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RESUME

On commence par généraliser les séries exponentielles de Pulita. Ensuite, on se sert de
cette généralisation pour établir un analogue de la formule de trace de Dwork sur des
anneaux de Witt.

© 2016 Published by Elsevier Masson SAS on behalf of Académie des sciences.

1. Introduction

Let p be an odd prime number. Let F; be a finite field of q elements of characteristic p. For V an algebraic variety
defined over [Fg, the zeta function of V is defined by

Tr
(V. T):=exp(Y Nr—),

r>1

where N; is the number of Fgr-points of V. Dwork, in his paper [4] proved the rationality of this zeta function. In this
proof, Dwork formulated N; in terms of an additive character on Fgr. Then he expressed analytically this additive character
by means of a Dwork splitting function (cf. [4], §1). At the end, he used a trace formula to express N,. Our purpose here is to
give an analog of Dwork trace formula for Gauss sums on Witt vector ring over Fy of finite length 2, W, (IFq)1 (cf. the paper
[5], Theorem 5.14). Our basic tool will be a generalisation of the exponential series of A. Pulita (cf. [8], Definition 2.6). The
starting point of our study was an inspiring paper of R. Blache (cf. [2], Definition 2.2), which treats the splitting functions on
W, (IFg). For the proofs of lemmas, propositions, and theorems, we refer to [1].

E-mail addresses: benzaghou@usthb.dz (B. Benali), s_mokhfi@univ-blida.dz (M. Siham).
1 The process used here for the analytic expression of the multiplicative character of W;(FFq) no longer works for £ > 2.
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2. Generalised Pulita exponential series

Dwork gave a transition formula between the analytic representations of the additive characters of different finite fields
(of the same characteristic). We will do the same for additive characters on Witt ring W;(IFg) and its extensions W;(IFyr) via
generalisations of the Pulita series.

We first recall some notations and results as they appear in [1]:

- We define the Artin—Hasse series AH(x) by:

AH(x) =exp (Z p_”xp"> .
n=0

- For any ring A of characteristic 0 such that it is involved in a ring morphism Z, N Q — A, and for any element
a = (ag,ai,...) of the Witt ring W (A), we denote by E(a) the series?:

E@=[]AH (aixpi) =exp (Z fant, (@) p”X"") ,

i=0 n=0

where fant, (@) = Y0 pia?"
The map E, called Artin-Hasse morphism, is a morphism from the additive group W(A) into A(A), where A(A) is the
multiplicative group of formal power series in the indeterminate x, with coefficients in A, the constant term being 1.

- For a Lubin-Tate series (cf. [7] for notations and results on Lubin-Tate theory), F(T) = pT + T? + pT2G(T), where
G(T) € Zp[[T]l, we define the sequence (T,)men SO that F(mg) =0, [mg| <1 and VmeN, F(Tyi1) = .

- For m e N, we put K = Qp (), O and my,, respectively, the ring of integers of K, and the maximal ideal of O,.

- We define the Witt vector w,; € W (my;) as the unique vector verifying Vn € N, fant,(® ) = Ttm—n.

- Let O =UpenOn. It is a local ring with maximal ideal, mp = Upenmpy and residual field Fp. We note by K the field of
fractions of the ring O and by Cj the ring of integers of C,. We have K = UnenKn.

- Let p: A— B be a ring morphism. The application W(p) from W(A) to W(B) such that

Va = (an)peny € W(A), W(p) @) = (0 (n))pen »

is a ring morphism.

- According to [3], there exists a continuous automorphism ¢ of the valued field C, such that we have ¢(x) =x for any
x of K and |¢(x) —xP| <1 for any x € Cp, such that [x| < 1.

- Let m > 0 be a positive integer. For a Witt vector @ on Cp, we note by a¥ the vector W(¢) (@) = (¢ (an))pen. The Pulita
exponential series linked to m and a, is defined in [8,1] by

E(wna) (x)
E (@ mna?) (xP)’
This series can be expressed in the form 6y (@) = E (@mna— V (wpra?)), where V is the Verschiebung morphism of
W (Cp) (cf. [5], Definition 5.25).

- Let m be a positive integer and a a Witt vector of the ring W((C;). The Pulita exponential series 6;(a) has a radius of
convergence strictly greater than 1.

