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RESUME

Plusieurs extensions et variantes des polyndmes dits de type Apostol ont été récemment
étudiées. Motivés par ces travaux et leur utilité, notre but est d’introduire une nouvelle
classe de polyndmes de type Apostol généralisant les polyndomes de Laguerre-Genochi
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d’en étudier de fagon systématique les propriétés. Par exemple, nous donnons diverses
formules implicites et des identités de symétrie. La nouvelle famille de polyndmes
introduite ici est trés générale et contient comme cas particuliers beaucoup de polyndmes
connus. Les résultats présentés ici redonnent des propriétés et identités de ces polyndmes
connus.
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1. Introduction and preliminaries

Two variable Laguerre polynomials L (x, y) are defined by the following generating function (see [4])

o0 tn
> Latx, y) o =e" Colxt), (11)
n=0 :

where Co(x) is the 0-th order Tricomi function defined by (see [23])

oo

_ (_1)rxr
Co(x)_ZW. (1.2)
r=0
The L,(x, y) are represented by the series
n
n!(_l)syn—sxs
La(x,y) = —_— . 13
n(x,y) g o (13)

Recently, various generalizations of Apostol-Bernoulli, Apostol-Euler and Apostol-Genocchi polynomials have been ex-
tensively investigated (see, e.g., [6,9,10,12,13,15,19-21]). The generalized Apostol-Bernoulli polynomials Bﬁ,")(x; A) of order
o € C, the generalized Apostol-Euler polynomials E,(f‘)(x; A) of order o € C and generalized Apostol-Genocchi polynomials
G,(f‘) (x; 1) of order @ € C are defined, respectively, by the following generating functions (see [24, Section 1.8])

t “ xt - (er) t"

(ﬁ) @M=" B, XA — (1.4)

n=0

(Itl<2n when A=1; [t| <|logh| when A#1; 1%:=1);
2 * Xt - (er) t" o

(kef+1) ‘e :,;)En (X;}”)H (It < llog(=1)[; 1% :=1); (15)
2t “ xt = (cr) t" o

(Aef—i—l) - € :];)G,1 (x;)h)m (|t|<|10g(—k)|;1 ::1). (1.6)

Setting x =0 in (1.4), (1.5), and (1.6), we have

By (0; 1) == By (1), EfY (05 2) :=E” (1), G (0;0) =G (), (17)
which are called Apostol-Bernoulli numbers of order «, Apostol-Euler numbers of order «, and Apostol-Genocchi numbers
of order «, respectively. Also

B (=B (x 1), E0:=E" (1), G0 =61, (18)

which are called Apostol-Bernoulli polynomials of order «, Apostol-Euler polynomials of order o, and Apostol-Genocchi
polynomials of order «, respectively. Here and in the following, let C, R, RT, and N be the sets of complex numbers, real
numbers, positive real numbers, positive integers, respectively, and let Ny := N U {0}.

For systematic works about the Apostol-type polynomials, one may be referred, for example, to [6,9,10,15,19-21].

Derre and Simsek [5] modified the Milne-Thomson’s polynomials CID,(f‘)(x) as d>,(1°‘) (x,y) of degree n and order o by
means of the following generating function:

o (@) t h
2P0 ) = f(t, )Y, (19)
n=0 .

where f(t,a) is a function of t and integer «. Observe that d>,(1°‘) (x,0) = (D,(f‘) (x) (for details, see [22]). Setting f(t,a) =
o
(Ae%ﬁ) in (1.9) gives

— @) t 2t \" rhiy
G (X, y; M) — = eX ) 1.10
nzfo YR (xef+1> (1.10)

where G,(f‘)(x, ¥; 2) denote the Apostol-Genocchi polynomials of higher order o based on Milne-Thomson’s polynomials.
It immediately follows from (1.6) and (1.10) that

G@(0,0; 1) = G ().
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Taking h(t, y) = yt? in (1.10) gives

