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RESUME
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1. Introduction

This article is devoted to the question of unique continuation for linear kinetic transport equation with a scattering
operator in the diffusive limit. Let Q be a bounded open subset of RY, d > 1, with boundary 32 of class C2. Consider in
{(x,v) e @ x ST} x ]R;r the transport equation in the v direction with a scattering operator S and the absorbing boundary
condition

8tf+§v~Vf+;LzS(f)=O inQ x S x (0, +00) ,
f=0 on (32 x $471)_ x (0, +00) , (11)
FC0)=foel?@x8'h,

where € € (0, 1] is a small parameter and a € L* (R2) is a scattering opacity satisfying 0 < cpin < @ (X) < Cmax < o©. Here,

V=Vyand (3@ xS ") ={(x,v) € 9@ xS ;v -iiy <0} where i is the unit outward normal field at x € 9.
Two standard examples of scattering operators S : f +> Sf are given below:

e the neutron scattering operator,

1
S =~ {5y where ()00 = pgyy [ v
§d-1

o the Fokker-Planck scattering operator,

1
Sf = —mASd,l f, where Agq-1 is the Laplace-Beltrami operator on se-1,
Recall that such operators have the properties of self-adjointness and Sv = v, which imply that (v-VSf)=(v-Vf).
Let w be a nonempty open subset of 2. Suppose that we observe the solution f at time T > 0 and on w, i.e.
fx,v, )|, v)ewxsi-1 is known. A classical inverse problem consists in recovering at least one solution, and in particu-

lar its initial data, which fits the observation on w x S%! x {T}. Our problem of unique continuation is: with how many
initial data will the corresponding solution achieve the given observation f (x, v, T)‘(X,V)wagi—] ? Here € is a small parame-

ter and it is natural to focus on the limit solution. This is the diffusion approximation saying that the solution f converges
to a solution to a parabolic equation when € tends to O (see [3,8,16,2,5,6,4]). In this framework, two remarks can be made:

o for our scattering operator, there holds

1
f- (f>||L2(Qx§d—lxRt+) = 6\/2C—‘”f0“L2(QXSd_1).
min

For the operator of neutron transport, one uses a standard energy method by multiplying both sides of the first line of
(1.1) by f and integrating over € x S%~! x (0, T). For the Fokker-Planck scattering operator, one combines the standard
energy method as above and Poincaré inequality

1 1
”f - (f)”LZ(Qng—lX]R:r) =< ﬁ ”VSd’l-fHLZ(ngdquf) < Em”fo”l_z(gxgdq).

e In the sense of distributions in 2, for any t > 0, the average of f solves the following parabolic equation

i) = 3V (%wn) _v. (%«v ® VYV (f - <f>)>> fev. (%watf)) . (12)

€ 1 a
Indeed, multiplying by EV the equation o f + Ev -Vf+ e_zsf =0 and taking the average over S, using 8 (f) +

é(v-Vf):O, (v-VSfy=(v-Vf)and (v(v-V(f)) = %V(f), one obtains, for any t > 0 and any ¢ € C3° (),

1 /1 1
/ar(fﬂ/’dx-i‘a/.av(f)'V§0dX+/E(V(V~V(f—(f))—i—eatf))'V(PdX:O-
Q Q Q

Moreover, we prove that the boundary condition on (f) is small in some adequate norm with respect to €. In the
sequel, any estimate will be explicit with respect to €.
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Backward uniqueness for parabolic equations has a long history (see [9,25]). Lions and Malgrange [21] used the method
of Carleman estimates. Later, Bardos and Tartar [7] gave some improvements by using the log convexity method of Agmon
and Nirenberg. More recently, motivated by control theory and inverse problems (see [15,22]), Carleman estimates became
an important tool to achieve an observability inequality (see [13,12,11,18-20]). In [24], the desired observability inequality
is deduced from the observation estimate at one point in time that is obtained by studying the frequency function in the
spirit of the log convexity method. In particular, one can quantify the following unique continuation property (see [10,23]):
If u (x, t) = e®ug (x) with ug € L2 (€2) and u (-, T) =0 on w, then ug=0.

Our main result below involves the regularity of the nonzero initial data fo measured in term of two quantities. Let
p>2,

1 foll 20 (@5-1) o)1 0
p =" o al = — 0
”(f0>“L2(Q) ”(fO)”H—l(Q)

Observe in particular that IF is the most natural evaluation of the frequency of the velocity average of the initial data.

Theorem 1.1. Suppose that a € C2 (Q2) and fo € L?P (Q x S4~1) with M, + F < +o0 for some p > 2. Then the unique solution f to
(1.1) satisfies, forany T > 0,

€1 p-1
<1 — € (14T % cp)Mpe"‘fO’”) 1 fo) iz < €YD ICFY ¢ Dl 2o

P

;‘1
with Cp = (g%;) *? ando (fo,T)=c (1 + % + TIF), where c only depends on (2, w, d, a).

By a direct application of our main result, we have the following corollary.

Corollary 1.2. Let a € C2 (Q) and fo € L?P (2 x S4=1) with M, + F < +oc for some p > 2. Suppose that fo > 0. Then there is
€p € (0, 1) depending on (Mp, F,Q w,d, p,T, a) such thatif f (-,-, T) =0 on w x S% for some € < g, then fo =0.

This paper is organized as follows: the proof of the main result is given in the next section. It requires two important
results: an approximation diffusion convergence of the average of f; an observation estimate at one point in time for
the diffusion equation with homogeneous Dirichlet boundary condition. In Section 3, we prove the approximation theorem
stated in Section 2. In Section 4, a direct proof of the observation inequality at one point in time for parabolic equations
is proposed. Finally, in an appendix, we prove a backward estimate for the diffusion equation and a trace estimate for the
kinetic transport equation.

2. Proof of main Theorem 1.1

The main task in the proof of Theorem 1.1 consists of the two following propositions. Below we denote by u €
C ([0, T],L*(2)) N L? (0, T; H} (R2)) any solution to the diffusion equation

1 1
du——V- (—Vu):O (2.1)
d a

with a € C? () and 0 < cpin < @ (X) < Cmax < 0.
The first proposition is a quantitative unique continuation of the diffusion equation.

Proposition 2.1. There are C > 0 and p € (0, 1) such that any solution u € C ([0, T], L2(Q)) N L% (0, T; H} (R)) of (2.1) satisfies
1-p I
2 < 2 2
/lu(x, | dx < CeTflu(x,T)l dx /lu(x,O)l dx
Q w Q

Here C and  only depend on (a, 2, w, d).

As an immediate application, combining with the following backward estimate for diffusion equation (see Appendix),

2
-0
eI o

c CTnu(-O)uz
lu (G, 02 < —=e THT@ u L T2 (2.2)

VT

we have the following corollary.
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Corollary 2.2. For any nonzero u € C ([0, T], L?(2)) N L? (0, T; H} (2)) solution to (2.1), one has
Hu(-,owfz(m

¢ (1+T+T lu(- 012 )
T @ ||u(',T)||L2(w)

lu (-, O)HLZ(Q) <e

where C only depends on (a, 2, w, d).
The second proposition deals with the diffusion approximation for the linear kinetic transport equation.