Om(@) =

We propose the following definition as a generalisation of Pulita series.

Definition 2.1. (cf. [1], Notation 2.5) For any Witt vector @ on Cp, and for any couple (m,s) of natural numbers such that
s> 1, we note by 6 s(a) the series

Oms@ =] om@")ox?" . (1)

i=0

As the factor 6y, (a‘pi) oxP' that appears in the right member of the identity (1) is the image via the Artin-Hasse morphism
of Vi (wma‘pl -V (wma‘pm)), we deduce that

Oms(@)=E (wma -V ('wma‘ps» .

In particular, the application 6, s is a morphism from the additive group W(C,) to the multiplicative group A(Cp).

2 This equality is obtained by a simple calculus.
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2.1. The morphisms 6y, s

Our aim being the study of Gauss sums defined on Witt rings of length m > 1; Wy, (Fq—ps) and its extensions; we will
need at the first time to induce from the morphisms 6p, s of W(C,) new morphisms Om.s defined on Wy, 1 ((CI",).

Proposition 2.2. The morphism 6 s : W(Cp) — A(Cp) induces a unique morphism
ém,s Wit (CZ) - A*(C;) .
Remark 1. Other properties of the generalised exponential series appear in [1].

3. Analytic expression of the characters of W, (IFq)

Definition 3.1. Let (A, +, x) be a ring. A group morphism ¢ : (A, +) — Cj (resp. x : (A*, x) > C}) is called an additive
character (resp. a multiplicative character) of A.

In this section, we will give explicit analytic expressions of an additive and of a multiplicative character of W, (IFy) via
the series 6y 5. Along the section, we fix a natural integer s > 1, and we put q = p°.

3.1. Construction of an additive character of W (Fg)

For n > 0 a positive integer, we denote by w, the group of roots of unity in C, of order dividing n. In the following
proposition, we will construct an analytic additive character v, s of W¢(Fg). For this, we will use O¢—1s and, under a
certain condition, we will see that all additive characters of W, (IF) are expressed via ¥ s ;.

Proposition 3.2. Let t € Zp[ptq—1] such that tP* = t. The composition of the morphism 6,_1 s followed by the morphism eval; :
A*((C}’,) — (C; of the evaluation at t, induces a unique morphism v, s ¢ from W, (IFg) to (C;. Furthermore, if TrQ, (u,_1)/Q, () ¢ PZp,
then:

1. for any additive character ¥ : Wy (Fg) — (C;, there exists a unique vector a € W, (Fy) such that we have ¥ (y) = ¥ s ((ay) for
any vector y € Wy (IFFg);

2. The image of Yre s ¢ is exactly [,

Remark 2. In the case where s =1, A. Pulita confirmed in [8] (Theorem 2.7) and S. Kedlaya proved in [6] (Chapter 9), that
the image of 1 € W, (Fp) is a primitive p!-th root of unity. Furthermore, Pulita attempted to characterise & _1, this p¢-th root
of unity. He described it as being the unique p‘-th root of unity which verifies |tmy_1 — (§,—1 — 1)| < |m¢—1]. Unfortunately,
it is not true. We have proved [1] that the set of p’-th roots of unity that satisfy the above inequality is of cardinal p‘~1,

which means that this root of unity is unique only when ¢ =1, a case previously treated by Dwork [4].

3.2. Transition formula

We will now explicit a relation between the additive characters ¥ s ¢, e s,c of both Wy (Fgr) and W, (IF), respectively. To
do so, we shall use the trace application TrW({(qur)/W(j(]Fq) Wy (Fgr) — W (IFg), whose definition requires some preliminaries:

- we consider @ the Frobenius automorphism X — XP of the residue field (5;, = (C;/CV, where CIV, is the maximal ideal
of C3;
p’ ~ .. L~ . . .
- an automorphism ¢, is induced on the field Fg by the automorphism @, which associates y? with an element y of
Fgr.

Then we define the application trace by the following definition.