ZHG(U)(X y; )\.)— 2t anH-ytz (.l.l.l)
e ref +1 ' '

where HGﬁf‘)(x, y; 1) are called generalized Apostol-Hermite Genocchi polynomials (see [7]). The case @ =1 in (1.11) re-
duces to the Apostol-Hermite Genocchi polynomials defined by Dattoli et al. [3] in the following form:

o0
th 2t 2
Gn(X, y; M) — = LMy 112
> HGn(x,y = e T (112)

Guo and Qi [8] and Luo et al. [17,18] gave the following generalizations of Bernoulli and Euler polynomials with a and b
parameters, respectively:

o0
t" t b
> Bu@b)—= (’t loga‘ < 27:) (113)
n=0
and
ZE @, b) ‘tlogé‘ <n). (114)
bf—i— ¢ a

The generalized Apostol-Genocchi polynomials with the parameters a and b are given by means of the following generating
function (see [10]):

2t

Ay 11
Abt +at € (115)

o0 t"
E Gn(x;a,b,e;1)— =
n!

n=0

For a real or complex «, the Apostol-Genocchi polynomials G,(f‘)(x; a, b, e; )) of order o with parameters a and b are defined
by means of the following generating function:

= @) t" 2t \Y
ch (X;a,b,e;)\.)n—!= (m) ex . (116)
n=0

It is obvious that G,(f)(x; a,b,e;\) =Gn(x;a,b,e; ).
The 2-variable Kampé-de Fériet generalization of the Hermite polynomials (see [1] and [3]) reads

[31
2 rxn—2r

Ha(x, y)=n!y ek (117)
r=0

they are usually defined by the following generating function:
2 > t"
=3 Hatxy) (118)

The polynomials Hy(x, y) in (1.18) reduce to the ordinary Hermite polynomials H,(x) when y = —1 and x is replaced by 2x.

Motivated by their importance and potential for applications in certain problems in number theory, combinatorics, clas-
sical and numerical analysis and other fields of applied mathematics, several kinds of special numbers and polynomials have
recently been studied by many authors (see the references).

Kurt and Kurt [14] first introduced the definition of Hermite-Apostol-Genocchi polynomials and derived some implicit
formulas. Gaboury and Kurt [7] also gave the generating function of Hermite-Apostol-Genocchi polynomials with three
parameters. Motivated by the above-cited works and mainly the work [7], in this paper, we introduce a new family of gener-
alized Apostol-type Laguerre-Genocchi polynomials LG,(,“) (x,y,z;a,b,e; ) in (2.1) and investigate their basic properties and
certain relationships with Genocchi numbers G;,, Genocchi polynomials G, (x), the generalized Apostol-Genocchi numbers
Gn(a, b; A), generalized Apostol-Genocchi polynomials G,(x;a,b,e;A) [10], Hermite-Genocchi polynomials yG,(x, y) [3],
and generalized Apostol-Hermite-Genocchi polynomials HGf,“) (x, y; ). We also modify generating functions for the Milne-
Thomson’s polynomials [22] and derive some identities related to Laguerre polynomials, Hermite polynomials, and Genocchi
polynomials. Some implicit summation formulae and general symmetry identities are derived by applying generating func-
tions. These results are shown to extend some known summation formulas and identities for generalized Hermite-Bernoulli,
Euler and Hermite-Genocchi polynomials that have been investigated by many authors (see, e.g., [3,7,10,15,16,26,27]).
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2. Generalized Apostol-type Laguerre-Genocchi polynomials

Here, we introduce a new class of Apostol-type Laguerre-Genocchi polynomials and investigate its properties.

Definition 1. Let a, b € N with a # b. A generalization of Apostol-Genocchi polynomials G,(f‘) (x,y,z;a,b,e; 1) (n e Np) is
defined by the following generating function

2t N\
ZG(O’)(X v,z a,b,e; A) (Abt_i_at) D Co (xt) (21)
n=0
log(—A
It] < Og(b) L aeC\{0},beR*; 1%:=1),
log 7

where Co(xt) is given as in (1.2) and h(t, z) is a function of t and z.
Setting h(t, z) = zt% in (2.1), we get Definition 2.