Proposition 2.3. Assume fo € L2P (2 x S¢=1) for some p > 2 and consider u € C (O, T; Ha(Q)) solution to (2.1) with initial data
u (-,0) = (fo), then forany T > 0 and any x € C3° (w), the solution f to (1.1) satisfies

1 p—1
[x ((Pie=r =t D) g1y <€ (1 +T'% cp) Cll foll z2p (@ xse-1)

p=1
where C, = (g%;) ? andC>0 only depends on (2,d, a, x).
The proof of Proposition 2.1 and Proposition 2.3 is given in sections 4 and 3, respectively. Now we start the proof of
Theorem 1.1.
Let x € C§° (). On the one hand, since u (-, 0) = (fo), we have, by Corollary 2.2,

2
12(2)

Itfo)]
H<f0>U)2L,—1(Q)
| xu(, T)”LZ(Q) .

1

T

|
I{fo)lli2q) <e

On the other hand, by regularizing effect, we see that

1/2 1/2 1/2 1 1/2
I Dl < G DI g X G DI < Cllgu ¢ DI g (1 + m) 1ol 42, -
Therefore, the two above facts yield

2

1072 g,

C( sasiT: )

I{foll2) <€ i@ (“X (u T = (=t ) “H—‘(Q) + “X(f)lt:T “H—l(Q))
o)1

C<1+%+T72L &)

<e 1011

PP

(e 2 (1 +T cp> Il foll i2p @esi-1y + | X () e=1 HH_](Q)>
where in the last line we used Proposition 2.3. This completes the proof.

3. Estimates for the diffusion approximation

Below we give precise error estimates for the diffusion approximation.

Theorem 3.1. Let a € C! () such that 0 < cpin < a(X) < cmax < 0o. Assume fo € L?P(Q x S%~1) for some p > 2 and consider
ueC (0, T; H(l)(Q)) solution to (2.1) with initial data u (-, 0) = ( fo), then for any T > 0, the solution f to (1.1) satisfies

L p-1
” (Fhe=r —u (., T) ”H*’(Q) + I —ull2@x.1) <€ <1 +T 72 Cp) C||f0||L2p(Q><Sd4)

p—1
where Cp, = (g%) *® andC>0 only depends on (€2, d, Cmins Cmax, | Vallso)-

In the literature, there are at least two ways to get diffusion approximation estimates:

- use a Hilbert expansion: the solution f to the transport problem can be formally written as f = fo + € f1 +€2f2 + ...,
and we substitute this expansion into the governing equations in order to prove the existence of fo, f1, f2,.... Next we
set F = f — (fo + € f1) and check that it solves a transport problem for which the energy method can be used. This way
requires well-prepared initial data, which is fo = (fo) to avoid initial layers;
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- use the moment method: the zeroth and first moments of f are respectively (f) and (vf). First, we check that f — (f)
is small in some adequate norm with respect to €. Next, by computing the zeroth and first moments of the equation
solved by f (as it was done in the introduction), we derive that (f) solves a parabolic problem for which the energy
method can be used. This way and a new € uniform estimate on the trace (see Proposition 3.2 below) give Theorem 3.1.
Notice that since only the average of f is involved, the proof requires no analysis of the initial layer near t = 0.

Proposition 3.2.If fo € L2P(Q x S%1) for some p > 2, then the solution f to (1.1) satisfies

p-1 1

||f||L2(3Q><Sd—1><(o,T)) <CT % €% Cpll follp2p@xst1)

p—1

where Cp, = (g%;) 7 andC>0 only depends on (2, d).

Proposition 3.2 is proved in the Appendix. The proof of Theorem 3.1 starts as follows. Let w. = (f) — u where u solves

du—3v-(1vu) =0 inQx (0.+00),
U=0 on 92 x (0, +00),
u(,0)=(fo) € L*().

By (1.2) and a density argument, w, solves, for any t > 0 and any ¢ € H(l) (),

/atwe(pdx+%/Vw5-%V(pd)(:—/(v(v-V(f—(f))))-%V(pdx—e/watf)-%Wpdx (3.1)

Q Q Q Q

with boundary condition we = (f) on 9Q2 x ]R;r and initial data w¢ (-, 0) = 0. We choose

o= () e

By integrations by parts, the identity (3.1) becomes:

1d (1 2

1. /1
—— | =|Ve|*d V.-V
2ddc ] a'VY x+”d (a )‘p
Q

1
=—/<f>aansodx

C

1 1
_/(V(V'V(f_<f>)))'EV(de_G/.(VBtf)'EV(de- (3.2)

Q Q

L2(Q)

First, the contribution of the boundary data is estimated: one has, by a classical trace theorem

()

where the positive constant C; depends on ||Va|| -
Secondly, the contribution of the term

1
~ [0St dx = o1 ey

2
50 L2(%2)

1
f(v(V-V(f () Vs

Q

is estimated: by integration by parts and using V¢ = 3,¢iiy on 9<2, one has

1 1 1
oo va =i vea= i [ gty (v ive) sy

¢ QxSd-1
1 -2 1
+ [S41] / (v 1) (f = (F))— ngp dxdv
9 xSA-1

which implies
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\Y ! \Y%

a %
v ! v

a %

1
Thirdly, the contribution of the term € / (Vo f) - EV(p dx is estimated: from the identities

L2(Q)

1
/<v V-V (= () Vede < Cllf = (Nlliz(axsi)
Q

+ CilIfll 2 (aaxsd-1)

L2(Q)
with some constant C; > 0 depending on ||Va|| .

Q

f<vatf> 19pax

Q
1
|Sd 1| dt / fv- Vsodxdv |Sd T / fv- V(eat(p) dxdv
Qde 1 QxSi-1
|Sd 1‘ dt / fV V(dedV ‘Sd ]| / (f—(f))V-EV(GBt(p) dxdv
QxSd-1 QxSd—1
and
1 1 -1 1 1 -1
cap=(-3v(39)) €awo=(-3v(3v)) cw-vn-caw
1 1 -1
=<—5V-<5V>) (v -V (f = (D) +eu,
we see that

1
/vatf —Veodx = |Sdl| dt / fv- —V(pdxdv

2 QxSd-1
1 1 1 1 -1
+W / F=UDv- v (_EV'<EV>> (v-V(f—(fN)] dxdv
QxSd-1
1
—EW f f—{NHv- Vudxdv
QxSd-1
1 d 1 2 2 )
= |Sd_1|€a / fV' EV(dedv+C||f_(f)"LZ(QXSd—1)+€ C“VUHLZ(Q) .
QxSd-1

Combining the three above contributions with (3.2), one obtains
d |V 1> dx + ! -V ’
dt ¢ a ¢

<€cf / fv. —Vgodxdv+eC||Vu||Lz(Q)

Qde 1

+C (112 sty + 1 = (o))

L2()

-1
Integrating the above over (0, T), we observe with ¢ = (—%V . (%V)) we and we = (f) — u that

2 2
Iwe G D1y + 1Well 2 g 0.1y
2
<eC (||f|t=T ||L2(szxsd—1) +lupe=r ”iz(sz) + ”fon%z(ﬂxs"ﬂ + ”u0”%2(9))
2 2 2 2
+ e ClIVUulz g o) T€ (”f”Lz(BQXSd—]x(O.T)) +If - <f>”L2(9Xsd‘1X(°»T>)) '

Next, we use the trace estimate in Proposition 3.2,

/ |f(va)|2dxdv+ZCm‘“// (f)1? dxdvdt < / | fol? dxdv

QxSd-1 0 Qxsd-1 QxSd-1
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and
5 T
f|u(x, )% dx + //IVu|2 dxdt§/|(f0)|2 dx
dCmax
Q 0 Q Q
to get that

1 p-1

Iy —u) ., T)”H*](Q) +1(f)— u||L2(Q><(0,T)) =< \/EC ”f(]”LZ(QXSd*l) +e2T 2;1

This completes the proof.