Definition 3.3.
r—1 )
VY eWi(Fy)  Trw,@mw,Ey 3) =Y We(@) (¥) - (2)
i=0

We establish the transition formula via the following proposition

Proposition 3.4. Let t € Zp[(1q—1] such that t9 = t. We have the transition formula

Yesre = Yest OTng(]qu)/Wz(Fq) :
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3.3. Splitting functions

We will generalise below the definition of the splitting function given in [2] and [4] from the primary field F, to the
finite ring W (IFg). But we first remind the definition of Teichmiiller. The sub-ring Z, [/qu] of Cp is the ring of integers
of Qp (tg—1), the non-ramified extension of Q, of p-adic numbers, so that its residual field is of order g. There is at least
one (in fact exactly s) ring reduction morphisms of Z, [/,Lq_1] onto the field Fy. Let x — X one of them. This allows us to
introduce a Teichmiiller character of the field Fy as follows: for x € g, we note by Teich(x) the unique element of Z, [qul]
such that Teich(x)? = Teich(x) and Tm) =X.

The existence and the unicity of the element Teich(x) results immediately from the Hensel lemma. Then the application

Teich: Fqg — Cp

is a generator of the group of the multiplicative characters of [Fg. This application is called Teichmiiller character.

Definition 3.5. Let ¢ be an integer > 1,q = p°® and Q(x1,...,X¢) a power series in £ indeterminates over O, which converges
on an open polydisc of the form D(0,rq) x --- x D(0,r,), where rq,...,re > 1. We say that Q is an s-splitting function of level
¢ if it verifies the following conditions:

1. the map v : Wy(Fy) — Cj, which associates with the Witt vector y = (yo,...,y¢—1) the image S (Teich(yo),
Teich(y1), ..., Teich(y¢—1)), is an additive character of order p¢;

2. for any integer r > 1, the additive character of W, (Fy) obtained by composing ¥ with the application trace
Trw, ) /w, (7y) is expressed as follows

r—1

¥ (Trw, e wicep ) = [] 2 (Teich o) ... Teich(ye—1)7) 3)
i=0
for any Witt vector y = (yo, ..., Ye—1) € We(Fgr).

According to the previous definition and to Lemmas 2.22, 2.23 [1], we will represent analytically the additive character
Y5 (Proposition 3.2).

Definition 3.6. We denote by €2 s, the power series with £ indeterminates X, X1, ..., X¢—1 over the ring O[uq—1] defined
by
-1 )
J
Qps5,c(X0, X1, ..., Xe—1) = ng—jfl,s(l) o (tP'x)). (4)
j=0

Proposition 3.7. Let t € Zp[iq—1] such that t9 = t. Then, for any vector y = (yi)o<i<¢ with length £ on g, we have
Vst (¥) = Q¢ 5.t (Teich(yo), ..., Teich(ye—1)) .

Proposition 3.8. Let t € Zp[(1q—1] such that t9 =t. If r > 1 is a natural integer, then we have the identity

r—1

i i
Qqsr,t(X05 ..., Xe—1) = l_[ Qs ,.... X))
i=0

Theorem 3. Let £, s > 1 be two integers, q = p* and t € Zplprg—1] such that td =t, TrQP(Mqﬂ)/QP (t) ¢ pZp. The series Q2 s¢ is an
s-splitting function of level ¢.

3.4. An analytic expression of a multiplicative character of W (IFq)

We will restrict our study of multiplicative characters on W, (IFy) to the case £ =2. We note by W;(Fg)* the group
of invertible elements of the ring of Witt vectors defined over Fy of length 2. A Witt vector z = (zo, z1) is an element of
W, (Fg)* if and only if zg # 0.

Proposition 3.9. Let t € Z[1q—1] such that t9 =t, TrQy (uq_1)/Qp () & PZp, and x a multiplicative character of W, (IFy). There are
then an integer m in [0..q — 2] and an element b of Fq such that, for any Witt vector z = (zo, z1) in W2 (IF¢)*, we have:

X (2) = Teich(zo)™ 1 5.¢ (Teich(b) Teich(z; ) Teich(zg)P@=2).
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4. Trace formula

Substituting W5 (IFg)* for [, we will establish an analog for the Dwork trace formula [4], which is an identity involving
a Gauss sum on Iy and a trace of a certain operator.