Definition 2. Let a, b € N with a # b. A generalization of Apostol-type Laguerre-Genocchi polynomials LG,S“)(x, y,z;a,b,e; 1)
(n € Np) is defined by the following generating function

ad 2t o 2
> 16 (xy. za.b.e; A) <Abf+af> eVt o (xt) (2.2)
n=0
log(—
<|t| 0g( b) cC\ {0}, beR*; 1¢ -—1)
a

where Co(xt) is given as in (1.2).

Using (1.1) and (1.16) in (2.2), we find the following explicit formulas for the generalized Apostol-Laguerre-Genocchi
polynomials LG,(f‘)(x, y,z;a,b,e; 1): For n € Ny,

(@) . . k
Gyom(0sa,b,e;A) Lip_ok(x, y)z*n!
(@) -m m
Gy ' (x,y,z;a,b,e; A . 2.3
LCn (%, y )= ZZ (m — 2k)k!(n — m)! (23)
m=0 k=0
The case x =0 in (2.2) reduces to the Apostol-type Hermite-Genocchi polynomials defined as follows (see [7]):
2t o 2
() yt+zt
Gy ,z;a,b,e; x — ] e 24
E HGn (¥ ) <Abf+af> (2.4)
n=0
log(—A
<|t|< g b) . aeC\ {0}, beR*; 1“::1).
a

Setting x =y =z =10 and replacing e by 1 in (2.1), we obtain the extension of the generalized Apostol-Genocchi polyno-
mials denoted by G,ga)(a, b; 1) (n € Np) (see [10]) and

n
n
Gy @by = <k) G (@, b: )G, @ bi ). (25)
k=0

For easier use, we recall some formal manipulations of double series as in the following lemma (see, e.g., [2], [23,
pp. 56-57], and [25, p. 52]).

Lemma 2.1. The following identities hold true:

00 00 oo [n/p]
Z Z Agn = Z Z Ak,n—pk (p eN); (2.6)
n=0 k=0 n=0 k=0
oo [n/p] e
> Z Akn = Aknipk (P €N); (27)
n=0 k= n=0 k=0

[es) N o0 n ,,m
Zf(N)(Hy) =Y fam+m=2 (2.8)
N=0

N! n! m!
n,m=0
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Remark 1. In Lemma 2.1, the Ay, and f(N) (k, n, N € Np) are real or complex valued functions of the k, n and N, respec-
tively, and x and y are real or complex numbers. Also, in order to guarantee certain rearrangements of the involved series,
all the associated series should be absolutely convergent.

We give some identities for the generalized Apostol-type Laguerre-Genocchi polynomials ch;’)(x, y,z;a,b,e; 1) in (2.2),
which are asserted by Theorem 2.2.
Theorem 2.2. Let a, b € N with a # b. Also, let x € R and n € Ny. Then
G (e y. zi 1 e e:0) =16 (Y. Z: 1),
1G(0,0,0;a,b,1; 1) = .G\ (a, b; 1), (2.9)
1G"(0,0,0;a,b,1; 1) = Gn(a, b);

n
n
WGPy +zvtuiabes =Y (,() G, (x.z.via,be; uG (v, usa,b, e; 2); (2.10)
k=0
G Py +v.ziabesn) =1GY (. y. zia,b,e; G (via, b, e 1) (211)

Proof. The formulas in (2.9) are obvious.
By using (2.2), (2.4), and (2.6), we have:

0 n

t
Z CYtP (x y+z, v—i—u;a,b,e;)\)ﬁ

26\
{ <)»bt + af) eZt+Vt2 CO(Xt)} [ (m> eyt+ut2 }

(Z G()(xzvabe/\)n)<2 G(ﬁ)(yuabek) )
=0 k=

@ . v B . t"
Z IZGH D x.2,via,b,e; )G, (y,u,a,b,e,k)) o
k=0

From the first and last expressions, equating the coefficients of t", we obtain (2.10).
The proof of (2.11) would run parallel to that of (2.10), here, by using (2.2) and (1.16). We omit the details. O

3. Implicit summation formulae involving the generalized Apostol-Laguerre-Genocchi polynomials
Here, we give implicit summation formulae for the generalized Apostol-Laguerre-Genocchi polynomials (2.2) (cf,, [11]).

