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This paper deals with functional evolution inclusions of neutral type in Banach space when
the semigroup is compact as well as noncompact. The topological properties of the solution
set is investigated. It is shown that the solution set is nonempty, compact and an R;-set
which means that the solution set may not be a singleton but, from the point of view of
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group as one-point space. As a sample of application, we consider a partial differential
inclusion at end of the paper.
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RESUME

Cette Note traite des inclusions fonctionnelles d’évolution de type neutre dans les espaces
de Banach, aussi bien lorsque le semi-groupe est compact que lorsqu'il est non compact.
Nous étudions les propriétés topologiques de I'ensemble des solutions. Nous montrons
que cet ensemble est non vide, compact, et qu'il est un Rs-ensemble. Ceci signifie qu'il
peut ne pas étre réduit a un point, mais qu'il est équivalent, pour la topologie algébrique,
a un espace réduit a un point. Plus précisément, I'ensemble des solutions a les mémes
groupes d’homologie qu'un ensemble réduit a un point. Comme exemple d’application,
nous considérons enfin une inclusion différentielle partielle.
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1. Introduction
In this paper, we study the following functional evolution inclusion of neutral type
d
E[X(t) —h(t,xp)] € Ax(t) + F(t, %), tel0,b],

x(®) =¢(), te[-7,0]

where the state x(-) takes value in Banach space X with norm |- |, F is a multimap defined on a subset of [0, b] x X,
A is the infinitesimal generator of an analytic semigroup {T (t)}¢>0. For any continuous function x defined on [—7, b] and
any t € [0, b], we denote by x; the element of C([—t, 0], X) defined by x;(0) = x(t + 6),6 € [—7, 0]. Here, x;(-) represents
the history of the state from time ¢t — 7, up to the present time t. For any c € C([—7, 0], X) the norm of c is defined by
llclls = supge—_z 1 [€©)].

The study of (1.1) is justified and motivated by a neutral partial differential inclusion of parabolic type

(11)

2

a r a
0

x(t,0) =x(t, ) =0, te|0,1],
x(0,8)=¢0)(5), 0 €[-7,0], § €[0, ],

where the functions U and ¢ satisfy appropriate conditions, F : [0, 1] x [0, 1] — 2R is weakly upper semicontinuous with
closed convex values.
Particularly, if h =0, inclusion (1.1) degenerates to

X (t) € Ax(t) + F(t, x;).

A strong motivation for investigating this class of inclusions is that a lot of phenomena investigated in hybrid systems with
dry friction, processes of controlled heat transfer, obstacle problems and others can be described with the help of various
differential inclusions, both linear and nonlinear (cf. [9,16,21]). The theory of differential inclusions is highly developed
and constitutes an important branch of nonlinear analysis (see, e.g., Bressan and Wang [7], Donchev et al. [11], Gabor and
Quincampoix [14], and the references therein).

Since a differential inclusion usually has many solutions starting at a given point, new issues appear, such as investiga-
tion of topological and geometric properties of solution sets, selection of solutions with given properties, evaluation of the
reachability sets, etc. An important aspect of topological structure is the Rs-property, which means that an Rs-set is acyclic
(in particular, nonempty, compact and connected) and may not be a singleton but, from the point of view of algebraic
topology, it is equivalent to a point, in the sense that it has the same homology groups as one point space. The topological
structure of solution sets of differential inclusions on compact intervals has been investigated intensively by many authors—
please see Aronszajn [3], Bothe [6], Deimling [9], Hu and Papageorgiou [15], Staicu [19], and references therein. Moreover,
one can find results on the topological structure of solution sets for differential inclusions defined on non-compact intervals
(including infinite intervals) from Andres and Pavlackova [2], Andres et al. [1], Bakowska and Gabor [4], Bressan and Wang
[7], Chen et al. [8], Gabor and Grudzka [12,13], Gabor and Quincampoix [14], Staicu [20], Wang et al. [22], and references
therein.

The researches on the theory for nonlinear evolution inclusion of neutral type are only on their initial stage of de-
velopment, see [5,17,23]. However, to the best of our knowledge, nothing has been done with the topological properties of
solution sets for nonlinear evolution inclusion of neutral type. Our purpose in this paper is to study the topological structure
of solution sets for inclusion (1.1).

The paper is organized as follows. In Section 2, we recall some notations, definitions, and preliminary facts from mul-
tivalued analysis. Subsection 3.1 is devoted to proving that the solution set for inclusion (1.1) is nonempty compact in the
case that the semigroup is compact, then proceed to study the Rs-set. Subsection 3.2 provides that the solution set for
inclusion (1.1) is nonempty compact in the case that the semigroup is noncompact, then proceed to study the Rgs-structure
of the solution set of (1.1). Finally, an example is given to illustrate the obtained theory.

2. Preliminaries
In this section, we introduce notations, definitions, and preliminary facts from multivalued analysis which are used
throughout this paper.

Let (X,|-|) be a Banach space. £(X) stands for the space of all linear bounded operators on X with norm | - ||, and
L1([0, b], X) stands for the Banach space consisting of integrable functions from [0, b] to X equipped with the norm

b
Ifllh= f If©1dt.
0
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We denote by C([—7,b], X) the Banach space consisting of continuous functions from [—t,b] to X equipped with the
norm

Xli_rpp= max |x(t)].
IXll—7,b) te[—r,b]| ®

We assume that A is the infinitesimal generator of an analytic semigroup {T(t)}t>o of uniformly bounded linear operators
on X. Let 0 € p(A), where p(A) is the resolvent set of A. Under these conditions, it is possible to define the fractional
power AP, 0 < 8 <1, as a closed linear operator on its domain D(A#). For the analytic semigroup {T(t)}t>0, the following
properties will be used:

(i) there is a M > 1 such that M :=sup;¢ [T ()| < oo;
(ii) for any B € (0, 1], there exists a positive constant Cg such that

C
IAPT (0 st—ﬁ, 0<t<b.

It is clear that ABT(t)x = T(t)APx for x € D(AP). Then AT (t)x = A'"BT(t)APx for x € D(AP).

Lemma 2.1. [10] Let X be reflexive and K c L1 ([0, b], X) be bounded. If K is uniformly integrable, then K is relatively weakly compact
in L1([0, b], X).

Let Y and Z be metric spaces. P(Y) stands for the collection of all nonempty subsets of Y. As usual, we denote P (Y) =
{D e P(Y): closed}, Pop(Y) ={D € P(Y): compact}, P (Y)={D € P(Y): closed and convex}, co(D) (resp., co(D)) be
the convex hull (resp., convex closed hull in D) of a subset D.

