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RESUME

Ce travail concerne I'analyse de convergence espace/temps de schémas en temps a deux pas
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hypothéses minimales. L'analyse de convergence est faite par techniques d'énergie et est
valide si le pas de temps est borné par une quantité dépendant des paramétres de
discrétisation spatiale. En plus de montrer la convergence pour des schémas d’ordre quatre
récemments introduits, la nouveauté de ce travail réside dans le fait que les estimations ne
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Version francaise abrégée

On considére le probléme de propagation d’onde suivant : pour une source donnée f e C%([0, T], H), trouver u(t) € V
solution, pour tout t € [0, T], de

du+Au=f dansV’, u@)=0 dansV, 4u(0)=0 dansH,

ol V et H sont deux espaces séparables de Hilbert (la norme sur H est notée |-|) et V' le dual de V, l'opérateur A
est autoadjoint de V dans V’. Considérons donnée une discrétisation en espace s'appuyant sur une famille d’espaces de
dimension finie {V;}p=0 avec Vi, C V. Le probléme semi-discret s'écrit alors : pour un terme source fj, € C2([0, T], Vy),
trouver up(t) € Vp, pour tout t € [0, T] satisfaisant

Oetp + Apup = fr, up(0)=0, dup(0)=0, dansVy,
ol Aj est un opérateur de Vi, dans V, autoadjoint borné (non uniformément par rapport a h) résultant de la discrétisation
en espace choisie. Nous supposerons qu'il existe une fonction positive §(h) = o(h) telle que, pour tout h > 0, on ait

sup |u(t) —up(t)| < 8(h).
te[0,T]

Nous étudions les schémas suivants : le 6-schéma (noté TS et dont le schéma saute-mouton explicite est un cas particulier),
le schéma «saute-mouton stabilisé» (noté SLF) et le (0, ¢)-schéma d’ordre quatre (noté TPS). Soit At > 0 le pas de temps;
définissons t" :=nAt. Pour toute suite {V'ﬁ}kzo C Vp, nous notons
n+1 n n—1
v —2vi+v
n . _h h h ny  ._ n+1 n n—1
[Vilp2 == e , {ViYo:=0vyT + (1 —=20)vp +0vp ™", n>1.

Nous cherchons une suite {Uﬁ}kzo C Vp, telle que up; approche up(t"). Les deux premiers termes sont supposés donnés et,
pour tout n>1,

At?
o TS: [up] 2 + An{uplo = fr("). o SLF: [up] 2 + Antf + WAﬁug = fp(t").
1 E) 1
o TPS: [u}] > + An{uhlo + AL <9 — E) AU}y = fa(t") + AL? [tht + (9 — E) Ah} fr(th.

Pour chaque schéma, on peut définir une énergie discréte associée ; une condition de type CFL assure sa positivité en tant
que fonctionnelle :

o
2 <

~ p(Ap)
ol « est positif, le plus grand possible, et dépend du schéma. Nous montrons, sous des hypothéses portant sur la discréti-
sation spatiale du probléme ainsi que sous condition CFL, le résultat de convergence espace/temps suivant : il existe C > 0
indépendant de At et h tel que

e O-schéma (TS) et schéma saute-mouton stabilisé (SLF)

sup [u(t") —ul'| <C [Atz T2 + 3(/1)] .
t"e[0,T]

e (6, ¢)-schéma (TPS)

sup [u(") —ul'| <C [At4 T2 4 5(h)] .
t"e[0,T]

Notons quen particulier ces résultats de convergence sont valables lorsque At? = a/p(Ap). Pour obtenir ce résultat, nous
nous ramenons a I'étude de polynémes dont les coefficients sont fonction des paramétres des schémas.

1. Abstract and semi-discrete wave propagation problem

In this work, we are interested in the simulation of linear wave propagation problems. The most simple example one
could think of is given by the following problem: find u(t) € H})(Q), for all t € [0, T] such that

opu—Au=f, u(0) =0, ou@)=0, inR, u=00nd. (1)