CpC”fO”LZp(QXSdfl) .

4. Observation estimates for the diffusion equation

In this section, we establish an observation estimate at one point in time for parabolic equations with space-time
coefficients (see Theorem 4.1 below). Clearly, Proposition 2.1 is a direct application of Theorem 4.1 when the coefficients
are time-independent. Such an estimate is an interpolation inequality. Hélder-type inequalities of such form already appear
in [17] for elliptic operators by Carleman inequalities. It applies to the observability for the heat equation in a manifold
and to the estimate of Lebeau-Robbiano on sums of eigenfunctions. On the other hand, for parabolic operators, Escauriaza,
Fernandez and Vessella proved such an interpolation estimate far from the boundary by some adequate Carleman estimates
[10]. Here, our approach is completely new and uses properties of the heat kernel with a parametrix of order 0. With a
diffusion operator, it is natural to make appear the geodesic distance. Since we are interested in the unique continuation at
a time T > 0 for parabolic equations, we will see that time-dependent coefficients and lower-order terms do not affect the
simplicity of the proof.

Theorem 4.1. Let 2 be a bounded open set in R", n > 1, either convex or C2 and connected. Let w be a nonempty open subset of 2, and
T > 0. Let A be an x n symmetric positive-definite matrix with C? (Q x [0, T]) coefficients. Let b = (bg, b1) € (L®° (2 x (0, T)))"*1.
There are C > 0 and p € (0, 1) such that any solution to

ofu—V-(AVu)+b1-Vu+bou=0 inQ2x(0,T),
u=0 ond2 x (0,T),
u(-,0)el?(Q),

satisfies

1—p iz

/lu(x, T))? dx < Ce%/lu(x, % dx (1—i—eC’JT)f|u(x,0)|2 dx
Q » Q

Moreover, C and p only depend on (A, b, 2, w,n). Here C,, = C <||b1 ||%DO + ||b()||Loo).

The proof of Theorem 4.1 uses a covering argument and a propagation of interpolation inequalities along a chain of balls
(also called propagation of smallness): first we extend A (-, T) to a C? function on R" denoted Ar. Next, for each xo € R",
there are a neighborhood of x¢ and a function x +— d (x, xg) on which the following four properties hold:

1. % |x — xo| <d(x,x0) < C|x—xp| for some C >1 depending on (xop, AT) ;
2. x> d? (x,xg) is C? ;

3. AT (x) Vd (x, xg) - Vd (x,x9) =1 ;

4. JA7 (x) V2d? (x,X0) = In + O (d (x, x0)).

Here V2 denotes the Hessian matrix and d (x, xo) is the geodesic distance connecting x to xg. The proof of the above
properties for d (x, xg) is a consequence of Gauss's lemma for C2 metrics (see [14, page 7]).

Now we are able to define Bgr = {x;d (x, xg) < R} the ball of center x¢ and radius R. We will choose xo €  such that
one of the two following assumptions hold: (i) B, C  for any r € (0, R]; (ii) B, N 32 % @ for any r € [Ro, R] where Ry > 0
and A(,t)Vd*-v>0o0n dQNBg forany t € [T —7,T] where R >0 and t € (0, 1) are sufficiently small. Here v is the unit
outward normal vector to 2 N Bg.

The case (i) deals with the propagation in the interior domain by a chain of balls strictly included in 2. We can choose
R sufficiently small for B to be a strictly convex set. The analysis near the boundary 92 requires the assumptions of
(ii). To deal with (ii), we recall the two following facts (see [26, page 532]): Vy € 02, 3xo € 2, 3R > 0, y € Br and
(x —xp) - v(x) > 0 for any x € 92 N Bg; For any matrix A (xg, T) with the above xp, there is a change of coordinates such
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that the new solution, still denoted by u, solves a parabolic equation in € N Bg with coefficients, still denoted by (A, b),
such that A (xg, T) (x — Xg) - v > 0 on 92N Bg. Now, it implies the desired assumption:

A@ovﬁ-qu@o—A@mDﬂm?v+A@mD(wﬂ—u—m»»
4+ A, T)(x—Xp)-v>00ndQNBg foranyt [T —7,T].

However when € C R" is a convex domain or a star-shaped domain with respect to xo € €2, we only need to propagate
the estimate in the interior domain.

If, further, A = I, then d (x, xp) = |x — xp| and it is well defined for any x € Q. From [24] such observation at one point
in time implies the observability for the heat equation. From [1] such observation at one time is equivalent to the estimate
of Lebeau-Robbiano type on the sums of eigenfunctions. Eventually a careful evaluation of the constants gives the following
estimates.

Theorem 4.2. Suppose that 2 C R" is a convex domain or a star-shaped domain with respect to xo € 2 such that {x; |x — xo| <1} € Q
for some r € (0, 1). Then for any ug € L2 (), T > 0, (@)i>1 € R, A >0,e¢(0,1), one has

BRI e
LZ(Q) m ra(n 2) /“e uO”LZ(\X X0\<T)

HemuO

and
2

(BN
Yl < e [ Y wew] a
o Ix—xol<r |1 =5

Ai<h

where C > 0 is a constant only depending on (g, n, max {|x — Xo| ; x € Q}). Here (1;, e;) denotes the eigenbasis of the Laplace operator
with Dirichlet boundary condition.

In the next subsection, we state some preliminary lemmas and corollaries. In subsection 4.2, we prove Theorem 4.1.
Subsection 4.3 is devoted to the proof of Theorem 4.2. In the three last subsections, we prove the lemmas.

4.1. Preliminary results

In this subsection, we present some lemmas and corollaries that will be used for the proof of Theorem 4.1. The strategy
consists in using a logarithmic convexity method (see Lemma 4.3 below) with some weight function (see Corollary 4.6 be-
low) inspired by the heat kernel. In order to check a kind of logarithmic convexity for a suitable functional, some boundary
terms require to be dropped or to have the good sign. This is possible under a type of local star-shaped assumption (see
comments after Theorem 4.1). Such localization process makes appear the functions Fq, F; in Lemma 4.3 and will be treated
thanks to the technical Lemma 4.7 below.

The following lemma allows us to solve the differential inequalities and makes appear the Holder type of inequality in
Theorem 4.1.

Lemma4.3.Leth >0, T > 0and F1, F5 € C ([0, T]). Consider two positive functions y, N € C' ([0, T]) such that

1
liy’ O+N@B Y

1 Co
< <§N(f)+m+cl>y(t)+l:l ®y@®

N (t) < ii&ﬂf1N®+h®
“\T—t+h

where Cg, C1 > 0. Then forany 0 <ty <t <t3 < T, one has

T — b1 4 k) 3Co0+M)
VM <y ey y M el (0T

y ()" =y (t3)y(t) Ta—

with

t3

etq
| et
ST —t+ma

M=32 and D=31+M)| (tz —t1) G+fWMt+/Uﬂm

etC1
/T t h”COdt ) )
Ja—ten
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The proof of Lemma 4.3 will be given at subsection 4.4.