Theorem 3.1. Let a, b € N with a #b. Also, let x, y, v, z€ R and m, n € Ng. Then

LG (X, v, z;a,b,e; 1) = Z Z ( >< > —y)s+kLGr(,f’J)rn_$_k(x,y,z;a,b,e;k). (3.1)

s=0 k=0

Proof. Replacing t by t + u in the generating function in (2.2), we have

2(t o > ¢ n
<—)Lbf+(uil(;2+“> ey (W +z(t+uw)? Co(x(t—i-u)):ZLG(a)(x y,z:a,b,e; A)( +u) (3.2)
n=0 !

By using (2.8) in the right-hand side of (3.2) and multiplying both sides of the resulting identity by e=Y®+% we obtain

( 2(t +u)

Abttu + at+u

[03 Tl um
) 2 Co (x(t + 1)) = e YEHD Z LG (X, y,z;a,b,e;0) — o (3.3)
m,n=0

By observing that the left-hand side of (3.3) is independent of the variable y, we replace y by v to get
2(t4+u o " ou™
<¥) 2% Co(x(t + 1)) = e~V Z LG (X, v,z;a,b, e; B (3.4)

AbtHU - gt+u ' 'm!
m,n=0
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Equating the right-hand sides of (3.3) and (3.4), we have

o
t"u™
Z LG! +n(x v,z.a,b,e; /\)—E = (VYY) Z Lcﬁﬁin(x,y,z;a,b,e;k)ﬁﬁ. (3.5)
m,n=0 m,n=0 T
By using (2.8), we obtain
o N S ks
(v=y)(t+u) _ N ErwT sk W
e =Y vyt = Y vyt (3.6)

N=0 ’ k,s=0
Inserting (3.6) into (3.5) and using (2.6) two times, we get

> t" um
Z LG(a)n(x v,z;a,b,e; ) —

m,n=0

n!' m!

)k+s n um

_ - @ . b.e:
=2 20 g omines® Y Z0.b. € ) n—k)! (m—s)!’

which, upon equating the coefficients of t" u™, yields the desired identity (3.1). O
We consider some interesting special cases of the result in Theorem 3.1, which are given in the following corollary.

Corollary 3.2. Let a, b € N with a #b. Also, let x, y, v, z€ R. Then

n

G (X, v.zsa,b e )= (Z) v = "G v, z:a,b,e;2)  (n€No); (3.7)
k=0
C@ n k (@) ) .
LGmin(X, z:a,b,e; 1) = 2(; % < )(,{) =G (. y.zia.bei ), (3.8)

whereLG +n(x z;a,b,e; ) _LG(“)H(X 0,z;a,b,e; 1) (m, n e Np);

LG (V4 yia,b.e;h) = Z‘ Z ( )( ) VGO (yia,bes ), (3.9)

s=0 k=0

yia,be;n) = G@ 0,y,0;a,b,e; 1)

where LGm+n(v + y;a,b,e; ) = LGf,‘fln(O v + y,0;a,b,e; 1), LG e —k—s

(m, n € Np).

m+n k— s(
Proof. Setting m =0 and v =0 in (3.1) yields (3.7) and (3.8), respectively.
Replacing v by v + y and setting x=z =0 in (3.1) gives (3.9). O
Theorem 3.3. Let a, b € N with a #b. Also, let x, y, z € R and n € Ng. Then
—k)/2
n O kG, (i B e !

G (x, ,z;a,b,e; ) =
LGn (X, y+a,z,a,b,e; 1) g mX:;J (n—2m —k)!m! (k)2

(3.10)

Proof. By using (2.2) and (1.16), we obtain

o0 tn
Li:=Y 16 (x y+a,zaber)=
et n!