For the multimap ¢ : Y — P(Z), we let Gra(p) stand for the graph of ¢. If D is a subset of Z, then we denote by
o I (D)={y €Y :¢(y) N D # @) the complete preimage of D under ¢. ¢ is called closed if Gra(g) is closed in Y x Z,
quasicompact if ¢(D) is relatively compact for each compact set D C Y, upper semi-continuous (shortly, u.s.c.) if ¢~'(D)
is closed for each closed set D C Z, and weakly upper semi-continuous (shortly, weakly u.s.c.) if ¢ ~1(D) is closed for each
weakly closed set D C Z.

The following facts will be used.

Lemma 2.2. [16] Let Y and Z be metric spaces and ¢ : Y — P(Z) a closed quasicompact multimap with compact values. Then @ is
u.s.c.

Lemma 2.3. [6] Let ¢ : D C Y — P(Z) be a multimap with weakly compact, convex values. Then ¢ is weakly w.s.c. iff {x,} C D with
Xn — X0 € D and y, € ¢(xy) implies y, — yo € ©(xo), up to a subsequence.

X is called an absolute retract (AR-space) if for any metric space Y and any closed subset D C Y, every continuous
function h: D — X can be extended to a continuous function h:Y — X.

X is called an absolute neighborhood retract (AN R-space) if for any metric space Y, closed subset D C Y and continuous
function h: D — X, there exists a neighborhood U D D and a continuous extension h: U — X of h.

Definition 2.1. A nonempty subset D of a metric space is said to be contractible if there exists a point yp € D and a
continuous function h: [0, 1] x D — D such that h(0, y) = yo and h(1, y) =y for every y € D.

Definition 2.2. A subset D of a metric space is called an Rs-set if there exists a decreasing sequence {D,} of compact and
contractible sets such that

A function y : P(X) — R* defined by:
y (D) = inf{r > 0: D can be covered by finitely many balls of radius r}

is called the Hausdorff measure of noncompactness. A function u : P(X) — RT defined by:

m
(D) =inf(r > 0: D c|_JN; and diam(N;) <r}
i=0

is called Kuratowski measure of noncompactness. Here diam(N;) is the diameter of N;. Moreover, we have y < u <2y.
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Lemma 2.4. [16] Let X be a separable Banach space and F : [0, b] — P(X) be integrably bounded multifunction such that y (F (t)) <
q(t) for a.e. t € [0, b], here, ¢ € L1([0, b], RT). Then

t t
y(/F(s)ds) s/q(s)ds
0 0

forallt €[0,b].

Lemma 2.5. [ 16, Proposition 4.2.2] Let X be a Banach space and L be an operator
L :L1([0,b], X) — C([0, b], X)

that satisfies the following conditions:

(S1) there exists a constant cg > 0, such that
t
L)) — L) = Co/ [f(s) —g(s)lds, t €[0,b]
0

forevery f, g e L([0, b], X);
(S2) for each compact set K C X and sequence { f,} C L1([0, b], X) such that { f,(t)} C K for a.e. t € [0, b], the weak convergence
fn — fo implies the convergence L(fn) — L(fo).

Then
(i) if the sequence of functions {f,,} C L1([0, b], X) is integrably bounded for alln =1, 2, ... and y (f,(t)) < q1(t) for a.e. t € [0, b],
where q; € L1([0, b], RT), then

t

YLD O12) <260 f a1(5) ds;

0

(i) for every semicompact sequence {f} C L1([0, b], X), the sequence {L£(fy)} is relatively compact in C([0, b], X) and, moreover,
if fa = fo, then L(fn) — L(fo).

Theorem 2.1. [G] Let X be a complete metric space, y denote Hausdorff measure of noncompactness in X and let # # D C X. Then
the following statements are equivalent:

(i) Disan Rs-set;

(ii) D is an intersection of a decreasing sequence {Dy} of closed contractible spaces with y (D) — 0;
(iii) D is compact and absolutely neighborhood contractible, i.e., D is contractible in each neighborhood in Y € ANR.

Definition 2.3. A multimap ¢ : X — P (X) is said to be condensing with respect to an MNC y (y-condensing) if for every
bounded set D C X which is not relatively compact, we have:

y(pD)) <y (D).
In subsequent proofs, we shall also use the following fixed point results for multimaps.

Theorem 2.2. [16, Corollary 3.3.1] Let D be a bounded convex closed subset of a Banach space X, and ¢ : D — Pcp v(D) an u.s.c.
y -condensing multimap. Then the fixed point set Fixp := {x : x € ¢(x)} is a nonempty compact set.

Theorem 2.3. Let D be a bounded convex closed subset of a Banach space X. Let ¢1 : D — X be a single-valued map and ¢, : D —
Pcp cv(X) be a multimap such that ¢1(x) + @2 (x) € P(D) for x € D. Suppose that

(a) @1 is a contraction with the contraction constant k < % and
(b) ¢y is u.s.c. and compact.

Then the fixed point set Fix(¢1 + ¢2) := {x : x € 01(X) + @2(X)} is a nonempty compact set.



Y. Zhou, L. Peng / C. R. Acad. Sci. Paris, Ser. 1 355 (2017) 45-64 49

Proof. Since ¢ is a single-valued contraction, it is continuous on X. For x € D, ¢1(x) 4+ ¢2(x) € P(D). Therefore the mul-
timap ¢ : D — P(D) defined by ¢(x) = ¢1(x) + ¢2(x) is u.s.c. Since ¢ is a contraction with the contraction constant k, then
we have that ((¢1(S)) < ku(S) for any bounded subset S of X. Thus (@1 (%)) < ku({x}) = 0. Obviously, ¢1 : D — P¢p cv(D).
As a result, we have ¢ : D — P v(D). Let S be a bounded subset of D. As ¢, is compact, we have that y (¢2(S)) =0. It
follows:

Y (@(S) = v(91(S) + ¢2(5))
=v(@1(5) + v (@2(5) = n(@1(5))
<ku(S) =2ky(S)
<y (S,
whenever y(S) > 0. Hence, we have that y (¢(S)) < ¥(S), ¥(S) > 0 for all bounded sets S in D. So ¢ : D — P¢p cy(D) is a

y-condensing multimap. By Theorem 2.2, the fixed point set Fix¢ is a nonempty compact set. This completes the proof. O

3. Topological structure of solution sets

In this section, let X be reflexive. We study the topological structure of solution sets in cases that T(t) is compact and
noncompact, respectively. Before stating and proving the main results, we introduce the following hypotheses:

(H1) the multivalued nonlinearity F : [0, b] x C([—7, 0], X) = P cv(X) satisfies
(i) F(t,-) is weakly u.s.c. for a.e. t € [0,b], and the multimap F(-,c) has a strongly measurable selection for every
ce(C([-7,0], X);
(ii) there exists a function «(t) € L1([0, b], RT) such that

|[E(t, )] <a(t)(1+ |c|ls) forae.t €[0,b]and c € C([—T7, 0], X).