Corollary 4.4. Under the assumptions of Lemma 4.3, for any h > 0 and ¢ > 1 such that ¢i < min (1/2, T /4), one has

y (T — )™M <y (T) y (T — 2em)M ePr (2¢ 4 1)> M0

-3

where D¢ =3 (1 + My) (cl + / (IF1] + |F2|)dt), M, < 3eC1 (ZE—Z))CSO if Co> 0 and M, < 3eC1 1ML ey —
1

ty
Proof. Apply Lemma 4.3 with t3 =T, t =T — ¢k, t; = T — 2¢h, with ¢i <min(1/2, T /4). Here when Cy > 0

etC]

T—t+h)'*C
n : cge2tney CEDC =1 o (4D

J

T—¢

3 =
[ EETENEG)
T-2¢

M, = for ¢ >

2041 3
(T —t+h)!tCo a

And when Cog =0

el’C]
/ a-trn®

In(¢+1 In(¢+1
My = TTU;F, < 3e2thCi n(zzl) <3e%1 Tn((B—;Z)) ford>1.
/ efcl dt ln( {+1 )
T —t+h
T-2¢h

The following lemma establishes the differential inequalities associated with the parabolic equations in any open set
vCR. O

Lemma 4.5. Forany ® € C? (2 x [0, T]), ze H! (0, T; H} (9)), one has

1
5—/|z|2e dx—l—/AVz-Vze‘Ddx

=5/|z|2(8t<ID+V-(AVd>)+AVd>~V<I>)eq’dx+/z(8fz—v‘(AVZ))eq’dx
D

and, for some C only depending on ||(A, 0xA, 9:A)|| e,

/AVZ vze® dx —2/AV2¢AV2 vze® dx /(AVZ V2) (AV® - v)e®dx

+ v

<
/lzlze dx /lzlzeq’dx /|z|2e¢dx
9 9

/|8tz—V-(AVZ)|2e¢dX /(1+|V©|)|Vz|2e‘bdx

g

+C1?

/lzlze‘p dx /lzlze‘p dx
3 3

/ AVZ-VZ(%®+ V- (AVD) + AV . V) e®dx
D

/ |z|% e® dx
»

+

+
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/AVZ~Vze¢dx /IZI2 (3P + V- (AVD) + AVD - V) e® dx

4
X

_ D
/lzlzeq’dx /lzlzeq’dx
9 9

Lemma 4.5 is proved in subsection 4.5.

Corollary 4.6. Let R > 0 be sufficiently small and z € H' (0, T; H}J «n BR)) with Bgr = {x; d (x, xo) < R}. Introduce for t € (0, T],
Pz=0z—V -(AV2),
Gp(x, 1) 1 ‘4‘?72&}% Vx e B
h(x,t)= —————e 4T-t+h X € By,
(T —t+h)"/?

and

/ A, t)Vz(x,t)-Vz(x,t) Gy (x,t) dx

QNBR

N () =
/ |z (x,0)]? Gy (x, t) dx

QNBR

whenever / |z (x, t)|% dx = 0. Then, the following two properties hold: for some ¢ > 0

QNBR

%% / 1z (x,t)|% Gy (x, t) dx + Np (t) / 1z (x,t)|> Gy (x, t) dx
QNBr QNBR
CR 2
< (m +C> / |z (x,)|” G (x,t) dx + / |z(x,t) Pz(x,t)| Gp (x,t) dx.
QNBg QNBg

i) When AVd* - v >00n9QnN Bg,

[Pz (x,0)|* Gp (x, 1) dx

d 1+cR
&Nﬁ ) < (T—Lt:-ﬁ +C> Np (t)+QnBR .
|2(x, 07 Gn (x, 1) dx
QNBR
Proof. Apply Lemma 4.5 with ¥ = QN By and
d? (x,
®(x, 1) = WX) Tt

4T —t+h) 2

Recall that d (x, xo) is the geodesic distance connecting x to xg associated with A7 (x) = A (x, T). Also, R is sufficiently small
for By to be a strictly convex set. Under the assumption AVd? - v >0 on 92N Bg, the boundary term in Lemma 4.5 is
non-positive. It remains to bound 8;® + V - (AV®) + AV® - V&, —2AV2PAVz-Vz and |V P|. First, we deal with |V®| by

noticing that, for some C4, > 0 depending on the ellipticity constant of A, it holds
d? (x, x

Cay IVOP < AV Vo = 2 X0
4(T —t+h)

d*(x.x0)

Next a straightforward computation gives: 9;® (x,t) = T AT-th)? + Z(Tf[Jrﬁ),

B n 0O (d(x,xp))
2(T —t+h) T—t+h

V. (ArV®) =
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and
BD LY (ArVD)+ ApVD . Vo = A X0)
T—t+h
This implies
9® O (d (x, X0)) 1
X +V~(AV¢)+AV¢.V®:W+V~((A—AT)(AT) ATv¢)+(A—AT)vq>-vq>
O (d (x, X0))
_ 2R oy,
T—txn 700

where in the last equality we used ||A (-,t) — At|| < |16:A|| (T — t + h). Finally, we have

—2AV20AVz.Vz= ArV2d2AVZ - Vz+ (A — Ar) V2d*AVz - Vz)

=AVz-Vz
T—t+h

+0 (1)) .
Clearly, Gy (x,t) = e®®D_ This completes the proof of Corollary 4.6. O

The following lemma will be used to deal with the delocalized terms, under the notations and assumptions of Theo-
rem 4.1. Its proof will be given at subsection 4.6.

Lemma 4.7. Let p € (0, R) and 0 < & < p/2. There are constants c1; > 1 and c,, c3 > 0 only depending on (p, €, A, b) such that for
any T —0 <t <T,one has

T
//lu(x,s)|2 dxds—i—/lu(x,O)lz dx
0 Q Q

/ |u(x,t)|2 dx -

QnB,

where

T
//|u(x,s)|2 dxds+/|u(x,0)|2 dx
0 Q

=0 ln eC3<1+%) Q
9 ,

lu(x, T)|? dx

QNB),_2¢
with 0 <6 <min(1,T/2).
The interested reader may wish here to compare this lemma with [10, Lemma 5].
4.2. Proof of Theorem 4.1

We divide the proof of Theorem 4.1 into nine steps.

Step 1: recall that from x — A(x,T), we have defined the geodesic distance d(x,xp) and the ball B = {x e R";
d(x,x9) < R}. Also, R > 0 is sufficiently small for Bg to be a strictly convex set, and xg € € is chosen such that one of
the two following assumptions holds: (i) B, C Q for any r € (0, R]; (ii) B, N 92 @ for any r € [Rg, R] where Ry > 0 and
A(,t) vd? . v >0o0n dQ2NBg forany t € [T — 7, T] where 7 € (0, 1) is sufficiently small.

Further, let i > 0 and

1 _ d? X.X0
Gh(x,t)=——— e &T-+h Vxe Bg.
(T —t+h)"/?
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Step 2: we will introduce the notation U. By energy estimates and regularizing effect, for any t > 0, one has

/|u(x,t)|2 dx+/AVu *,t) - Vu(x,t) dx
Q Q
t

1
<Cap <1+?> //Iu(x,s)|2 dxds+/|u(x,0)|2 dx
0 Q Q

Here and from now, Cg4j is a positive constant depending only on the ellipticity constant of A and on ||(bg, b1)|l o, Whose
value may change from line to line. From now, denote

T
IU:://IU(M)I2 d><d5+/|u(><,0)|2 dx.
0 Q Q

Step 3: let ¥ € C§° (Bg) with ¢ =1 on Bg_, for some small positive ¢ < R/4. Denote z=vu and Pz=0z— V- (AV2).
Therefore, a direct computation gives

Pz=—by-Vz—boz+ (b1 -V — V- (AVY))u—2AVy - Vu.