2t “ 2
— - yt Zt C t
[(M%)fﬂ%)t) ) } o

o0 o0
ab t" Zmg2m
— G(Dl) 2 e ) — C t).
L§=O no\Yig g eA) o E oy o(xt)

m=0
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Using (2.6) with p =2 and (1.2), we get

m 00 k ok k
-1 t
en) —2 tﬂ.E:%,
(n—2m)!m! = (k2

00 [n/2]

L1 :Z Z G,(fi)m (y; g,

n=0 | m=0

oS

which, upon using (2.6) with p =1, yields

n 00 n [(n—k)/2] (_1)kxksz;(qoi)2m_k(y; %’ g’e; )

o0

(@) t
E LG (X,y+a,z;a,b,e;k)—'=§ E e
=0 | e (n—2m —k)!m! (k!)

n

Finally, equating the coefficients of t" on both sides of the last identity yields the desired identity (3.10). O

Theorem 3.4. Leta, b € N witha #b. Also, let x, y, z, u, w € R and n € Ng. Then

n

n
Gy +uz+wiabei) =) (m> LG (%, y,z;a,b, e; A) Hn(u, w), (3.11)

m=0

where Hp, (u, w) is given as in (1.18).
Proof. Using (2.2) and (1.18), similarly as above, we can prove (3.11). We omit the details. O

Theorem 3.5. Let a, b e Nwitha #b. Also, letx, y, z, u, w € R and n € Ng. Then

n—2jn/21 ~(a) i
Gm'(a,b,e; M)Ly_m_2i(x, y)z'n!
(o) . . _ m n—-m—2j
1Gn ' (x,y,z;a,b,e; 1) = mE_O ]2_0 mijln —m—2)! , (3.12)

where G#f‘) (a,b,e; 1) := G,S?)(O; a,b,e; )).

Proof. We find from (2.2) that

X (@) t 20 \Y e
o . . _ o)t . = L%t
,,E,OLGH (x,y,z,a,b,e,k)n!_e Co(xt) <Abf+af> e .

By using (1.16) and (1.1), we have

S @ S R S B RS (" x g2
. . _ . . . J
E LGn (x,y,z,a,b,e,k)n!— E Ln(x,y)m E Gm (a,b,e,)\)m! E z 7
n=0

n=0 m=0 j=0

Then, we apply (2.6) with p =1 to combine the first two summations, the result of which is combined into the third
summation with the help of (2.6) with p = 2. Finally, similarly as above, equating the coefficients of t" in the starting
summation and the last resulting summation yields the desired result (3.12). O

Theorem 3.6. Let a, b € N with a #b. Also, letx, y, z, u, w € R and n € Ng. Then

n o op(—x) gGY  (y.z:a,b,e; )

() n—m-j

Gy (x, 1,z;a,b,e; ) = - - 313

G (. y + ) ZZ e (3.13)
j=0 m=0

and

" /n

LGr({x)(x’ y+1,z;a,b,e; 1) = Z <m> LG,(fi)m(x, y,z;a,b,e; ). (3.14)
m=0

Proof. We find from (2.2) that

2t
Abt +at

[o.¢] tn
Y G xy+1lzab e = (

n=0

o
2
) eVt el Co(xt).
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Using (2.4) and (1.2) to expand the three terms in series and applying (2.6) with p =1 consecutively, similarly as in the
proof of Theorem 3.5, we obtain the desired result (3.13). For (3.14), consider

- ( 26\ )
ZLGE")(x,er 1,z;a,b,e;k)a = (W) eV Co(xt) - €.
n=0

We omit the remaining details. O

Theorem 3.7. Let a, b € N with a #b. Also, let x, y, z, u, w € R and n € Ny. Then

n
LG (—x. —y.zia.b.ei ) = (=) ()" ) (;) o log" (ab) 1 Gy (. ¥. 2: b. . €3 1), (3.15)

m=0
where (—1)% :=exp(ami) (i=+/—1);
16 (%, y,2;0,b,e;2) = .G (x, o + y, z; ae, be, e; 1). (3.16)