To study wave propagation in a more abstract framework, following [3], chapter XVIII, we assume given separable Hilbert
spaces H and V. The space H is equipped with the scalar product (-, -)y. The corresponding norms are denoted |-| and | - |,
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respectively. Moreover, we assume that V is dense in H, H is identified with its dual H' and V is continuously embedded
in H. Note that to solve (1) it is standard to choose H = L%(Q2) and V = Hé(Q). We assume given a continuous Hermitian
bilinear form a: V x V — R that satisfies

a(v,v)=0, a(v,v)+GColv]® = CallvII®, VvevV, (2)
where (Cq, C,) are real positive scalars. From this bilinear form, we construct a self-adjoint positive unbounded operator
A:V i V' It is defined by

A:u— Au suchthat (Au,v)=a(u,v), VvelV.

where V'’ denotes the dual of V and (-, -) denotes the duality product. We consider the following abstract wave propagation
problems: for a given f € C9([0, T], H) find u(t) € V solution, for all t € [0, T], of

du+Au=f inV', u@0 =0 inV, u0)=0 inH. 3)

Existence and uniqueness results for this problem are well known (see again [3], chapter XVIII): there exists a unique
function u solution to (3), it satisfies

uec®(0,T1, V), 8ueco,T], H).

We introduce the family of finite dimensional spaces {V,}y~o with V;, C V. As usual, the parameter h is devoted to tend to
0 and represents an approximation parameter of Vj to V. For each h we define the operator A, as A, : V — Vj, and

Ap i up —> Apup such that (Apup, vp)n = ap(up, vp), Vvp e Vy,

where the scalar product on V} denoted by (-, ), as well as the continuous bilinear forms ay(-, -) represent some approxi-
mation of (-,-)y and a(-, -), respectively, that account for instance for the use of quadrature formulae in the computation of
integrals. Similarly, we denote by |- |, the norm induced by the scalar product (-, -),. We assume that there exists a positive
constant Cy such that

[vih| < Chy |vplp, VYvp eV

and we assume that a, is an Hermitian bilinear form that satisfies the same property as in equation (2)

2 2
ap(vp, vp) >0, ap(vy, vp) + Colvply = Callvpll®, VYvp € V.

Note that this assumption implies that the operator Aj is self-adjoint and non-negative. Its spectrum, denoted Sp(Ap), is a
set of finite number of real non-negative eigenvalues (eigenvalues of multiplicity greater than one are counted accordingly).
With each eigenvalue A we associate a real eigenvector wﬁ defined by

a A A
(Apwp, vi)h = A (W, Vi)h, Yvp €V, wplp=1,

such that the family {Wﬁ}xesp(Ah) is an orthonormal basis of V. The semi-discrete equation we consider reads: for any
given source term fy € C2([0, T1, V) find up(t) € Vy, for all t € [0, T] such that

Ogep + Apup = fr, up(0) =0, Juk(0)=0, inVy. (4)

Existence and uniqueness results for this problem are direct consequences of the theory developed in infinite dimensional
space (choose H =V =V}, in the paragraph above): there exists a unique solution uy, of (4), it satisfies uj, € C1([0, T], Vy).
We introduce the discrepancy error ey (t) = u(t) — up(t); it depends on the approximation of the scalar product on H, on the
bilinear form ay, on the approximation of the space V itself and on the approximation of the source term f. It is expected
that ey vanishes when h — 0. Therefore we make the following assumption.

Hypothesis 1.1 (Convergence of the semi-discrete problem). There exists a positive function §(h) = o(h) such that for all h > 0 we
have

sup lep ()| < d(h).
te[0,T]

Such a result is proved for continuous finite element approximation in [7] in the case a(-,-), =a(,-). In [4], the case
of spectral elements is given (see [8] for an introduction to spectral elements). For these convergence results to hold, the
continuous solution must be regular enough in time and space. We do not detail the assumptions here. In what follows, we
specify the extra regularity in time and space we require for the semi-discrete solution u; in order to state the space/time
convergence results; such regularity is a consequence of the space/time regularity of the source term.

Hypothesis 1.2 (Stability of the semi-discrete problem). For a given couple (p, q) with p even, we assume that aﬁuh(t) € Vy, for all
t € [0, T] and there exists a constant Cp, 4 such that for all h > 0 we have

2
sup | AP298up(6) In < Cpg.
te[0,T]
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2. Analysis of a family of time discretizations