Consequently, the following estimates hold for some C4 > 0 depending on the ellipticity constant of A:

12Pz| < }|1AVZ- Yzl + (Ca b1l + Ibolli +1) 1212 +1Q (¥, w2
[Pz < Callb1llf= |AVZ - Vz| + 4 |lboll |21* + 21Q (¥, )|,
where
QY u):= (b1 -V — V- (AVY¥))u —2AVy - Vu.

Step 4: from the above estimates, the inequalities in Corollary 4.6 become

1d 1 C
R / |21 G dx+ Ny / |2 Grdx| < (5NH+T+;’”I+CA,L,) / |21 Grdx + f 1Q (W, w)? Gndx
QNBgr QNBgr QNBR QNBgr
and

|Q (¥, w)|* Gp dx
d 1+Co QNB
aNh =< (T——t—i—ﬁ + CA,b) Np (t) +4||b0||%oo + 2 ,

1z|? G dx
QNBR

where 0 < Cp < 1 by taking R sufficiently small.

Step 5: let £ > 1 be such that £h <min(t /2, T /4). By Corollary 4.4 with y (t) = / |z (x,6)]2 Gy (x, t) dx, N (t) = Np, (t),
QNBR

1Q (¥, u) (x,O)]* Gp (x, £) dx

F] (t) _ QNBR

|z (x, £)|* Gp (x, t) dx

QNBgr

and F> () =4 Hbollioo + 2Fq (t), knowing that N’ (t) < (letffﬁ + CA,b) N (t) + F; (t), one can deduce the following interpola-

tion inequality with M, <3e

C,
CM% and 0 < Cp < 1:

3
Y (T — )™M <y (T) y (T — 2em)Me (26 + 1)3C00+MO Dt

that is
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1+M,
—d?(xxg)
/ |z(x, T — ¢h)|> e 300 dx
QNBg
< (€+ D)V 26 4 1)3C00+M) / 26 TP e dx
QNBg
T
DR oy I CTRRLL
x /|z(xT 2zn)|2e4<ze+nn dx| e T-2¢h
QNBR

Step 6: we will estimate Fy and F,. From the definition of Fq,

1Q (¥, u) (x, )] dx

(R=202  _ _(R-9% ONIR— <d
IF1 (0] <e4(r AT o AT R e=d®Xo)}

lu(x,)|? dx
QNBR_2¢

) (R=26)2  _ (R—e)? _ £QR-3¢) _ £Q2R-3¢) .
Since edT-t+h e~ 4T—t+h) —e 4T-t+h) <e™ 12en  for t € [T — 2¢h, T| with € > 1, one has, by step 2, when t € [T — 2¢h, T

_ £(2R—3¢) C4CA,b (1 + %) U
[F1 ()| <e” 12

2
[u(x, )]
QNBR—2¢

where c4 > 1 is a constant only dependent on (A, b, R, €). By Lemma 4.7 with p =R — 2¢,

T
_ e(2R-3g) 1 c
/ IFy (O] dt < cae™ T Ca (1 + ?) cre® if2¢h<9.
T—2¢h
Since Fo (t) =4 ”b()”%oc + 2F1 (t), we conclude that for any 2¢h < 6‘%‘138)

T
1
/ (IF1 (®O] + [F2 (H)]) dt < 2c4 <1 + ?> i

T—2¢h
where c4 > 1 is a constant only dependent on (A, b, R, €). Recall that 6 and c; > 1 are given in Lemma 4.7.

Step 7: Combining the conclusion of step 5 and step 6, we can deduce that there is c5 := g(zgf_f’g) € (0, 1) such that for
any 2¢h < cs56

1+M,
/ lz(x, T —zh)lze% dx < ec"’b(HM‘)(H%) (2€ 4 1)>CotTMan/2 / lz(x,T)e d24 dxUMe
QMBg QMBg
which implies
1+M,
f iz T — eh)[? dx < eCA,b(1+Me)(1+%) 20+ 1)3(:0(1+1\/lz)+n/2e%(HMz)

QNBR

dZ
x / lz(x, T)|? e i deMf
QNBR

—d%(x,xg)
Step 8: we split / |z(x, T)|?e = * dx into two parts. For any 0 < < R/2 such that B, € €,

QNBgr
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2 —d?(x.xp) 2 —r2 1
lzx, T)[*e” 4 dx< [ [u(x,T)|“dx+e™n Cap ]+¥ U.
QNBR B

Consequently, we have
1+M,

f 2(x, T — £h)|? dx < e MO(143) (3¢ 4 y3CottMrsn2 e

QNBR

RZ R2 —r2
X e«HUﬁ(HM”[lu(x, T)[% dx + e3ern MO e G g

By

Now, choose ¢ > 1 such that 4(5—% 1+ M) < % (knowing that M, < 3eC1 “+—l>c§0 for £ > 1 and Cg < 1). Therefore, there
1

3
. C
is K > 1 such that, for any T > 0 and any i < 530,

1+K
2 K r2 —r2
lux, T —¢h)|? dx < KeTUX eﬁflu(x, T)? dx+es U
QNBRr_¢ By

Step 9: by step 2 and Lemma 4.7 with p = R — 2¢, since ¢h <0,

1 1 c
/ lu(x, T)|? dx < Cab (1 + ?>U§ Cap <1 + T) c1eW1 / lu(x, T — ¢h)|? dx.
Q QNBg_¢
As a consequence, with the conclusion of step 8, for any h < %9. one obtains:
1+K
2 (1+K)cq K. K ﬁ 5 ;rz
lu(x, T)|” dx <e 7 KeTU"|es [|u(x,T)|*dx+esn U
Q By

2 e
On the other hand, for any f € (5—529 %min(t/z, T/4)), one has 1 <esr e%s°, And for any i > %min(t/Z, T /4), there holds
2

2 2
1<ewsn (eTf + eTTk>. Finally, there is K > 1 such that for any T > 0 and any h > 0,

1+K
2 K K 1K 2 2 —r2
lu(x, T)|” dx <edKeTU" |es | [u(x,T)|“dx+esn U
Q B,
14K
2 K K U .
Next, choose hi > 0 such that e :=2e¢ KeT | ———— that is
flu(x,T)lz dx
Q
1+K

2 1
e%Ke%eWIU”K=§ /lu(x, T))? dx
Q

so that

1
2+2K
142K

e¥ / lu(x, T)|* dx Uz |
B

Kk
[

/ lu(x, T)? dx < 2KeTe
Q

Recall that, by Lemma 4.7 with p =R — 2¢,



654 C. Bardos, K.D. Phung / C. R. Acad. Sci. Paris, Ser. I 355 (2017) 640-664

Kcy

lu(x, T dx
QNBR—4¢

Further, by a standard energy method and Poincaré inequality, it holds

U§(1+CAerT)/|u(x,O)|2 dx
Q

where C, =Ca (I|b1 ”%oc + ||bo||Loc> and C4 > 0 depends on the ellipticity constant of A. Finally, we obtain

1

K I
T+K 1+K

/ u(x, T)? dx < KeT (l+ech)/|u(x,0)|2 dx /Iu(x, T)* dx

QNBR_4¢ Q Br

for some positive constant K only depending on (A, b, €, R,r,n). By an adequate covering of € by balls Bg_4s, Where xg
and R are chosen such that AVd?-v > 0 on QN By and by a propagation of smallness based on the previous estimate, we
get the desired observation inequality at one point in time for parabolic equations.