Proof. Replacing t by —t in (2.2) and using (2.6) with p =1, we obtain

nhe"
ZLG(O‘)(X y,z;a,b,e; k)( )
n=0
2t o« 2
= (-1 (@)™ ( Py bt) eV Co(—xt)
(e @] [o.¢]
t" o™ log™ (ab)
= (-1 [Z LG (=X, —y,z:b,a,e; x)ﬂ—!} {Z %rm
n=0 m=0

o™ log™ (ab)

=(-D* Z:Z ::a) —,—y,Z;b,a,e;A)m]t"

n=0 {m=0

Equating the coefficients of t" and replacing x and y by —x and —y, respectively, we get the identity (3.15).
Using (2.2), it is easy to prove the identity (3.16). O

4. General symmetry identities for the generalized Apostol-type Laguerre-Genocchi polynomials

Zhang and Yang [27] gave several symmetric identities on the generalized Apostol-Bernoulli polynomials by applying
the generating functions (see also [26]). Here, we also present several symmetric identities on the generalized Apostol-
Laguerre-Genocchi polynomials by applying the generating function (2.2).

Theorem 4.1. Let p, q, a, b e Nwitha #b. Also, let x, y, z € R and n € Ny. Then

n
Z <::l) GCY (x.ay,az;q", p® e; 1) 1G\¥ (x, by, bz; ¢°, pP. e; 1)

m=0

n
n
= (m> G, by, az; ¢, p®,e; ) LG\ (x, ay, bz; ¢°, p°, e; 1) (41)
=0

n
n
= Z ( ) GY (x,by.bz;q", p® e: 1) LG (x, ay,az; ¢° pP, e; 1),
m=0 m
which is symmetric in both a and b and p and q.

Proof. Consider the function

o
42 2
_ (a+b) yt+(a+b)zt 2
g(t) - { ()\pat +qbf) ()\pbt + qat) } € {CO(Xt)} ’ (4'2)

which is symmetric in both a and b and p and gq. First, combining the factors in (4.2) and using (2.2) and (2.6) with p =1,
we obtain
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(t) _ 2t * eayt+azt2 C (Xt) 2t “ ebyt+bzt2 C (Xt)
&)= kp”t+qb[ 0 )Lpbt +qat 0
[o¢] m
=Z G(“)(x ay,az; q p%e; k) Z LG( )(x by, bz; q°, p e; k)— (4.3)
n=0 ! m=0
> 1
() () n
Z{ZLG (xayazq p% e; )G (x, by, bz; ¢°, pP, ek)m}t
Likewise,
2t “ 2 2t “ 2
_ yt+azt ayt+bzt
§0= {(kp”“rq’”) c CO(Xt)} {<kpbf+q‘“> c CO(XD}
© [ n 1 (44)
_ (@) .aboa . (o) .a b, n
—Z{ > LG (. by, az: q", p® e )Gy (x.ay. bz: q°, pP.e: ) 7(n_m)!m!}t
n=0 * m=0
and
2t o b 2 2t « 2
— = yt+bzt - ayt+azt
§0= [(Ap““rq“) ¢ CO(Xt)} {</\pbf+q“f> ¢ CO(Xt)}
o ( n (4.5)
_ (tx) (@) n
_Z{Z m(X, by, bzq p% e; MG’ (x,ay,az; q%, p ex)g(n—m)!m!}t
n=0 * m=0
Finally, equating the coefficients of t" in the last expressions of (4.3), (4.4), and (4.5), we get the desired result. O
Theorem 4.2. Let p, q, a, b e Nwitha #b. Also, let x, y, z€ R and n € Ny. Then
" /n
> (m) A" |G (x/a. Y. 2:q. p.e; ) LGy (x/b. Y. Z:q. p.ei k)
m=0 ) (4.6)
n
= (ab)* Z (m) GC® (x.ay,dz;q% p°, e; 1) LG (x, by, b*z; q°, pP . e; 1),
m=0
which is symmetric in a and b.
Proof. Consider the function
4abt? “
h(t) = @ DY@ b2 (o2 47
(t) {(kpmMm) (wbtﬂbt)} (Co(x0)) (4.7)

which is symmetric in a and b. Then, a similar argument as in the proof of Theorem 4.1 will establish the result here. We
omit the details. O

