general theorem.

Theorem 2.7. For integersr > 0, m,n > 1 and real p > 0, then

1 )
— —1ie* i) Cagr ), 212
1§km;<k1§n (k1 + )P - (ky +1)P iém (=D ({p} )C + ({p}j) ( )
i.j=0

1 .

= —1 1 " ; r‘"’ . ). 213

15,%;5,@ G 11 Gk + 1P iﬂZﬂ( e (1)) & (19)) 213)
i,j=0

Remark 2.1. In fact, in the same way as above, the results of Theorems 2.6 and 2.7 can be extended to the following
generalized conclusion.

Aniryi= Y g Gr= Y (DA Aj (), (214)
1<km<--<ki<n i+j=m
i,j>0

Ann) = D Ggpr Q= Y (DA A;O+), (215)
1<km=<--<ki<n i+j=m
i,j>0

where r € N, An (n) and A, (n) are defined in Lemma 2.5.
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Proof. Next, we only prove the formula (2.14), since the proof of (2.15) is similar as the proof of (2.14). To prove the first
identity, we proceed by induction on m. For m = 0, it is valid. Assume that the result is valid up to p (p € Np). From the

definition of A;;(n;r), we have

n
App1(n;r) = Zak+rAp(I<; ).
k=1

Then, by the induction hypothesis, an elementary calculation gives

Appiiny = > (DAY awrAjk+1)

i+j=p, k=1
i,j>0
= Y (D'AOA0+1) = Aja1)
i+j=p,
i,j>0
= Y  DAMAa+n - Y (D'AMA;M.
i+j=p+1, i+j=p+1,
i,j>0 i,j>0

(2.16)

Hence, with the help of Lemma 2.5, we may deduce the desired result (2.14). Proceeding in the same fashion as in the proof

of (2.14), the formula (2.15) can also be obtained. O
It is clear that Theorems 2.6 and 2.7 are immediate corollaries of Remark 2.1.

Theorem 2.8. For integers r > 0 and m, n > 1, then the following identity holds:

h,ﬁr+1>(m)=(njr> D DA G (1))
i+j=m
i,j=0

1

Proof. Take x; = in Lemma 2.3; then we have:

J+r
X, (m) i( 1 )'" gm _ gm
n = P =Mpyr — Hr
P J+r
—_1)ym-1 m—1 . iy .
o (Ul + 1) = S 37 g i+ 1) (KD - HOD),
i=0

From Lemma 2.1 and formula (2.18), we deduce that

B () = <"fr);n({1}m|r+1).

Substituting (2.8) into (2.19), we may easily obtain the desired result. This completes the proof of Theorem 2.7.
3. Proof of Theorem 1.1

By replacing x by n and n by r in (1.9), we deduce that
r+1 B

n+ry 1 r+1] 11

( d ) 2 N

=1 "= -

Therefore, from (2.12) and (3.1), we obtain

: 1 r+1 - 7] i
CACEEDY r+11 n' =Y =D A1) Gur (1)
Tl=1 - . i+j=k

i,j=0

Thus, by the definition of S (k, m; p) and (3.2), we can prove (1.7). O

O

(2.14)

(2.17)

(2.18)

(2.19)

(31)

(3.2)
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4. Proof of Theorem 1.2

By the definition of multiple harmonic number (1.1), we can find that

00 n+r
Unr(p) = anJrr ({1 Z ka {1}m 1)
n=1 n= 1 k=
_ . é'n( Snk—1 1}m 1)
_g ;; nP (n+ k)

r ii—1 oo

§n+1 1 m 2)
=, (W) 2 (P 1 (N +ZZ nP(n+n) Z‘X:X:rﬂ”(rlern)(thzz)

iij=1n=1 =1ip=1n=1

n (T
= (p, {1}m>+;(p+1{1}m1+2 > an(ni:) (Jn)+,-,-)' (41)

Jj=11=<ij<-<iy<rn=1
On the other hand, consider the expansion

k

‘1 4

- Z (keNo, a;eC\Z") (4.2)
[T(4a) =
i=1

where
. ntaj u
Aj= lim — =[] (@-a) . (4.3)
j

l‘[ n+ap) i=1,i#j
i=1

Then, the equation (4.1) can be written as

Un.r (p) =¢ (p, {1}m) +¢(p+1,{1}n)

i & ({Um
+Z Z ]‘[ (ig—ip~! Z Z nP(rH—ll]) e

j=1 \I=1 a=1,a#l 1<ij<--<ij<rn=1

For r > 0, we have the partial fraction decomposition

1 "i (—b-1 1 (—1)P-1 1

nP(n+r) &b " ppt1-b Pl i) (4.5)
Moreover, from identities (2.1), (2.4) and (2.6), we deduce the following result

— & ((Up-1) . & ((1p-1)

;W‘E C) +gr (1)) - == (keN, peN\{1). (4.6)

Hence, combining (4.4), (4.5) and (4.6), by a simple calculation, we obtain the desired result. This completes the proof of
Theorem 1.2. O

Similarly, applying the same arguments as in the proof of formula (4.1), we also deduce a similar result

0 s .
Vir (p)::Z§n+r ({}n)

nbP
n=1

. °° & ((Wnj)
=" (p,{ )+Z > an(nﬂ) i (4.7)

j= 1151}§ -<ij<rn=1 (n+lj)

In fact, we hope to obtain a similar result of Theorem 1.2, but, so far, we have been unable to achieve any progress with
these sums.
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5. Conclusion

From [16,19], we know that the Aomoto-Drinfel’d-Zagier formula reads

3 ¢ (m 1 (1) €Y =1 — exp (ZC(") X4y —(X—i—}’)n)’ -

n
n,m=1 n=2

which implies that, for any m, n € N, the multiple zeta value ¢ (m +1, {1}n—1) can be represented as a polynomial of zeta
values with rational coefficients, and we have the duality formula

(41, {Thpoy)=¢(M+1,{1}5_).

In particular, one can find explicit formulas for small weights:

¢ @2, {1}p)=¢(m+2),

m
3 {1} = mT—i-Z{ (m+3) - %ZC(k—F]);(m—i—Z—k).
k=1
Hence, from formulas (1.11) and (5.1), we see that the sums Uy, (p) can be expressed in terms of series of Riemann zeta
function and harmonic numbers. Thus, we show that the Euler-type sums with hyperharmonic numbers S (k,r + 1; p) can
be expressed in terms of zeta values and Stirling numbers of the first kind, for integers k € N and r ¢ Ny withr+2<peN.
To conclude, note that it would be useful to be able to extend the approach described above to include other similar and
related sums. In particular, it would be very interesting to consider sums of the form

S H™ (k
S*(k,m;p):=2"n—p() (p=m+1),

n=1
where H,(,m) (k) is called the generalized hyperharmonic star number, defined by

H™ (k) := > !

MmNm+41 - - NMm4k—1

1=nmir—1=<-<nm
=Np-1=--=Mm=n

A straightforward calculation gives the generating function of hyperharmonic star number H,(,m) (k):
o0 1

m o (DT log"1(1 —t)
> H (k)2 = T (1—2)’"/ 24t ze(=11).
0

n=1
Obviously, by the definitions of H™ (k) and h™ (k), we have

H™ (1) =hi™ (1) = ¢} (10}n_1, 1).

Hence S (1,m; p) = S* (1, m; p). However, we have been unable, so far, to make any progress with these sums. Unfortu-
nately, it appears that, even in the case k = 2, the method used in this work gives rise to several complex and intractable
summations.
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