4.3. Proof of Theorem 4.2

From [24] and from [1], Theorem 4.2 can be deduced with the following claim: let 2 c R" be a convex domain or a

star-shaped domain with respect to xo € @ such that B, := {x; [x — xo| <1} € @, r < R := max|x — xp|. Then it holds
XeQ

1 I
2,

—u
/lu(x, )% dx < 2”+Zz“e%/|u(x, T)? dx /lu(x,0)|2 dx|
Q B, Q

with
1 re 2%te
I—Mzizzandpz gﬁ‘v’ee(o,l).
2(1+7%4) eln(3/2)

The proof of the claim follows the same strategy than the one of Theorem 4.1. Let i > 0 and xg € Q. Here, t € (0, T],

/qu x, )% Gy (x, t) dx
o2
e~ AT+ and Np () =

Gn(x, ) =

Q
72 ’
(T—t+h)" /|u(x,t)|2Gr, (x,t) dx
Q

the differential inequalities are:
1d

E&flu(x,t)IZGh (x,t) dx+Nh(f)/Iu(x,t)|2(;h(x’t) dx=0:
@ Q

When 2 is convex or star-shaped w.r.t. Xg,

d 1
—Np(t) < —=Np (@) .
i h()_T—t—l—h n (6

By solving such differential inequalities as in the proof of Corollary 4.4, we have: for any 0 <t <ty <t3 <T,

1+M M

/|u(x, t2)|? Gp (x, 1) dx S/Iu(x, t3)|? G (x, t3) dx /|u(x, t)I? Gp (x, 1) dx
Q Q Q

where
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B —In(T —t3+h)+In(T —t2+h)
T —In(T -t +M)+In(T—t1+h)
Choose t3 =T, tp) =T — ¢h, t1 =T — 2¢h with 0 <2¢h < T and ¢ > 1, and denote

_Ine+1)
2041\
ln( T )
then
| ‘2 1+M, M,
_ [x=xo|” le=xo2
u(x, T — £h)|? e IR dx <(e+1)"/2/|u(x T)2e @ dx /|u(x,0)|2 dx
which implies
1+M, M,
5 5 R2(14+My) 2 Jx=xo? \ 5
/lu(x, T)? dx <+ 12 acrmn /Iu(x T)e dx /lu(x,O)l dx
Q Q Q

Next, we split / lu (x, T)|2 dx into two parts:

‘Xfx ‘2 rz
/lu(x, T)[2e~ dxf/|u(x, ) dx+e‘ﬁf|u(x,0)|2 dx.
Q Q

Therefore,
1+M, M,
/Iu(x, T)? dx <@+1"? flu(x, 0)* dx
Q Q
R2(1+My) 2(14My)
x |e ‘Wﬂ)ﬁ /lu(x T)[? dx+e 4<"+1>"1 e /lu(x 0)|? dx
(1+My) 1 In(+1D 1 In@o 2¢
But for £ > 1, 4(,_,+f) < 20 lnn(zf—ﬁ‘) < G2 n,z < mﬁl = Ve € (0, 1). Our choice of ¢:
+
R2 1/(1—¢) y2+e 1/(1—¢)
L= —= _ Ve e (0,1
() (mam) weov
gives
RZPA+M r2e
M < and MZ —.
4+ 1)h 8h R2

Further, it implies that for any 2¢h < T,
2 2

R2
2 2
/lu(x, T)|? dx <+ 1)"? /Iu(x,0)|2 dx e%/w(x, ) clx+e‘ﬁ[|u(x,0)|2 dx
Q Q Q

2 2
On the other hand, for any 2¢A>T, 1 < et e, Therefore, for any i > 0

2 2
ree reg
14+ 5L Link 4

r TZ
/lu(x, T)|? dx <(+1"? /lu(x,0)|2 dx /lu(x T)? dx+eTe ’ﬁ/lu(x,O)lz dx
Q Q

Q

Finally, we choose h > 0 such that
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r2e
1+—

/ lu (x,0)|% dx

£
/lu(x, T)|2 dx
Q

so that

2
ree
1+2R—2

2 ”rRT 2<1+%>
[lu(x, )% dx < 4(1z+1)"e4r [lu(x T))? dx /|u(x,0)|2 dx )
Q Q

This completes the proof.

4.4. Proof of Lemma 4.3

We shall distinguish two cases: t € [t1,t2]; t € [ta,t3]. For t1 <t < t, we integrate ((T —t+h)1+c0 e‘tCIN(t)) <
(T —t + h)!TCoetCLE, (¢) over (t, t3) to get

<T—t 2+h

t
1+Co
e C1e=ON (¢ —/ F ds<N(t) .
—H—ﬁ) (t2) |F2 (s)|ds < N (t)
ty

Then we solve y’' + 2« (t) y < 0 with

t2
1/T—ty+h\"C0 Co
"‘(”=5(7r_t+n) e 1IN () - o —cl—/|F2|ds—|F1(t>|
t
and integrate it over (t1,ty) to obtain
ty ty
—ty+h
N(tz)/( 2+h> e C1=Dqp 2t2—t1) C1+/|F2|ds +2/|F1|ds
T—t+ y(t1) (T —t1 + 7\ ; ;
< e e 1 1 .
Ty \T—t2+h

/
For t; <t <t3, we integrate <(T —t4+h)HCetCiN (t)) < (T —t+h)1TC0e~tCF, (t) over (t,t) to get

t3
T—ty 40"
N (t) < G162 (ﬁ) N(t2)+/|F2 ($)lds

Then we solve 0 < y' + 3« (t) y with

t3
T—ty+h\ T
a(t>=<72) et N(t2)+/|F2|dS + +C1+|F1 (O]
t

Co
T—t+h T—t+h

and integrate it over (t3,t3) to obtain

t3 t3 T t+h 1+Co
— "2 C1(t—t3)
3N Fy|ds _ e"! dt
(2)+f|2| /(T—H—h)

yt2) <e & &

3(t3—ty)Cq+ 3/ |Fq|ds

to

T—ty+h 3G
T—t3+h

><Y(f3)<

Finally, combining the case t; <t <t; and the case t; <t <t3, we have
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M 3C 2MC
V() <y (ts) y (1) T—t+hA\ /T —t;+h 0 MGt 35 -)Cy
B y (t2) T—t3+h T—ty+h

ty t3
2M/|F1|ds+3f|F1|ds
3] t

ty 3
2M(f2—f1)/|F2|dS M(tz—ﬁ)lezldS
t1 2

X e e e

with
t3

eIC]
/ (T —t+h)!tCo a

M =32 ,
t

el’C1
/ (T —t+h)tco a

t

which implies the desired estimate.
4.5. Proof of Lemma 4.5

The aim of this section is to prove the differential inequalities for the parabolic equations stated in Lemma 4.5. For any
ze H' (0, T; H} (1)), a weak solution to &z — V - (AVz) = g with g € L? (2 x (0, T)), we apply the following formula

fatzwdx+/AVz-V<pdx=/AVz~v<pdx+/g(pdx (4.5.1)
? ? I ®

with different functions ¢: ¢ =ze®, ¢ = 9;ze® and ¢ = AVz- Vde®. Here v is the unit outward normal vector to 99 and
® = & (x,t) is a sufficiently smooth function which will be chosen later. When ¢ = ze®, (4.5.1) becomes