(H3) The function h : [0, b] x C([—7,0], X) — X is continuous and there exists a constant 8 € (0,1) and d,d; > 0 with
d<||A‘/3|| + Cl}ﬂ) < 1, such that h € D(AP) and for any cq,c; € C([—7,0], X), the function APh(t,-) is strongly
measurable and APh(t, -) satisfies the Lipschitz condition

|APh(t, ¢1) — APR(E, ¢2)| <dller — el
and the inequality

|APR(t, c1)] <d1(1+ llc1]l+) foreveryt € [0, b].

Given x € C([—t, b], X), let us denote
Selp(x) = {f € L'([0,b], X) : f(t) € F(t,x;) for a.e.t € [0, b]}.

The set Selr(x) is always nonempty, as Lemma 3.1 below shows.

Lemma 3.1. [8] (see also [6]) Let condition (H1) be satisfied. Then Selr : C([—t, b1, X) — P(L'([0, b], X)) is weakly u.s.c. with
nonempty, convex and weakly compact values.

Definition 3.1. A continuous function x:[—7,b] — X is said to be a mild solution to inclusion (1.1) if x(t) = ¢(t) for t €
[—7,0] and if there exists f(t) € L'([0, b], X) such that f(t) € F(t, x;), and x satisfies the following integral equation:

t t

x(t):T(t)[¢(0)—h(0,¢)]+h(t,xt)+fAT(t—s)h(s,xg)ds+/T(t—s)f(s)ds, fort [0, b].
0 0

Remark 3.1. For any x € C([—T7, b], X), now define a solution multioperator F : C([—t, b], X) — P(C([—t, b], X)) as follows
FE)=T1(x) +T2x),

where

t
— T(t)h(0, ¢) + h(t,x;) + / AT (t — s)h(s, xs)ds, te<][0,b],
C(x) @) = ;

0, te[-7,0],
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and
S(HHE), feSelpx), tel0,b],
o (), te[-t.0]. )’
here, the operator S : L1([0, b], X) — C([0, b], X) is defined by
t

S(H=TM¢©0) + / T(t—s)f(s)ds.

0

M (x)() = :J’(t) €C([—7,bl. X):y() = {

It is easy to verify that the fixed points of the multioperator F are mild solutions to inclusion (1.1).

Lemma 3.2. [8, Lemma 3.3] Let hypothesis (H) be satisfied. Then there exists a sequence {F,} with Fy : [0, b] x C([—7,0], X) —
P v(X) such that

(i) F(t,c) C -+ C Fny1(t, ¢) C Fu(t,c) C--- C Co(F(t, B3i-n(c)),n > 1, foreach t € [0, b] and c € C([—7, 0], X);
(ii) |Fp(t, o) <a(t)(2+ |cll«),n>1, fora.e.t € [0, b] and each c € C([—7, 0], X);
(iii) there exists E C [0, b] with mes(E) = 0 such that for each x* € X*, ¢ > 0 and (t,c) € [0,b] \ E x C([—7, 0], X), there exists
N > 0 such that for alln > N,

X*(Fn(t,0)) CX*(F(t,0)) + (=&, €);

(iv) Fn(t,-): C([—7, 0], X) = P,cv(X) is continuous for a.e. t € [0, b] with respect to the Hausdorff metric for eachn > 1;
(v) for each n > 1, there exists a selection g, : [0,b] x C([—7,0], X) — X of F, such that g,(-,c) is measurable for each c €
C([—t, 0], X) and for any compact subset D C C([—t, 0], X), there exist constants Cy > 0 and § > O for which the estimate

[gn(t, c1) — gn(t, c2)| < Cya(t)lcr —c2ll«

holds for a.e. t € [0, b] and each c1, c2 € C([—7, 0], X) with V := D + Bs(0);
(vi) Fy verifies condition (H1)(i) with Fy, instead of F for each n > 1, provided that X is reflexive.

3.1. Compact operator case

The following compactness characterizations of the solution set to inclusion (1.1) will be useful.

Lemma 3.3. Suppose that {T (t)};~0 is compact and that there exists r € L' ([0, b], R*) such that
|E(t,c)| <r(t) forae. te[0,b]land c e C([—T7,0], X).

Then the multimap T' is compact in C([—t, b], X).

Proof. Let D be a bounded set of C([—7, b], X). We will prove that for each t € [—T, b], V(t) = {["2(x)(t) : x € D} is relatively
compact in X.

Obviously, for t € [—7,0], V(t) = {¢(t)} is relatively compact in X. Let t € [0, b] be fixed, for x € D and y € V(t), there
exists f € Selp(x) such that

t
y©) =Tt)¢(0) +fT(t —s)f(s)ds.
0
For an arbitrary € € (0, t), define an operator J.:V(t) - X by

t—e
Jey® =T ()¢ (0) +T(e) / T(t—e—s)f(s)ds.
0

From the compactness of T(t), t > 0, we get that the set Vo (t) = {J.y(t): y(t) € V(t)} is relatively compact in X for each
€ € (0,t). Moreover, it follows

t

sM/r(s)ds.

t—e¢

t
|ﬂ0—hﬂMs’/T@—9ﬂ9m
t—e

Therefore, there is a relatively compact set arbitrarily close to the set V (t). Thus the set V(t) is also relatively compact in
X, which yields that V (t) = {T"2(x)(t) : x € D} is relatively compact in X for each t € [—7, b].
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We proceed to verify that the set {I">(x) : x € D} is equicontinuous on [—t, b]. Taking 0 <ty <t <b and § > 0 small
enough, for any y(t) € I'(x), we obtain:

t
[y(t2) — y ()| < IT(t2) — Tt (0) + ‘ / T(tz —s)f(s)ds
ty

t1—5 t
+ / [T(t2 —s) —T(t1 —s)]f(s)ds +‘ [ [T(tz —s)—T(t1 —9)]f(s)ds
0 t1—6
t
<T@ = Tn1I61. +M [ r(5)ds
t1
t1—48 t1
+ sup ||T(tp —s)—T(t1 —9)|| / r(s)ds +2M r(s)ds.
se[0,t1—4]
0 t1—8

The right-hand side tends to zero as t; — t; — 0, since T(t) is strongly continuous, and the compactness of T(t) (t > 0),
implies the continuity in the uniform operator topology.
For —7 <t; <0 <ty <b, we have

ty t2
ly(t2) — y () = T(E2)¢(0) — o (t1)] + ‘ / T(t2 —s)f(s)ds| < IT(t2) — DIllI@ll« + [P (t1) — ¢ (0)] +M/r(s)ds.
0 0

The right-hand side tends to zero as t; —t; — 0 (t — 0%, t; — 07), since ¢ (t) is continuous. Note that for t1,t; € [—7, 0],
ly(ty) — y(t1)| = |¢p(t2) — ¢ (t1)] — 0 as t; — t; — 0. Thus {I'2(x) : x € D} is equicontinuous as well. Thus, an application
of the Arzela-Ascoli theorem justifies that {I";(x) : x € D} is relatively compact in C([—7, b], X). Hence I'; is compact in
C([—t, b], X). This completes the proof. O