In the sequel, we study the following two-step conservative time discretizations: §-Scheme (TS), which is the family of
conservative centered Newmark schemes, see [3], such as the classical leap-frog scheme, the Stabilized Leap-Frog scheme
(SLF), as introduced in [5], and the higher-order (8, ¢)-Scheme (TPS) developed in [2]. Let At > 0 be the time step, a small
parameter devoted to tend to zero and let define t" :=nAt. To shorten the writing, we introduce the following notations,
for a series {vk}i=0 C Vi,

vt _gyn oyl
(Vi) =2 At’; b (vle=oviT 120V +0viT, =1

We seek a series {U’f,}kzo C Vp, such that uz is an approximation of up(t") solution to equation (4). The two first terms of
this series are considered given.! The following terms of the series are computed using one of the schemes below, for n > 1,

At?
o TS: [up] 2 + Anfuple = fr(t™). o SLF: [up] .2 + Anti]y + EA,%ug = fp(th).
1 ) 1
o TPS: [u}] > + An{uj}o + AL? <9 — ﬁ) A2ul}, = fa(t") + AL? [1—; + (9 — ﬁ) Ah] fr(t™.

By construction, (SLF) is an explicit scheme, whereas (TS) is explicit when 8 = 0 and (TPS) is explicit when (6, ¢) = (0, 0).
In this latter case, the scheme corresponds to the modified equation approach presented in [9]. Notice that for the (TPS) the
source term has to be modified in order to get adequate accuracy.

All these schemes can be written

Pic (At Ap) [Uf] o2 + P (AL Ap) Ap {uf}1/a = ff!, (5)
with f}' the source term and with the following definitions of the polynomial functions Px and Pp

1 x X2 X
OTS:P;C(X)=1+(9—Z>X, Pp(x)=1. OSLF:P)C(X):l—Z—i—a, Pp(x)=1— —

16°
TPS: P ()—_1+<9—1) +<<p—1>(9—i> 2 Pp()—_1+(9—i>
° P 2 X 2 12 X, X B X

In the sequel, we aim at establishing energy and error estimates for general schemes of the form (5) under some assump-
tions on Px and Pp. Let the time discretization error be defined as eg =up(t") — ug, it satisfies

Pic (A Ap) [€]] 1,2 + P (A2 Ap) A {ef}1/a =T7. (6)

Assuming sufficient regularity of the semi-discrete solution, there exist t"~1 < ¢, % % < "*+1 gych that for each of the
considered schemes, the remainder writes

1 1 1
o TS: 1l = AL? (Eat‘luh(t”’°) +0Ap 8ttuh(t”’®)) . e SLF:rfl=At? (Eag‘uh(t”’°) + EA%th”)) )

1 0 1
o TPS: 1] = At <ﬁafuh(t”v°) + ﬁAh dup (™) + ¢ (0 — ﬁ> A2 8ttuh(t”"')> .

This suggests that (TS) and (SLF) are second-order accurate and (TPS) is fourth-order accurate in time.
For all these schemes, a discrete energy is preserved (in the absence of sources). This energy is computed at the

intermediate time step t"t1/2 and is denoted 5,':“/2. It is the sum of kinetic and potential energies, more precisely
SEH/Z = 5,"51/2 + 5;1;1/2_ When considering equation (6) satisfied by the error, we have
1 el _en e+l _en
e12__(p (AtZA ) h h Ch h and 7
K 2\ F h At At \ )

(8)

1 eltl pen etl on
a2 _ Y p a2aya, h h Ry
b 2 P h) An 5 5 h

It can be shown that the total energy satisfies

! In practice, ug and u}] are computed using the initial data and a sufficiently accurate one-step method (such as high-order Runge-Kutta methods).
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n+1/2 n—1/2 n+1 n—1
A T (rn € —%n )
h

, 9
At h 2At )

A necessary condition for the schemes’ stability is the non-negativity of the kinetic energy (7) and the potential energy (8).
Such a condition is achieved if the following hypothesis holds.

Hypothesis 2.1. There exists o > 0 such that Px (x) and Pp (x) are non-negative for all x € [0, o].

For the schemes we consider we have
eTSO0<6<1/4):a=4/(1—-40). e¢TS(O>1/4): a=+0c0. e SLF: a=16.
e TPS(O=0,0=0): 0x=12. e TPS(O>1/4,0>1/4): a =+o00c.
e TPS V (0, @) : see theorem 5.1 of [2].

Lemma 2.2. Assume Hypothesis 2.1 holds. The energies 5,'?1/ 2 and 5;1;1/ 2 are non-negative for all n > 0 if At satisfies
2 o ..
At? < ——  (CFL condition) (10)
p(An)

where p(Ap) is the largest eigenvalue of Ay,.