1 1
/AVZ .Vze®dx = —/ <8tz +AVZ - VO — §g> ze® dx + 3 / gze® dx (4.5.2)
5 9 5

and we have
12/-|z|2e‘1’dx=/zatzeq’dx—i—1/|z|2 o de® dx
2dt 2
9 9 9

1
:—/AVZ-Vze‘bdx—/AVZ~Vd>ze¢’dx+/gze‘bdx+Z/Izlzatd)eq’dx
g

9 9 9
1 1
:—/AVZ-Vzeq’dx— E/AV (zz) -V<1>e<l>dx+/gze‘l’dx~|—§/|z|2 o de?® dx
9 d 9 9
1
=—/AVZ-Vzeq’dx+E/|z|2(8t<I>+V~(AV¢)+AVCI>~V<I>)e®dx+/gze¢dx. (4.5.3)
» ? 5

When ¢ = 8;ze®, (4.5.1) becomes

/latzlzeq’ dx+/AVz~8tVze¢ dx+/AVz~VCI>8tze¢ dx=/g8tzeq’ dx,
» 9 9 »

which implies

1d 1
—— | AVZz-Vze®dx — —/BtAVz-Vzeq’dx
2dt 2
3 »
® 1 @
= | AVz-9;Vze dx+§ AVz-Vzo Pe™ dx
» »

1
=—/|8tz|2e®dx—/AVz-Vd>8tze‘bdx+/g8tze¢dx+E/AVZ-Vzatd)eq’dx
» > X »
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~

1
+/(8tz—g)AVz-VCI>eq’dx+/|AVz-V<I>|2e®dx+/‘Eg
9 4 9

1 2 1
%z+ AVzZ-VO — 58 e‘bdx—i—E/AVz-Vzaﬁbe‘bdx

2

2
e®dx.

In the last equality, we made appear

1

0tz+ AVzZ-VO — Eg'.

Next, we compute /(Btz — g)AVz- Vde® dx by taking @ = AVz-V®e?® in (4.5.1): one has, with standard summation
o

notations and A = (A;j)

1<i,j=<n’

/(atz—g)AvZ.vqm‘bder/|AVz-Vc1>|2e<Ddx
4 2

:—/AVz-V(AVz-Vcbe‘I’) dx+/(AVz~v) (AVZ-V@)e‘I’dX—i-/|AVz-Vd>|2ed’dx
Da

D s

=—/A,-jaszaxiAkng(zaxkd)eQ dx—fAVZCIDAVz-Vze<I> dx
» 9

—/szzAVz.Vcbe“’ dx+/(AVz.v)(AVz-vq>) e®dx.
o 00

But by one integration by parts

- / AV2zAVz - Vde? dx
9

1 1
:—5/(AVZ~VZ) (AV® - v)e®dx+ 5/aXZAUaszAuaxizaxk<I>e“> dx
30 B
1 @ 1 @
+ 3 (AVz-Vz2)V - (AV®D)e™ dx + 3 (AVz-Vz)(AVD -Vd)e  dx.
o B

The homogeneous Dirichlet boundary condition on z implies Vz = vd, z on 9. Therefore, one deduces

14d 1
——/AVz-Vze“’dx:—fatAVz-vZe‘I’dx—/
2dt 2

4 o s

1 2
0z +AVZ-VO - _g e® dx

- / AV2DAVZ-Vze® dx
4

1
+3 / (AVZ-VZ) (3D + V- (AVD) + AVD - VD) e® dx
4

1
_/AijaszaxiA,daxézaxkq)&’ dx—|—5/3x£Aij3ijAkg3xi28xkd>e‘b dx
v 2
2

1 1
+§/(AVz~Vz) (AVdD-v)eq’dx+/‘§g e®dx. (45.4)
09 D2

d [, AVz-Vze®dx
Now, we are able to compute —~*——————

: one has, by (4.5.3) and (4.5.4),
dt fﬁ |22 e® dx y( ) ( )
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AVz-Vze®d
5 z-Vze” dx
dy
/ 1z|2 e® dx T
9 / |22 e® dx
D

:—2/AV2<DAVZ-Vzeq’dx/|z|2eq’dx~|—/(AVz-Vz) (AVdJ-v)eq’dx/lzlzeq’dx
> > e 9

<

b
+2/AVZ-Vze¢dx /AVZ'Vzeq’dx—/gze‘bdx
9

1
otz+ AVz- VP — zg

2
e® dx/ Iz|% e® dx
9

9

9
+/B[AVZ-Vze¢dx[|z|2e¢dx
» 9

1
+2 —/AijaszaxiAkgaxlzaxkd)e(b dX—‘,—E/ax[AijaijAkgaxizaxkq)e‘b dx /|z|2 e® dx
4 D ¥

+/(AVz-Vz)(atc1>+v-(Avq>)+Avq>.vq>)e¢dx/|z|2e¢’dx
o o

—/AVZ-Vze‘bdx f|z|2(8td>+V-(AVdJ)—i—AVd%Vd))eq’dx

»
+2 / '1 g
2
»
Notice that by the Cauchy-Schwarz inequality and (4.5.2), the contribution of the fourth and fifth terms of the above
becomes

!

g

2
e® dx/ Iz|>e® dx.
5

1
dhz+AVZ- V- g

2
e® dx/ |z|% e® dx
9

+/AVz-Vze¢dx /AVZ~Vzed’dx—/gzeq’dx
9 b b

2
:—f e‘bdx/|z|2e‘bdx
D2

4

1
dz+AVZ- V- g

1 1
+ —/(8tz~|—AVz-VCD—ig)zeq’dx—i—ifgzeq’dx
b

1 1
—/<8tz+AVz~V<I>—§g)ze¢dx—Efgzecbdx
9 9

2
e® dx/ |z|% e® dx
9

X

R

1
oz+ AVz- VP — Eg

53

2 2

1
+ /<8tz+AVz~V<I>— ig) ze®dx| — /gze¢dx
> b

N =

<0.



