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RESUME

Dans cette note, nous étudierons un probléme d’existence et d'unicité pour un modeéle qui
décrit I'interaction de deux fluides miscibles. Le modéle considéré prend la forme d’équa-
tions de Navier-Stokes avec contraintes de Korteweg couplées a I'équation de réaction—
diffusion de la concentration. Nous supposons que le fluide est incompressible ; I'approxi-
mation de Boussinesq est adoptée. L'existence globale et I'unicité des solutions sont éta-
blies pour des conditions optimales sur le terme source de réaction et les forces externes.

© 2017 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

The theoretical and experimental investigation of the dynamics of two miscible liquids have attracted considerable atten-
tion from many researchers because of its significant applications in various fields such as enhanced oil recovery, hydrology,
frontal polymerization, groundwater pollution, and filtration [1,2,6]. A detailed review of the results on the interfacial dy-
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namics of two miscible liquids is presented in [3]. In this paper, we are interested in studying the following miscible liquids
model:

aC
E~|—u.VC:dAC—Cg, (1.1)
au
E+(u.V)u=—Vp+/¢Au+V.T(C)+f, (1.2)
div(u) =0, (1.3)
with the following boundary conditions:
aC
— =0, u=0 on T, (1.4)
an
and the following initial conditions:
C(x,0)=Co(x), u(x,0) =ugx), x€ Q. (1.5)

Here u is the velocity, p is the pressure, C is the concentration, d is the coefficient of mass diffusion, p is the viscosity,
I is a Lipschitz continuous boundary of the open bounded domain €2, n is the unit outward normal vector to I', f is the
function describing the external forces such as gravity and buoyancy, while g stands for the source term. The Korteweg
stress tensor terms are given by the relations [4]:

AL 2 P 2COC L BC aC
1 = 3X2 , 112 =121 = 3X1 3X2’ 13 = 131 = 3X1 3X3’

T)3=T3= —kﬂi, Ty =k (£)2 , Tz =k <£>2
0Xp 0X3 0X1 0X3
here k is a nonnegative constant. We set
0Ty 0Tz 0T13

0X1 0X2 0X3
V.T(C) = 0Ty1 0Ty 0Ty
- 0X1 0X2 0X3
aT oT oT
31 + 32 + 33
0X1 09X 0X3

In the absence of external and source forces (f = g =0) and in the two-dimensional case, the existence and uniqueness
of a solution to the model (1.1)-(1.5) is studied in [5]. The aim of this paper is to continue the investigations of miscible
liquids by considering three-dimensional Navier-Stokes equations and by introducing the external forces in the equation of
motion and the source terms in the equation for the concentration.

2. Existence of solutions

First, we will introduce our functional framework on which the study will be carried out. Let the following velocity and
concentration spaces:

aC
Su={ue Hg](Q); div(u) =0}, Sc={Ce HZ(Q); n =0onT}.

Hence, the variational formulation of the problem is to find C € S¢ and also u € S, such that, for all B S¢c and v € Sy, we
have the following equalities:

(%, B) +d(VC, VB) + (u-VC, B) + (gC, B) =0, (2.1)

(2—1:,v)+M(Vu,Vv)—(divT(C),v)—(f,v):O. (2.2)

In what follows, we will assume that the function f(x,t) is positive and bounded in L*°(0, t; Lz(Q)_); we will assume also
that g(x) is positive and bounded in L°°(2). In other words, there exist two real positive constants f and g, such that

I f Lo 0.¢:12(02)) < f. fx=0 (2.3)
and
lglle) <& g(x*) >0. (2.4)
In order to prove the existence of solutions, we will need the following lemmas.
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Lemma 2.1. The concentration C is bounded in L*°(0, t; L2).

Proof. The proof is similar to that in [5]. O

Lemma 2.2. The concentration C is bounded in L°°(0, t; H') and L2(0,t; H?), and the velocity u is bounded in L> (0, t; L?) and

L%(0, t; HY).

Proof. By choosing —AC as a test function in equation (2.1), we have:

aC

(E, —AC)+ (u-VC,—AC) =d(AC, —AC) + (gC, AC).
Using the hypothesis (2.4), we get the following estimate:

10 _

Eg(VC, VC)+d(AC, AC) — (u-VC, AC) < g(V(C,VO0).
Then

10 _

§§(VC’ VC)+d(AC, AC) < (u-VC, AC) 4+ g(VC, V).