Let a € [0,b) and ¢ € C([—7, b], X). Consider the integral equation of the form

t t

(p(t)—i—h(t,xt)—i—/AT(t—s)h(s,xs)ds—i-/T(t—s)g(s,xs)ds, t €la,b],

a a

o), tel[-1,al].

x(t) = (3.1)

Lemma 3.4. Assume that for every c € C([a — T, al, X), g(, c) is L1-integrable, {T(t)}¢~o is compact and (H) holds. Suppose in
addition that

(i) for any compact subset K c C([a — T, a], X), there exist § > 0 and Lx € L' ([a, b], RT) such that
lg(t, c1) — g, c2)| < Lk (t)llc1 — c2ll«, forae. t € [a, b] and each c1, ¢z € Bs(K);

(i) there exists r1(t) € L'([a, b], R") such that |g(t, c)| <ri(t)(c’ + |Ic|l+) for a.e. t € [a, b] and every c € C([a — T, a], X), where ¢’
is arbitrary, but fixed.

Ifdi||A=#|| <1, then integral equation (3.1) admits a unique solution for every ¢ € C([—t, b], X). Moreover, the solution to (3.1)
depends continuously on .

Proof. Step 1. (Priori estimate). Assume that x is a solution to (3.1). We have

t t
IX(0)] §|A"3A‘3h(t,xt)|+‘/Al’ﬂT(t—s)Aﬁh(s,xs)ds +|§0(t)|+‘/T(t—s)g(s,xs)ds

t t
<di|A"PI(1+ lIxell) +d1Cip / (t— )P + [1xs]l5) ds + max [p (0] +M / r1(s)(c’ + lIxsl,) ds
a ’ a
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t
<di|A™P (1 + lIXlljg—z.1) +d1C1-p / =P (1+ |IXlljg—r.s1) ds
a

t
+ max O]+ M [ 16)(E + el ia—r.0) b5,
’ a

for t € [a, b], and notice that |x(t)| = |@(t)| for t € [, a]. Then

Cq

1 d1C1_gb?
X|l[a— <—\d A_’3 max t — 4+ IM|r
%lla—z.c _1_dl”A,ﬁ”< HIATH + max (O] + 5 T Il

t

+ / [d1cl_ﬂ<t — 1+ My (s)] I1Xll{a—r,s] ds>.
a

By Gronwall’s inequality, we get that there exists My > 0 such that ||x||[—; p; < M1.
Step 2. Let ¢ € C([—1, b], X) be fixed. From d IA=#|| <1, we can find one & arbitrarily close to a such that

_ C1_p(& —a)P
d1<||A ﬂ||+% + Ml llLe < 1.

Then for one of such &, we choose one p satisfying

_ Ci_pE—a)f
di (nA Pl + ”’&#) + max [p(O] + Ml e

=

C1_p(E—a)P |
1—d; (uA—ﬁn - #) — M1l Lja.g)
that is,
C1p(E —a)f

di(1 +p>(||/rﬁ|| - 5

) + max [p(O)]+ M + )t ) < -
Write
B,,(g):{xeC([—r,s],X): max IX(t)ISP}~
te[-71,£]

Let us define the operator W:
Wx(t) = Wix(t) + Wax(t),
where
t
Wix(®) = h(t, x¢) +/AT(t—s)h(s,x3) ds, tela,b],
a
0, tel[—t,al,
and
t
Wx(t) = o)+ / T(t—s)g(s,xs)ds, te€la,bl,
a
208 tel[—7,a].

For x € B, (£), we have

t t
[W1x(t) + Wax(t)| §|A*ﬂAﬂh(t,xt)|+’/A1*ﬁr(r—s)Aﬁh(s,x5)ds +|<p(t)|+‘fT(t—s)g(s,xs)ds
a a

t
<[IA™P|ld1 (1 + IXllja—z.1) +d1C1—p / € =P (1 + IXllja—r,s1) ds
a
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t
+ max @ (0)] +M/r1 $)(¢' + lIxllfa—r,51) ds
a

—_n\B
sd1<1+p><||/rﬂ||+w
S,O,

for t € [a, £]. Obviously, W maps B, (£) into itself.
For any x, y € B,(¢) and ¢ € [a, b], we have

) + [IPTED;] lp©1+ M + )T lLiag

t
[Wix(t) — W1y(t)| < |h(t, x¢) — h(t, yt)|+’/AT(t—s)[h(s, xs) —h(s, ys)lds

t
= [A"P AP[h(t, x0) — h(t, yol| + ‘ / ATPT(t — $)AP[h(s, X5) — h(s, y5)]ds

t
sdnA—ﬁnnxt—yt||*+dcl_ﬂf(t—s>ﬂ—1||xs Yyl ds
a

t
<d|AP|llIx — Yllja—r,e) +dC1—p / (t =) Xx = Ylla—r,5 ds
a

gy, C1opE —a)f
d(IA 1+ TR Yl Vi
Noting that W1x(t) =0 for t € [—7, a], which implies that
- Ci-p8’
1W1x = Wiyliae.q <d (1A 1+ =2 )X = Vlior.

we get that W is a contraction.
Next, we will prove that W5 is continuous on B, (&). Let x", x € B, () with X" — x on B, (£). Then by (i) and the fact
that x! — x; for t € [a, £], we have

g(s,x?) — g(s,xs), forae. sefa,é]lasn— oo.

Noting that |g(s, x]) — g(s, Xs)| < 2r1(t)(c' + p), by Lebesgue’s dominated convergence theorem, we have

t
|[Wox™(t) — Wax(t)| < M/ |g(s, x) — g(s,x5)| ds — 0, asn — oo.
a

Moreover, from the proof of Lemma 3.3, we see that W, is a compact operator. Thus, W, is a completely continuous
operator. Hence, Krasnoselskii’s fixed point theorem shows that there is a fixed point of W, denoted by x, which is a local
solution to equation (3.1).

Step 3. We prove that this solution is unique. In fact, let y be another local solution to equation (3.1). According to
condition (i), we obtain

t t
[x(®) —y(@®)| < |h(t7xt)_h(t»}’t)|+‘/AT(t_S)[h(vas)_h(SaYS)]dS +’fT(t—S)[g(s,xs)—g(s, ys)lds

t t
<A P — ells +dC1p /(r — 5PV xs — ysllads + MfLK(s>||xs ~ Yslluds
a a

t
<d|ATPIx = yllja—r,0 + / [dC1_p(t — )P+ MLg()1IIx — Yllja—r 1 ds,
a

for t € [a, &), and |x(t) — y(t)| =0 for t € [—7, a]. It follows that
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t
1
—Vlg—r.0 < ———— [ [dC1_p(t — )P + ML — Ylla—r.s1ds.
X = Ylla r’t]_l—d||A*ﬁ||f[ 1-p(t =9)""" +MLg($)][1X = Yllja—r.51ds
a

Applying Gronwall’s inequality, we get [|x — ¥/ja—z,rj = 0, which implies x(t) = y(t) for t € [-7, &].
Next, we continue the solution for t > &. For t € [£, &], where & < &, we say that a function X(t) is a continuation of
x(t) to the interval [£, &], if

(a) Xe C([~7,£11,X), and
(b) X(t) = @(t) + h(t, X)) + f; AT(t —$)h(s, X)) ds + f; T(t —5)g(s, Xs) ds.