660 C. Bardos, K.D. Phung / C. R. Acad. Sci. Paris, Ser. I 355 (2017) 640-664
Therefore, one concludes that

/AVz~Vze‘I> dx —2/Av2c1>AvZ.Vz.e<" dx f(AVz-Vz) (AV® - v)e®dx

dgzs <
t /|z|2e‘bdx /|z|2eq’dx /|z|2e‘bdx
9 9 9

/lglzeq’ dx /atAVz-Vze‘D dx
5

+ +2
/lzlze‘bdx /lzlze‘bdx
» i

_2/AijaszaxiAkgax[Z@(kd)e‘b dX+/8X£AijaijAkg3xiZaxkd)e¢ dx
D 9

[ 1z|% e® dx
9

/AVZ- VZ(®+ V- (AVD) + AV - V) e® dx
D2

/ |z|% e® dx
»

/AVz-Vze“’dx /|z|2 0P+ V-(AVD) + AVD - VI) e® dx

+819

+

+

4
X

o
/|z|2eq’dx /|z|2eq’dx
9 9

4.6. Proof of Lemma 4.7

Let 0 <& < p/2 and ¢ € C3°(B)) be such that 0 <¢ <1, ¢ =1 on B, = {x;d (x,x0) < p — €}. We multiply the
equation du — V - (AVu) + by - Vu + bou = 0 by p2ue—4**0’/h \where h > 0, and we integrate over 2N B,. We get, by one
integration by parts,

%% / |pu|2 @400/ g 4 / AVU -V (9Pue 00"/1) ax

QnB, QNB,

= / (b1 - Vu + bou) ¢%u e—d(xx0)?/h gy

QnNB,

But, AVu -V (¢2u e—dz/") = [2¢uAV¢ VU + ¢2AVuU - Vu + ¢2u (—2",7—W) . AVu] e~9/h_ Therefore, by the Cauchy-Schwarz
inequality, it follows that

%% / |pu|? e d@x0)*/h gy / P2 AV - Ve 400 /h gy

QnNB, QnNB,)

1
< / G2AVU - Vue 46X /Mgy 1 4 / AV - Vo |uf? e~ dxx0)*/h gy

QNB, QNB,

d2
14 / h—zAVd-led)ulze_d("”‘O)z/hdx—i—||bo||L<>o / |pu|? e~dxx0)/h gy

QNB, QNB,
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1/2 1/2
2 2 - 2 2 2 — 2
+ / % |Vu|? e 9xx07/h qx [1b1]l%c0 / |pu|? e~ dxx0)"/h qx
QNB, QNB,

Thus, with the fact that At (x) Vd (x, x0) - Vd (x, xo) = 1 and the ellipticity of A, one gets, for some constants C4, Cxp > 0,

d 2 —d(x,x0)%/h p? 2 —d(x.x0)%/h
a |pu|® e H*0 /M dx — h—ZCA—i-CA,b |pu|® e THX07 /M dx

QnNB, QnB,
2

(p—¢)
<Cpe  # f lu (x, t)|* dx.
QnB,,

Then we have

o2
h_ZCAJ’_CA,b (T—t)

jpu -, )P e~ 40/ gy < e 1 (-, )2 e~ 4300 /h gy

QNB, QnB,

2 T
LCAJrCA,b)(T*f) (p=8)
-I—C,qe<"2 e~ R / / [ul?® dxds

t QNB,

which gives

2
p—CA+CA,b>(T—f) (p—2¢)%
lux, T)|? dx < e<"2 e h f lu (x, )% dx

QNBp_2e QNB,

2 T
Lca+C )(T—t) o2  (p—26)2
7CatCab =2 (p-2
—i—CAe<h e~ h e & / / lu|? dxds.

t QNB,

Let T/2 < T —68h <t <T,; it yields

2 Capdh L25C, , 0202 2
[ux, T)|” dx <e-AbMen°tAe lu(x,t)|° dx

QNB,_2e QnB,

T
+CAeCA~b5heph_25CAe_¢e@ / / lul? dxds .
T shQMB,,
Choose
1 €2p—3¢)

S =
Ca 22

2 2
that is §C4 = ("_8);# €(0,1/8] so that p25Ca — (0 — €)® + (p — 2¢)* < 0. Therefore, we get

1

2
(0—8)%+(p—2¢)2

lu(x, T)|? dx < eCabdhe 2 / lu(x,)]* dx

QNB,_2¢ QNB,

—(p=8)*+(p—2¢)
2h [ul? dxdt

T—8hQNB,

(p=e+(p—2¢)%
<elabe 2h / lu (x, )% dx

QnB,,

+ CpeCanihe

—(p—)’+(p—2¢)°
o S E—

where we used §h <min(1, T/2) and have denoted
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T
U://lu(x,s)lz dxds+/|u(x,0)|2 dx.
0 Q Q

Now, choose h such that both 6h <min(1, T/2) and

—(p=8)2+(p—2¢)% 1
2h U

(14 Ca)efabe <- / lu(x, T)|* dx.

e
QNBp_2¢

With such choice, one has

] —82 —2@2
<1_E> / lu(x, TP dx < eave ™3 /Iu(x,t)lzdx

QNBp_2e QNB,
and, moreover,

(p—8)?

U<e /Iu(x,t)lzdx
QnB,

forany T/2 < T —8h <t <T. Such h exists by choosing

_ 2p-30) (2
e(2p —3¢€)/2 with K — e* 222 (T+1)6

h=

K (1+CpeablU
. / lu(x, T)|? dx
QﬂBp_zg

Clearly, h < T/2 and §h < 1. We conclude that, forany T/2<T -0 <t <T,

In

£ —3& —& 2
/ lu (x, t)|2 dx
QNB,
with
1 4p? (241) o Leope? U
EZCAﬁln e(]+CA)eCA.be T Ao 4p?
£5(2p = 38) lu (x, T)|2 dx
QNB,_2e

This completes the proof.
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Appendix A
This appendix is devoted to the proof of Proposition 3.2 and of the backward inequality (2.2).
A.1. Trace estimate for the kinetic transport equation (proof of Proposition 3.2)

Denote (€2 x Sd‘l)+ ={(x.v) €32 x S 1; v - iy > 0}. First, multiplying both sides of the first line of (1.1) by 1 f | f|"~2
and integrating over Q x S~ x (0, T), one has the following a priori estimate, for any 1 > 2

T
/ / v | f]7 dxdvdt <e / | fol™ dxdv .
0 (

aQxSI-t) QxSd-1
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Secondly, one uses Holder’s inequality to get

p—1 1
p T p
_dxdvdr dt o
f / If2 dxdvdt < f / i / / v -fix | fI?P dxdvdt
0 goxsi-1 (axsd-1) p a 0 (axsd-1),
But
dxd -1
/ s §Cp forany p > 2.
p—2

(89><Sd—1)Jr (V Tl )—1

Hence, as soon as p > 2, one gets the desired estimate

p—1 1

||f||L2(aQ><§d—1><(o7T)) <CT 2” » p||f0||L2p(std 1

p=1
where Cp = (5—:;) * and C>0 only depends on (2, d).

A.2. Backward estimate for diffusion equations (proof of (2.2))

Classical energy identities for our parabolic equation are:

1
2dt/|u|2 dx—i—[ aIVu|2 dx=0

1
—— —a|V(p|2 c1x+/|u|2 dx=0
Q

where ¢ (-, t) € H(l)(Q) solves —V - <%V(p(~,t)) = u(,t) in Q. Now, one can easily check, with y(t) =

/lu(x, H)|? dx
Vo (x, )]? dx and N (t) = Ql . that
\Y
[ i 10 ax
Q

d()

7Y O+NDOY@®=0
N/(t)go.

By solving such differential inequalities, one obtain

1 1
\V4 0 2d ZTN(O)/—V T 2d
/da(x)| o0 dx<e das V9 (DI d
Q Q

which implies

O, o
Cma deppin 1uC,0) 12 _
GOy < e ™ Ju L DI g -
mm
One concludes that
(012,
L4(Q)
lu ¢, 0)ll2q) ¢ Mo
luC, 02 = O lu (. 0)llg-1Q) < T 1@ u -, T2 -
D NHTN@)
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