Note that when « is finite (resp. infinite) the scheme is conditionally (resp. unconditionally) stable. The non-negativity
of the energy €:+1/2 is however not sufficient to ensure the stability of the schemes in H since it is only a semi-norm. In
the sequel, the polynomial functions Pp and Py will be assumed to satisfy the following hypothesis.

Hypothesis 2.3. We assume that there exists a partitioning of [0, ] into two disjoint subsets Jyxc and Jp such that there exist two
strictly positive constants Cx, Cp, such that

Cx < Pr(x), VxeJk, Cp <xPp(x), VxeJp.
Definition 2.4. We define for any v, € V}, the projection operators:
M (vp) = Z (e, whrwh and  TIp(vp) = Z (Vh, Wi Wi
At re Tk At reTp
LeSp(Ap) reSp(An)
The operator Iy (resp. I1p) corresponds to modal projection operators on subsets of V} for which the kinetic (resp.

potential) part of the energy is a uniform upper bound of the H-norm with respect to h and At. These ideas are specified
in the following Lemma.

Lemma 2.5. Assume Hypothesis 2.3 holds. Then, for any h > 0 and At > 0 satisfying the CFL condition (10), and for any vy € Vp,
vy = (vp) + Ip(vy) and

M = Gt (PoaAnvivi) o 1Tpn) [} < G5! (A4, Po(AR AW A, ) . (1)
Then the following estimates can be written.

Lemma 2.6. Let the series {e}} satisfy (6) and Hypothesis 2.3 holds. Then for all h > 0 and At > 0 satisfying the CFL condition (10),
and foralln > 1,

n
Ver < Vel 42y acy It . (12)
=1
n 4
n+1 1 n 1/2 2 2 k
e ‘hsﬁ‘eh‘h—i-Zyt V2612 4 ay? At Zz‘rh‘h, (13)

(=1 k=1

1/2

wherey =Cp '~ + C,EI/Z/Z.
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It is important to notify here that y is independent of h and At; this is the key point to obtain uniform estimates in At.
Indeed, as pointed out in Remark 10 of [6], the classical stability proof for the (TS) blows up when the time step approaches
its greatest admissible value in inequality (10). The constant Cx and Cp (and therefore y) are computed for the considered
schemes in the appendix; we find y < /2 for all schemes.

Proof of Lemma 2.6. From the Cauchy-Schwartz inequality applied to (9), we get

n+1 n—1 n+1 n—1
my (S~ mp (%
2At 2At

2 P

n+1/2 n—1/2
gh — gh < !r"|
At — 1"hlh

n+1 n—1
€y — &

2At

= [y + il :

h h h

where Tl and I1p are the projection operators given by Definition 2.4. Now we use the two inequalities of (11) on

—

respectively £ and ® and then recognize the square root of the kinetic and potential parts of the energy. To shorten the

notation we introduce the time finite difference of the error: dE“/Z = (e’,:“ —ep)/At. We have

= 1/2 -1/2
28 < [Me@;™) | +| e )|,

<c 2\/ (Praand™2, ai?) + ol 2\/ (Peacandy2.a71?)

—1/2 n+1/2 n—1/2
<Cx [\/Zgh +\/28h ]
n+1/2 n—1/2

note that the second inequality is obtained by taking vy =d, and vy, =d, in the first inequality of (11). A similar
procedure leads to

®< C;l/z [\/ZE;H/Z +\/2€}':_1/2}.

12 C;Em

By denoting y =Cp, /2, we get from

gnt/2 _ gn=1/2 - —
e e |

which classically leads to inequality (12). The other part of the proof concerns the upper bound on

n+1
€p

’h. We write:

+1 +1 +1
¢ \hf\nn(ez )\h+]np<ez )]h.

Q T

Introducing artificially the term ey we can write

2 < M |, + At | @™ | <| e, +at c,g”z\/( P Ayd, 2 )

<|MxEe |, +atce? 252,

The same procedure leads to

Y < |NpEd)], +2atc,' 2 262

We use recursively the former inequalities down to n =1 to get,

n
+1 1 1 0+1/2
e ‘hf‘H;g(eh)‘h—l—‘Hp(eh)‘h—i-Z\/iAty;_]\/Eh .
=V2|ey],

h

We can reuse identity (12) to get (13). O
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3. Space-time convergence result

Let e be the error between the continuous solution and the fully discrete solution. Note that we have u(t") — uj =
en(t") 4+ e, thanks to this decomposition, Hypothesis 1.1 and Lemma 2.6 we can state our final result.