The terminology mild continuation applied to X(t) is justified by the observation that if we define a new function v(t) on
[0, &1] by setting

Vo - |XO ifrelog,
RO, iftels &l

and v(t) = ¢(t), t € [—7,a], then v(t) is a mild solution to (3.1) on [0, &1]. The existence and uniqueness of the mild con-
tinuation X(t) is demonstrated exactly as above with only some minor changes. The details are therefore omitted. Repeating
this procedure and by the a priori estimate of the solution, one continues the solution till the time &y = &max, Where [0, &y ]
is the maximum interval of the existence and uniqueness of a solution, and X denotes the solution on the interval [0, £max].
We prove &max = b. If this is not the case, then &max < b. Put

fmax smax
o) =@(t) + / AT (t — $)h(s, Xs) ds + / T(t—s)g(s,Xs)ds,

with @ € C([Emax, b], X). We consider the following integral equation:

t t
x(t) = @(t) +h(t, x) + / AT (t — s)h(s, xs)ds + / T(t—s)g(s, xs)ds,
%'max fmax

one can use the previous arguments to extend the solution beyond &myax, Which is a contradiction.
Step 4. Let " — ¢° in C([—7,b], X) as n — oo, and x" be the solution to equation (3.1) with the perturbation ¢", i..,
¢ t

x”(t)=go”(t)+h(t,x?)+/AT(t—s)h(s,xQ)ds+/T(t—s)g(s,x?)ds (3.2)

for t € [a,b] and x"(t) = ¢"(t) for t € [—T,a]. It is clear that lim,_, o, X" exists in C([—7, a], X). From condition (ii) and the
compactness of T(t) for t > 0 it follows that the set

t
/T(t—s)g(s, xds:n> 1}

is relatively compact in C([a, b], X). This gives that the family

t
x"(t) — h(t,x}) — / AT(t —s)h(s,x})ds :n > 1}

is relatively compact in C([a, b], X). We only prove that lim,_, o, x" exists in C([a, b], X). On the contrary, if lim,_, ., x" does
not exist in C([a, b], X), then for any n € N, we have n{,n with ny,ny > n such that ||x™ — x"||;qp > €0 (€0 >0 is a
constant), that is, there exists t* such that

XM (") — X" ()| = [IX" — X" ||[q,p] > €0.

Let u(t) =x"(t) — h(t, x}) — fa[ AT (t — s)h(s, x7) ds. Using (H3), we estimate

t*
[u™ (%) —u"2 ()| = XM () — X2 ()] — [h(t*, X)) — h(E*, X2)| — ‘ f AT (t* — s)[h(s, x") — h(s, x*)] ds
a
t*

> X" (%) — X2 ()| — d| AP Ix — X2 |l — dCr_p / (t* — )P THIXET — X2 . ds
a
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Cy_gb?
> XM (£%) — X2 (t%)] — d(nA—f‘ I+ %) X" — X2 | jq by

p
_ [1 —d<||/r/3|| 4 C“;b )]so,

which contradicts the compactness of u" in C([a, b], X). Hence {x"} converges in C([—t,b], X). We assume X" — x in
C([a, b], X) as n — oo. Therefore, taking the limit in (3.2) as n — oo, one finds, again by (H) and Lebesgue’s dominated
convergence theorem, that x is the solution to equation (3.1) with the perturbation ¢°. This completes the proof. O

For convenience, define

. C1_pb?
d=d1(||A‘f’|| + %) + M.

Theorem 3.1. Assume that (H1) and (H>y) hold. In addition, suppose that {T (t)}- o is compact in X. If& < 1, then the solution set of
the inclusion (1.1) is a nonempty compact subset of C([—7, b], X) for each ¢ € C([—7, 0], X).

Proof. Step 1. Let ¢ € C([—7, 0], X) be fixed. Consider the set
Br(b) ={x € C([—7,b], X): max [x(t)] <R},
te[—1,b]

where

g~ 12l 4 MIdl + IA=Plld1 (1 + llgll.)] +d

1-d

It is clear that Br(b) is a bounded, closed and convex set of C([—t,b], X). We first show that I'1 (Bg(b)) + I'2(Br(b)) C
Br(b). Indeed, taking x € Br(b) and y(t) € I'2(x), there exists f € Selr(x) such that

t
IT1x(0)| < [T(Oh(O, ¢)| + |APAPh(t, x0)| + ’/Al—ﬁr(r — 5)APh(s, x5) ds
0
t
<M|APAPRO, )| + 1A 11d1 (1 + I1Xc]l) +d1C1—p /(t — 95711 + x5l ds
0

t
< Md1 AP+ llgll) + 1APlld1 (1 + lIxll{—z.1) +d1C1—p / =) (1 + 1Xll—r,57) ds
0

Ci_gb?
<Mdi AP+ 1610 + 1A PIdi (1 + R) +di (1 + R) 1; :

and
t

1y (] SIT(t)¢(0)|+’/T(t—S)f(S)dS

0

t
§M||¢|I*+Mfa(s)(l 1 xsll,) ds
0

<M|¢ll« + MO + R)llxll1,
it follows that
IT1x(6) + y(©)] < MIlll« + 1A 1d1 (1 + |90 +d(1 + R)
for t € [0, b]. From I'1x(t) + y(t) = ¢(t) for t € [—1, 0], we know
IT1X() + T2x(®)] < @l + M[llglls + AP 1d1 (1 + [lpll)] +d(1 +R) <R

fort € [—7,b],
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Step 2. We show that I'1 is a contraction on C([—t, b], X). Let x, y € C([—7, b], X). Then

t
IT1x(t) —T1y®)| < [h(t,x) — h(t, yo)l + ‘ / AT (t — s)[h(s, xs) — h(s, ys)1ds
0
t
<d|AP|llIxe — yell« +dCi_p / (t —)P7Ixs — ysllds
0

t
<d|APIX = llj—r.q) +dC1_gp / (t— )P X — yll_r.q ds
0

Ci_pb?