4.1. Analytic expression of Gauss sums

Definition 4.1. Let ¥ be a non-trivial additive character of W;(IF;) and x be a multiplicative character of W, (Fg)*. The
Gauss sum denoted g(, x) and associated with x and v is defined as follows

g 0=— Y v@x@=-=) Y vas:(z0,21)X(20,21)-

z2=(20.21)eW, (Fg)* 20€F} z1€Fy

We will restrict the study to the case of an additive character v with order p2.
oy S
To use Proposition 3.2, we choose an element t € Zp[pq—1] such that t7 =t and Trg,(u, )/, t) ¢ pZp, then we can
express an additive character v in terms of the character v ;. Thereafter, we reduce to the case of the Gauss sums

gW2s.t, X)-
Let us define

H(xo, X1) = — Qa5 ¢ (X0, X1 )X Q1 5 ¢ (Teich(b)x; x0T 2)). (5)

Thus we have an analytic expression of g(y2s¢, x) given bellow:

Proposition 4.2. There is an integer m € [0..q — 2] and an element b € Fq such that, for any vector (zo, z1) € W (IFg)*, we have

gWase, x)= Yy Y H(Teich(zo), Teich(z1)), (6)

z0€lfg z1€Fq
4.2. Operators
We remind that g = pS.

4.2.1. The space of functions
For any real g > 0, we denote by Eg the vector space of two variables power series, with coefficients in Kq[ug—1],
defined by:

Ep={G(Xo.x1)= D Gy, Xo'X;". Gng.my € K1lptg—11and limpg n, s o0ltng.n, 87" =0} (7
(ng,n1)eN2
We define a norm on Eg
IGllp = sup{langn, [B"*™. (o, n1) € N} ,
which makes of Eg a Banach space.

Definition 4.3. Let E and F be two Banach spaces, and f : E — F a linear map. We say that f is completely continuous if it
is the limit of a sequence of continuous linear maps of finite rank.

Proposition 4.4. Let 8, B’ be two real numbers such that 0 < 8 < B’. The canonical injectionig: g : Eg — Eg is completely continuous
and its image is dense.

4.2.2. Dwork operator
For G =3 ) npenz ang.m XX;' a two-variable power series, and coefficients in Cp, we denote by Dwg(G) the power

series DWq(G) = 3" () ny)en? dano.qm Xo X7 -

Definition 4.5. For any real g > 0, we call Dw, the Dwork operator from Eg to Ega.
Proposition 4.6. The Dwork operator Dwg : Eg — E ga is continuous for any g > 0.

4.2.3. Operators of multiplication

Proposition 4.7. For any real 8 > 0, let H = ano_mxgoxq' be a series of Eg. The multiplication operator multy : Eg — Eg that
sends G onto GH is continuous.
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4.2.4. Alpha operator

Definition 4.8. Let 8 > 1, and H(xo, X1) a series of E 1. We denote by « the following operator on Eg

1.
B

o =Dwgomultyoi 1,
B.B1

where Dwy : Eﬁ% — Eg is the Dwork operator, multy : Eﬁ% — Eﬂ% is the multiplication by the H operator, and i/S ﬁ%’

Eg — E 1 is the canonical injection. This operator « is called the «-operator associated with H.

o

Proposition 4.9. Let 8 > 1, and H an element of E 5 1 the a-operator associated with H on E g is a completely continuous endomor-
phismon Eg.

Proposition 4.10. The family (xgoxq‘ )(ng.np)enz is an orthogonal Schauder basis [9] of the space Eg. In this basis, the matrix of the

operator o associated with the series H (Xg, x1) = Z(no ny)eN2 b(moqm”xgmx']m € E 1 isgiven by
. i
no 1y __ mg My
a(Xg Xy') = Z bgmo—no,qmi—n1Xg X7 -

(mo,m1)€N?,qmo>ng,qmy =n

Proposition 4.11. Let 8 > 1, and H (X, X1) = Z(mg,rm)ENz bmo’mlxgox'f] be an element ofEﬂ% ; the operator o associated with H is
a nuclear operator with trace Tr(«) equal to

Tr@ =D bg-nne.q-1m -

(ng,n1)eN2
4.3. Trace formula for W, (Fq)

Proposition 4.12. Let an integer s > 1, g = p® and t be an element of Zp[1tq—1] such that t¢ = t. For any multiplicative character x
of W (IFg), there exists a real B > 1 such that, for all B € ]1, o[, we have the equality

gWase, X) = (@ — D*Tr(a),

where « is the c-operator on Eg associated with the series H defined by the identity (5).
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