Theorem 3.1. Assume that e,? = e,11 = 0 and assume that Hypothesis 2.3 holds and that Hypothesis 1.2 holds for every sufficiently large
(p, q), then, for all h > 0 and all At satisfying the CFL condition (2.2) the following uniform convergence results hold

o O-scheme (TS)

r C
sup Ju(t") —ul| < Cy | A Y2 T2 <ﬁ+29c2,2>+5(h)].
t1€[0,T] 6

o Stabilized leap-frog scheme (SLF)

i C C
sup [u(t") —ul| <Cy| A2 y2T? (ﬁ—i—ﬁ)jté(h)]
t"el0,T] 6 8

e (6, ¢)-scheme (TPS)

I C C 1
sup [u(t™) —ull| < Cy | At*y? T2 <ﬂ +022 120 (0 - —) C4,2> +8(h)] :
el0.7] 180 ' 6 12

Note that, in particular, these convergence results hold if At?> =a/p(Ap).
Appendix. Expression of y for the considered numerical schemes

e TS (0 <0 < 1/4). We are looking for a partitioning Jx U Jp of the interval [0, ﬁ] and two positive constant Cx
and Cp such that

1
CKSPK(X)=1+(9—Z>X, Vx € Ji, Cp<xPp(x)=x, VYxeJp.

We see that the first inequality cannot be fulfilled for x = —4 - € Jx and the second one for x=0 € Jp. The proposed

(1—40)
partitioning is the following

1
\71<=[0702[,CK=1+<0—Z>(12, Jp=[ , Cp=d®

2, ;]
(1/4-6)

/

where a can be chosen according to 6 in order to minimize y = C;l 2y C,E]/2/2. The peculiar optimal value is given in

Lemma 2.3 of [1], it reads

4 1 1
0) = ; 0)=—— .
o \/(1 —wrra-a O% @ Ao awaer

Especially if 6 =0 we get y = /2.

e TS (0 > 1/4). In this case the polynomial functions P (x) and Pp(x) are positive on the whole interval [0, +oc0] and
moreover Pi (x) > 1Vx > 0. Therefore, one can choose Jx = [0, +o0] and Jp = {#}. As a consequence, one can set Cx =1
and since Cp has no influence and can be chosen formally equal to +o00. We get y =1/2.

e SLF. We are looking for a partitioning Jx U Jp of the interval [0, 16] and two constants Cx and Cp such that

2

C <(1 X>2—1 X1 X wey C <x(1 X) vxe J
K= 3 = 4 64» Ko P = 16 B P-

Out of symmetry with respect to x =8, we look for Jx =[0, 8(1 —a)[U]8(1 4+ a), 16] and Jp =[8(1 —a), 8(1 +a)]. Then
Cic =a? and Cp =4(1 — a?). Therefore,

P -1/2 1 1
—1 K

v=rte 2 2/1-aZ 2a

The choice of a that minimizes the value of y is a= %2 and leads to y = /2.

e TPS (6 =0, ¢ = 0). The approach is similar to the one presented above. We are looking for a partitioning Jx U Jp of
the interval [0, 12] and two constant Cx and Cp such that
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Cx <1 x+x2 Vx € Jj C <x(1 x) Vx € J;
K= FRIPTE K> P = 12)° P-
We look for Jx =[0, 6(1 —a)[U16(1 +a), 12] and Jp = [6(1 —a), 6(1 + a)], this choice gives some values for Cx and Cp
that can be optimized to minimize y. The optimal choice is a = % and y = /2.

e TPS (6 > 1/4, ¢ > 1/4). In the case of the (8, ¢)-scheme with 6 > 1/4 and ¢ > 1/4, the polynomial functions Py (x)
and Pp(x) read

P (x)—1+<9—1>x+< —1><0—i)x2 P (x)—1+<9—i)x
k= 2 73 12)% TPW= 12)%

The polynomial Px(x) and Pp(x) are positive on the whole interval [0, +o00] and Py (x) > 1 Vx > 0. Therefore, one can
choose Jx =[0, +o0] and Jp = {#}. We get y =1/2.
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