=d(1A~P)+ )lix = Yli-e1

Noting that I'1x(t) =0 for t € [—7, 0], which implies that

_ C1_gh?
I3 = T1ylien <d(1A77 1+ === )1k = Yo
B
This shows that I'q is a contraction, since d<||A*ﬁ I+ %) < %

Step 3. An application of Lemma 3.3 enables us to find that I'y is compact on Bg(b). We only show that I'; is u.s.c.
By Lemma 2.2, it suffices to show that I'y has closed graph (and therefore has closed values). Let X" C Bg(b) with X" — x
and y" € T',(x") with y" — y. We shall prove that y € I';(x). By the definition of I'y, there exist f™ € Selg(x") such that

t
y'(t) =T )¢ (0) + / Tt —s)f"(s)ds, fort €[0,b], and y"(t) = ¢(t), fort e [—7,0].
0

We need to prove that there exists f € Selr(x) such that
¢

y(t) =T ({t)p(0) + / T(t —s)f(s)ds, forte[0,b], and y(t) = ¢(t), fort € [—7,0]. (3.3)
0

By (H1)(ii), noticing that Selr(x) is weakly u.s.c. with weakly compact and convex values due to Lemma 3.1, an application
of Lemma 2.3 yields that there exists f € Selr(x) and a subsequence of f", still denoted by f", such that f* — f in
L1([0, b], X). From this and Lemma 3.3, we see

t t
V() = T(t)¢(0)+/T(t—s)f"(s)ds—> T(t)qb(O)—i—/T(t—s)f(s) ds, asn — oo.
0 0

By the uniqueness of the limit, (3.3) holds and y € I'>(x). It follows that I"; is closed and therefore has compact values.
Therefore, the operators I'1 and I', satisfy all conditions of Theorem 2.3, thus the fixed points set of the operator I'y + '
is a nonempty compact subset of C([—7,b], X). O

Now, let ®(¢) denote the set of all mild solutions for inclusion (1.1).
Theorem 3.2. Under the conditions in Theorem 3.1, the solution set of (1.1) is an Rs-set.
Proof. To this aim, let us consider the following semilinear evolution inclusion

%[X(t) —h(t,x)] € Ax(t) + Fn(t,x;), te€][0,b],

x(®) =¢(), te[-7,0]

where multivalued functions F, : [0, b] x C([—7, 0], X) = P cv(X) are established in Lemma 3.2. Let ®,(¢) denote the set
of all mild solutions for inclusion (3.4).

From Lemma 3.2(ii) and (vi), it follows that {F,} verifies condition (H) for each n > 1. Then from Lemma 3.1, one finds
that Self, is weakly u.s.c. with convex and weakly compact values. Moreover, one can see from Theorem 3.1 that each set
®n(¢) is nonempty and compact in C([—t, b], X) for each n > 1.

(3.4)
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We show that the set ®,(¢) is contractible for each n > 1. In fact, let x € ©®,(¢). For any A € [0, 1], we consider the
Cauchy problem of the form

d
E[Y(t) —h(t, ye)] = Ay(t) + gn(t, yr), te[Arb,b],
y(t) =x(), te[—1,Ab],

(3.5)

where gy is the selection of F,. Since the functions g, satisfy the conditions in Lemma 3.4 due to Lemma 3.2(ii) and (v),
by Lemma 3.4, we know that equation (3.5) has a unique solution for every x(t) € C([—7, Ab], X). Moreover, the solution
to (3.5) depends continuously on (A, x), denoted by y(t, Ab, x).

Define the function h: [0, 1] x ®,(¢) — Opn(¢) by the formula

x(t), te[—1,Ab],

h(n,x) = [
y(t,Ab,x), te[Ab,b].

Clearly h(x,x) € On(¢). In fact, for each x € ®(¢), there exists g € Self, (x) such that x =T'1(x) + S(g). Put
&(t) = &) X10.401(t) + &n () X, by (t) for eacht € [0, b].

It is clear that g € Self, (ﬁ). Also, it is readily checked that I'; (E(A, X)) + S(g)(t) = x(t) for all t € [—7, Ab] and I'y (fl(k, X)) +
S(&)(t) = y(t, Ab, x) for all t € [%b, b], which gives I'1(h(x, X)) + S(&) = h(x, x) and hence h(x,x) € On(¢).
To show that h is a continuous homotopy, let (A™, x™) € [0, 1] x ®,(¢) be such that (A, x™) — (A, x) as m — oo. Then
XM te[—1,Ab],

fl}\,m, m — ’
- [y(t,k’“b,x’"), t € [Ab, b].

We shall prove that h(™, xmy — E(A,x) as m — oo. Without loss of generality, we assume that A™ < A. If t € [—T, A™b],
then
IRO™, X™)(t) — h(L, X)(E)] = [X™(t) — x(t)| — 0, as m — oo.
If t € [Ab, b], then
IR, X™) = RO ).y = sup [y (t, A™b, X™) — y(t, X, %],
te[Ab,b]

which tends to 0 as m — oo, since y(t, Ab, x) depends continuously on (A, x). If t € [\"'b, Ab], then
IR, x™)(£) — (L, X)(0)] = |y(t, A™b, X™) — x(0)|
< |y, A"b, x™) — X" (t)| + X" (t) — x(t)| = 0, asm — o0,

due to y(t, A™b, x™) — x™(t) (t — Amb). But h(, ) = y(t,0,¢) and h(1,-) is the identity, hence ®p(¢) is contractible.
Finally, in view of Lemma 3.2(i), it is easy to verify that ®(¢) C --- C On(¢p)--- C O2(¢p) C O1(¢p); this implies that
O@) C ﬂnz1 ®n(¢). To prove the reverse inclusion, we take x € ﬂnz] ®n(¢). Therefore, there exists a sequence {gn} C

L1([0, b], RT) such that g, € Selg, (x), x=T1(x) + S(gs) and forn>1,
[gn ()] <@ (6)(2 + [Ix¢l+), fora.e.t €[0,b],

in view of Lemma 3.2(ii). According to the reflexivity of the space X and Lemma 2.1, we have the existence of a subsequence,
denoted as the sequence, such that g, — g € L'([0, b], X). By Mazur's convexity theorem, we obtain a sequence g, € co{g :
k >n} for n > 1 such that g, — g in L1([0, b], X) and, up to subsequence, g,(t) — g(t) for a.e. t € [0, b] and gn(t) € Fa(t, x;)
for all n>1.