Besides, by choosing u as a test function in (2.2), we obtain:

10
Eﬁ(u’ u) + u(Vu, Vu) — (V-T(C),u) = (f, u).

To have an explicit form of V-T(C), we can calculate only the first component:

9Ty 0Tz 0T13 aC  92C 92C aC aC 92C 32Cc acC
+ + =2%k———— —k—— —— —k——— —k—— — _k
0X1 0X2 0X3 0Xp 0X10X2 0X10X2 0X2 0Xq ax% 0X10X3 0X2
Then,
aT aT aT ac  9%C aCc  9%C aC 92C aC
LNl I E R Y (Y (Sl Sty Y ol
0Xq 0X2 0X3 0X1 0X10X2 0X1 0X10X3 0X1 8)(% 0X1
Therefore,
aT aT aT k 9 aC
11 n 12 13 :——(VC)Z—k—AC.
8x1 3)(2 3X3 2 8X1 3)(1

Following the same reasoning for the other components, one concludes:
k 5
V.-T= 5V(VC) —kACVC.
Substituting this equality in (2.6) and using u € S;, we obtain:

10
Eﬁ(u’ u) + u(Vu, Vu) — k(ACVC,u) = (f,u).

Adding (2.8) to the inequality (2.5), and using the facts that u € S, and C € S, we have:

—— ((u,u) + (VC,VC)) + u(Vu, Vu) + d(AC, AC) < (f,u) + g(VC, VO0),

19
209t
19
20t

aC 92C

((u,u) + (VC,VO)) + u(Vu, Vu) + d(AC, AC) < %(f, H+ %(u, u) + 8(VC, VO).

From the positivity of the third and the fourth terms in the left hand side of this inequality, we have:

% (W, u) +(VC,VO) <(f, f) + (u,u) +28(VC, VC).
Hence
% ((u,u) +(VC,VO) < (f, f) + max(1;28) (u, u) + (VC, V0)).

By integrating over time, and using the hypothesis (2.3), we have:

(2.5)

(2.6)

(2.7)
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t
lux, O)ll2 + IVC&, Dl 2 < lluoll 2 + IV Collp2 + f + max(1; 25',’)/ (Ilux. )2 + IVC(x, 9| 12) ds.
0
From the Gronwall’'s Lemma, it follows:

lu@x, O)ll2 + IVC®, Oll;2 < (luoll2 + 1V Coll2 + F) x exp(max(1; 28)1),

which means that C is bounded in L>(0, t; H') and that u is bounded in L%°(0, t; L?) for t € [0; 7] with 7 > 0.
Integrating the inequality (2.9) over time, we obtain:

luCx, Ol 2 + IVCE, Dl 2 +2pliull 20 .11y + 21 ACH 20,112
<luollz + IVCollzz + I flli2(0,¢:12) + Nl 20,:12) + 28IV Cll 20,112y
Therefore,

1
||VU||L2<0¢;H(1)) + ||AC||L2(0,t;L2) =< m luoll 2 + IVColl 2

’

2min(u;d)

g

——||VC 12y
min(z: d) IVCll2(0,:12)

lull2 0,02y +

— PR
) 1 IPOED T 5 min(u; d)

2min(u; d

From the boundedness of C in L% (0, t; H!), of u in L°°(0, t; L%), and from hypothesis (2.3), we deduce that the solution C
is bounded in L?(0, t; H?) and the solution u is bounded in L?(0,t; H}). O

aC
Lemma 2.3. The concentration time derivative T is bounded in L2(0, t; L?).
Proof. The proof is similar to that in [5]. O
L Loooou s 2
Lemma 2.4. The velocity time derivative o is bounded in L=(0, t; L*).

Proof. The proof is similar to that in [5]. O
We are now able to state the existence main result.
Theorem 2.5. The problem (1.1)-(1.5) admits a global solution.
Proof. From all the previous Lemmas, one can deduce easily the existence of solutions to the problem (1.1)-(1.5). O

3. Uniqueness of the solution

To prove the uniqueness of the solution, we first assume that the problem (1.1)-(1.5) has two different solutions (Cq, uy)
and (C3, uy). Hence, from (1.1), we have:

a
a(cl —Cy) —dA(C1 —Cy) +u1VC1 —upVCy 4+ g(C1 — Cy) =0, (3.1)
also from (1.2), we get:
a k
21 = )+ (V) = (2. V)uz — w(Aur = Auz) + V(p1 = p2) = 5V (V€1 = (VC)?)
—k(AC1VC1 — ACRV(y). (3.2)
By multiplying (3.1) by —kA(C1 — C3) and by integrating, we obtain the following:
a
(g(ﬁ —(2), —kA(C1 — C2)) +dk(A(C1 — C2), A(C1 — C2))
+ U1VCy, —kA(C1 — (2)) + (u2VCa, kA(Cy — C2)) + (8(Cy — C2), —kA(Cq — C3)) =0.