Theorem 4.3. Let p, q, a, b e Nwitha #b. Also, let u, v, y1, y2, 1, z2 € R and n € Ny. Then

n
n
> (m)LG,ﬁ“_)m(u,yuzuqb,p”,e;A)LGf?ﬁ”(v,yz,Zz;pb,q",e; )

m=0

n
n
=2 <m> LG v, y1,z1:4°, p% e ) LG\ (u, y2, 22; PP, g% €5 1)
m=0
n
n
= (m) (a) m(U, Y1, 22; CI p%e; )»)LG(a)(V V2,215 p e )
m=0
n
= e @

m=0

(4.8)

which is symmetric in the pairs (p, q), (a, b), (u, v), (y1, ¥2), and (z1, z2), respectively.
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Proof. Consider the function
o

4¢2
()Lpat + qbt) (Aqat + pbt)

which is symmetric in the pairs (p, q), (a,b), (u, v), (y1,y2), and (z1, z2), respectively. Combining the factors in (4.9), and
using (2.2) and (2.6) with p =1, similarly as above, we can establish the results here. We omit the details. O

it = eyt +at o ur) Co (v, (49)

Setting n —m =m’ in each one of the results in Theorem 4.3 and dropping the prime on m, we obtain the corresponding
identities as given in the following corollary.

Corollary 4.4. Let p, q, a, b e Nwitha #b. Also, let u, v, y1, y2, z1, 22 € Rand n € Ng. Then

n
n
2 <m)ch@m(v’yz’zz;pb’qa’elk)LGﬁf‘)(u,yLz];qb,p“,e; »)
m=0
. n
-z (m)ch@m(”’yz’zz?l’bvqa’e? MG v,y 2134, p% €5 2)
- (410)

n
n

=) (m>Lcﬁ@m(v,yz,zupb,q“,e;A)LG%’)(u,y1,Zz;qb,p“,e;A)

m=0

n
n
= <m>LG§°i)m(u,yz,21; PP q% e; ) LGP (v, y1, z2: 4%, pO s 1),
m=0
which is symmetric in the pairs (p, q), (a, b), (u, v), (y1, ¥2), and (z1, z2), respectively.

5. Concluding remarks

The generalized Apostol-type Laguerre-Genocchi polynomials LG,ﬂa)(x,y,z;a,b,e;)») (n € Np) (2.2), being very gen-
eral, reduce to yield many known polynomials. For example, as already indicated in (2.4), LG,(,a)(O,y,z;a,b,e;A) =
HG,ﬁa)(y,z;a,b,e;)\) are the Apostol-type Hermite-Genocchi polynomials; LG,ﬁa)(O,y,O; a,b,e;)) = G,ga)(y;a,b,e;k) are
the Apostol-Genocchi polynomials of order « in (1.16); LG#,“) 0,y,z;1,e,e;A) = HGﬁ,“) (y,z; 1) are the generalized Apostol-
Hermite-Genocchi polynomials in (1.11); LG,§0> (x,¥,0;a,b,e; M) = Ly(x, y) are the two-variable Laguerre polynomials in (1.1).

So the results presented here reduce to those corresponding to the known polynomials. For example, setting x = 0 in
Theorem 4.1 yields the corresponding symmetric identities associated with the Apostol-type Hermite-Genocchi polynomials
in (2.4), which are asserted by the following corollary.

Corollary 5.1. Let p, q, a, b e Nwitha #b. Also, let y, z € R and n € Ng. Then

n
n
> <m)HG,ﬁ°i)m(ay,az; q", % e; M) uGiy (by,bz: ¢, p, €5 2)

m=0

n
n
=> <m> WGP (by, az; ¢°, p® e; 1) G (ay, bz; ¢°, p°, e; 1) (5.1)
m=0

n
n
=Y (m> HGy by bz: P, p® e: 1) HGly (ay.az: q%. p. e ).
m=0
which is symmetric in the pairs (a, b) and (p, q), respectively.
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