Denote by N the set of all t € [0,b] such that Z,(t) — g(t) in X and gu(t) € Fu(t, %) for all n > 1. According
to Lemma 3.2(iii), we know that there exists E C [0,b] with mes(E) = 0 such that for each t € ([0,b] \ E) N A and
xX*eX* >0

(X*, 8n(t)) € cof(x", g (t)) 1k =n} C (x*, Fu(t, X)) C (X", F(t, X)) + (=&, &),

here, (x*, F(t,-)) denotes the duality product. Therefore, we obtain that (x*, g(t)) € (x*, F(t,x;)) for each x* € X and t €
([0,b]\ E) N V. Since F has convex and closed values, we conclude that g(t) € F(t, x;) for each t € ([0, b]\ E) NN, which
implies that g € Selg(x). Moreover, since

t t

x(0) = TO1$(0) — h(0, $)] + h(t. x) + / AT(t — $)h(s, x5)ds + / T(t — 5)gn(s) ds,

0 0
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by Lemma 3.3, we know that fot Tt —5s)gn(s)ds — fot T(t —s)g(s)ds, which implies that x =I'1(x) + S(g). This proves that
Xe ﬂnzl ®n(¢). We conclude that ®(¢) = ﬂnzl ®,(¢). Consequently, we conclude that ®(¢) is an Rs-set, completing this
proof. O

3.2. Noncompact operator case
We study the semilinear differential inclusion (1.1) under the following assumptions:

(Hy)' h satisfies (H;) with
|APR(t, c1) — APh(s, c2)| <d|ici — a4, fort,se[0,b]
instead of
|APh(t, c1) — APh(t, c)| <dllct — calls;

(H3) for every € > 0 and every bounded set D C C([—7, 0], X) there exists § > 0 and a function k € L1([0, b], R*) such
that

y(F(t,Bs(D))) <k(t) sup y(Bg(D(9)))fora.e.te][0,b],

—7<60<0
where Bs(D) denotes a §-neighborhood of D defined as
Bs(D) :={ze C([—T1,0], X) : dist(z, D) < §}.

The assumption (H3) was introduced and used in [13] and it implies the compactness of values of F.

Theorem 3.3. Let conditions (H1), (H2)" and (H3) be satisfied. Ifa < 1, then the solution set of inclusion (1.1) is a nonempty compact
subset of C([—7, b], X) for each ¢ € C([—7, 0], X).

Proof. For the same Bg(b), as the reason for Theorem 3.1, we see that Bg(b) is a closed and convex subset of C([—t, b], X).
Claim 1. The multimap F has closed graph with compact values. Let X" C Bg(b) with x™ — x and y" € F(x") with y" — y.

We shall prove that y € F(x). By the definition of F, there exists f, € Selr(x") such that

C1(x") () + S(fa) (), tel0,b],

(), te[-7,0].

The operator S satisfies the properties (S1) and (S;) of Lemma 2.5, since T(t) is a strongly continuous operator. In view
of (Hq)(ii), we have that {f,} is integrably bounded, and condition (H3) implies

Y{fa®} <y (F(t,x)) <k(t) supoy(X?(O))sk(t) sup y(x"(s)) =0.

—T<0< —T<6<t

y'(t) =

Then {f,} is a semicompact sequence. Consequently, {f,} is weakly compact in L!([0, b], X); we may assume, without loss
of generality, that f, — f in L1([0, b], X). By Lemma 2.5(ii), one obtains that S(f,) — S(f) in C([0, b], X). Since Self is
weakly u.s.c. with weakly compact and convex values (see Lemma 3.1), from Lemma 2.3, we have that f € Selp(x).

On the other hand, we have the inequalities:

t
IC1 (XM () = T1(x) ()] < |h(t, k) — h(t, x)| + ’ /AT(t —9)[h(s,x§) — h(s, x5)]ds
0

t
<d|ATPIX" = xl|[—z, +dC1_p / (t— )PV X" — Xll{—,51 ds
0

_ Ci_gh?P
sd<IIA Pl =2 ) I — xll—r
B
for t € [0, b]. For t € [—7, 0], we have

IT1 (XM () — T1 (%) ()] = 0.
Then

B Ci_gb?
IT1(xX") = T1(X) lj—z,py < d(IIA Al + Tﬂ) [x" — X[l {—z,5y = 0, asn — oco.
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It follows immediately that y" — y with

) = @)@ +SH©), telo,bl,
(), te[-7,0],
where f € Selr(x) and y € F(x). Hence, F is closed.

It remains to show that, for x € My and {f;} chosen in Selr(x), the sequence {S(f;)} is relatively compact in
C([—7,b], X). Hypotheses (H1)(ii) and (H3) imply that {f,} is semicompact. Using Lemma 2.5(ii), we obtain that {S(fy)} is
relatively compact in C([0, b], X). Thus F(x) is relatively compact in C([—t, b], X), together with the closeness of F, then
F has compact values.

Claim 2. The multioperator F is u.s.c. In view of Lemma 2.2, it suffices to check that F is a quasicompact multimap. Let
Q be a compact set. We prove that F(Q) is a relatively compact subset of C([—T, b], X). Assume that {y"} C F(Q). Then

Yy (t) = {Fl (")) + S(fa)(©), tel0,b],
o, tel[-7,0],

where {f,,} € Selg(x"), for a certain sequence {x"} C Q. Hypotheses (H1)(ii) and (H3) yield the fact that {f;} is semicompact
and then it is a weakly compact sequence in L' ([0, b], X). Similar arguments as in the previous proof of closeness imply
that {I'1(x")} and {S(f,)} are relatively compact in C([0, b], X). Thus, {y"} converges in C([—T, b], X), so the multioperator
Fis u.s.c.

Claim 3. The multioperator F is a condensing multioperator. Now in the space C([—t, b], X), we consider the measure
of noncompactness v defined as: for a bounded subset 2 C My, let modc(2) be the modulus of equicontinuity of the set
of functions 2 given by

modc(R) = limsup max |x(t2) — x(t1)].
§—>0xeQ It2—t1]<é

Given Hausdorff MNC y, let x be the real MNC defined on bounded set D C C([—t, b], X) by

x(D)= sup ety (D(s)).
te[0,b]

Here, the constant L > 0 is chosen such that

t t
1
I:=d|A™P| + sup (c()/e‘m‘s)k(s)ds—|—dC1_f;/e‘L(t‘s)(t—s)ﬁ‘l ds) <=,

tefop) \ ) 2

where k(t) is the function from condition (Hs).
Consider the function v(Q2) = DmAaéz) (y(D[—r, o), x (D), modc(D)) in space C([—7, b], X), where A(S2) is the collection
€

of all countable subsets of Q.
To show that F is v-condensing, let Q2 C My be a bounded set in Mj such that

V(2) < v(F(L2)). (3.6)
We will show that €2 is relatively compact. Let v(F(£2)) be achieved on a sequence {y,} C F(R), i.e,

v({yn}) = (y({yn}“__[’O]), X({yn})’ mOdc({yn})).
Then

Yyt = C1(xM (@) + S(f)(©), tel0,b],

b (0), e =z, 0l.

where {x"} C Q and f; € Selr(x"). From inequality (3.6), it follows that y ({x"}|(—¢,0;) = 0. Indeed, we have

Yy Hi—r.op =y {p®) : t € [-T7,01) =0=> ¥ ((X"}|[_7.0) = O.