Now, multiplying (3.2) by u; — uy, integrating and since u; € S;, (i =1, 2), we have the following:
a
(&(ul —up), uq —uz) + (U1 —u2).Viuz, ug —u2) + p(V(@ur — uz), V(us — uz))

k 2 2
=3V ((VQ) —(VCy) ) U1 —up) — k(ACLVCy — ACyVCy, Ut — ).
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Adding the two last equalities, using Green’s formula and the fact that u; € S;, (i =1, 2), we conclude that

2 ol —ual +KIVCT = VCaliZ) + wllus — ol +kAIAC — Co)I, =
k(u1V(C1 — C2), A(C1 — C2)) +k((u1 —u2)VCa, A(C1 — C2))—

K(AC1V(Cy — Ca), U1 — Uz) + k(—AC1VCy 4+ ACyVCa, Ut — Uz)—
(((u1 —u2).Viug, ug —uz) +k(g(Cq — C2), A(C1 — C2)).

Therefore,

10

53¢ (141 = wall +KIVCr = VCa|[f) + pllur — 2y +kdIACy = C) 7, =
k(u1V(C1 = C2), A(C1 — (2)) —k(AC1V(C1 — C2), uy —up)—

(((ug — u2).Vyug, ug — uz) + k(g(C1 — C2), A(C1 — C2)). (3.3)

We will look now for an estimate for the right-hand side of the equality. We put C = C; — C2 and u = uy — uy. From the
Hoélder inequality, it follows that:

I(ACIVC, u)| = [ACI2IVC.ull2 = [ACI 2 IVClI 4 llull g4)2-

From the Gagliardo-Nirenberg inequality, we obtain:

[(ACIVC, w)| < Ny AC [ 2 IVCII S IACIS 44 1 vu 2%,
By Young's inequality, we obtain:
3N 8/5 2/5, .2/5 6/5
(ACIVC, )] < =HIACIE, + —||Acl|| e TR A

Following the same reasoning, we obtain the following inequality:

|(w1VC, AC)| < [[AC] 2[IVC.ur 2 < [ACH 2 IVCllallutll 4.

Hence,
4 4 1/4 3/4
@1V C. AO)| < Nal| ACI AV el S ualls v u 4%,
We deduce:
|1 VC, AC)| < —||AC||L2 4N ||VC||L2||u1||L2||Vu1||Lz

Also, we have:
N3 N3
[(W.V)uz,u)| < 7||Vu||§2 + 7||u||fz IVuz |12,

Finally, from (3.3) and assuming that 3N1 + 7N, < 8d and N3 <2u, we have:

8/5 2/5,. 12/5 6/5
u vC u Vu
28t<|| 1% IVCI 25 vul®)
Nk _
- —||VC||L2||u1||L2 IVupll®, + ||u||§2||Vuz||§z +kgIVCIT, < (lull?;, +kIVC]2,) x
SN 8/5 2/5,. —8/5 65 N2 N3 _
( 2 IV CIE ||Vu||/ & B Vurlp, + S Vualf + kg ).
Denote:
8/5 2/5 —8/5 6/5
¢ (©) = 1 ACHIIVCI ull 2219 ul®) + un 1% Ve 16, + [ Vuz )% +1
and
5N1k Ny N3  _
M = max(——, —, —, kg).
(g5 kD

Then, we have the following estimate

t
d
3 (xpm / $(5)ds) ([ull?, +KIVC]2,)) <0,
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for all t > 0. From this we deduce that

t
exp(M / B($)ds)(|ull?, + kI VC[Z) < [u©)]I2; + kI VCO)]I2.
0

Since u(0) = C(0) =0, we conclude that the uniqueness of the solution is demonstrated. We can now state the theorem on
the uniqueness of the solution.

Theorem 3.1. The problem (1.1)-(1.5) admits a unique solution.
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