Now we give an upper estimate of y({y"(t)}) for any t € [0,b]. Using (H3), we have y({fa(O)}) <

k(D) SUp_r <=0 ¥ ({1 (6))). Then

V({fn(t)})sk(t)< sup Yy ({x"(s)}) + s%pjy({X”(s)})>
se|0,t

se[—1,0]

§e“k(t)< sup e_LSJ/({X"(S)})>

se[0,t]
< eMk(t) x ({xa)).
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Then, from Lemma 2.5(i) with ¢y = M, we get
t

e My (SO < 2Me ™M / eBk(s) ds - ¥ ({xn))

0
. (3.7)
< ZM/e_L(t_S)k(s) ds - x ({xn}).
0
Since the measure y is monotone, from (Hy)', for t € [0, b] we get
e My (. xhHh) <e My ({APAPh(e, X)) < 1A P ey ({APh(t. xD)})
<A~ Plle™ " ({APh(t, x)}) <dllA™F ||e—“( sup u({X?}))>
6e[—7,0]
(3.8)

szdnA*ﬂne*“( sup y({x?})))szd||A*ﬂ||e*“<sup y({x"(s)}))
fe[—1,0] se[0,t]

< 2d||A—ﬁ||( sup e—“y({x"(s)})) <2d| AP x ({(x").
se[0,t]
Let t € [0, b] and s € [0, t]. Clearly, the function G :s+> AT (t — s)h(s, x}) is integrable and integrably bounded. Since
y({ATC = he ) =y ([APTE - 946, xD)])
<IA"PT(—s)lly ({APh(s. xD)})
<2dCy_g(t — s)“"le“< sup e V({X"(S1)})>
s1€[0,s]
<2dCy_p(t — )Pl x (X)),

by Lemma 2.4, one obtains
t

t
e’“/y({AT(t—s)h(s,x?)}) ds52dc1,ﬁx({x”})/e*1<f*5>(t—s)ﬁ” ds
0

0
t (3.9)

<2dCi_px ({x"}) sup /-e_L(t_S)(t—s)ﬂ_1 ds.
te(0.0))

From (3.7)—(3.9), and the fact that d||A~#|| < % it follows

x({y"H = sup ety y" )
te[0,b]

te[0,b]

t
< sup e_“y({S(fn)(t)+h(t,x?)~|—/AT(t—s)h(s,x?)ds})
0

t t
gz[dnfrﬁn + sup (M f e HE9k(s)ds +dCr_p / e L=t —5)f~1 ds)] x ({x")
te[0,b]
0 0

< 2Ix({x").
But (3.6) implies

X" = x({x"),

and consequently, x ({x"}) = 0. This implies that y ({x"(t)}) = 0.

Using (H1)(ii) and (H3) again, one gets that {f,} is a semicompact sequence. Then Lemma 2.5(ii) ensures that {S(f,)} is
relatively compact in C([0, b], X). Hence, modc({S(fn)}) =0.

Now we will show that the set {I'y (x")(t)} is equicontinuous on C([—t, b], X). For —7 <ty <t; <0, we have

IT1(x")(t2) = T1 (X" (E1)] = |9 (t2) — ¢(t1)| — 0, as |t — t2| — 0.
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For 0 < t1 <ty <b, we obtain

IT1 () (t2) — T1 (") (t1)]
< IT(&2) — TR, $)| + |h(t2. X) — h(tr, X))

ty t

+ ’ / AT (ty — s)h(s, x]) ds| + ’ / A[T(t2 —s) — T(t1 — s)]h(s, x¥) ds
t1 0

d1C1_pg(ty — t1)P

<|IT(t2) — Tt 1A, §)| + dIIATPllIx?, — x [l + 5

(1 + ”xn ”[t] —‘[,tz])

t
+ ’[T(tz —t1) — I]/AT(ﬁ —s)h(s, x}) ds
0

Since y(féAT(t — s)h(s, x?)ds) =0 for all t € [0, b], the last term on the right-hand side converges to zero when t; — t;
tends uniformly to 0. From the inequality

modc({y"}) = modc({l'1 (xM)}) + modc({S(fm)}),

we get

<d||A~P||modc({x"}).

modc({y"}) < d||A™P|llIxt, — x7, |1«

In view of d||A—#|| < 1, from the last inequality and inequality (3.6) follows modc({y"}) = 0, which implies that
modc({x"}) = 0. Hence, the subset {x"} is relatively compact, thus v({x"}) =0, and so the map F is v-condensing.
From Theorem 2.2, we deduce that the fixed point set FixF is a nonempty compact set. O

Before proving the main result of this subsection, we give an important lemma to prove the contractibility of the solution
set.

Lemma 3.5. Under the conditions in Lemma 3.4 except that {T (t)};- ¢ is compact, if

(Ha4) there exists a function k1 € L'([a, b], R1) such that
y(gt, D)) <ki(t) sup y((D(®)) aetela,b]

—7<6<0

for every bounded set D C C([a — 7, a], X),

then integral equation (3.1) admits a unique solution for every ¢(t) € C([—7, b], X). Moreover, the solution to (3.1) depends continu-
ously on ¢.

Proof. Let ¢(t) € C([—7,£&], X) be fixed. In view of Lemma 3.4, we know that the operator W : B, — B, is continuous.
Similar to the proof of Claim 3 in Theorem 3.3, it follows that W is a v-condensing operator. So W has a fixed point, which
implies that equation (3.1) has a local solution. According to Lemma 3.4, the uniqueness and continuation of the solution
are obtained. Therefore, the first part of the lemma is proved.

We only prove that the solution to equation (3.1) depends continuously on ¢. Let ¢" — ¢ in C([—7,b], X) as n — oo,
and x" be the solution to equation (3.1) with the perturbation ¢", i.e.,

t t
X)) =" () +h(t, x) + f AT(t — s)h(s, x7)ds + / T(t—s)g(s,x8)ds
a a
for t € [a, b] and x"(t) = ¢"(t) for t € [—7,a]. By (H2)' and (H4), together with similar argument as above, we have
x({x") = sup e My (X))
€[0,b

te[0.b]
t

t
< sup ethy({(p"(t)+h(t,x?)+/AT(t—s)h(s,x?)ds—}—/T(t—s)g(S,X?)dS}>

te[0,b]

< sup e Ly (") + sup e~y ({h(t, xH)})
te[0,b] te[0,b]
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te[0,b]

t t
+ sup e‘“y({/AT(t—s)h(s,xQ)ds—i—/T(t—s)g(s,xﬂ)ds])

te[0,b]

t t
gz[duA—ﬂn + sup (M / e L9k (s)ds +dCr—p / e L=t _g)f-1 ds)] X (X"
< x({x".

Thus x ({x"}) =0, then y({x"(t)}) = 0. On the other hand, as the reason for the proof of modc({x"}) in Theorem 3.3, it
follows that modc({x"}) = 0. Hence, {x"} is relatively compact in C([—t, b], X). Therefore, taking the limit in (3.2) as n — oo,
one finds, again by (H,) and Lebesgue’s dominated convergence theorem, that x is the solution to equation (3.1) with the
perturbation ¢°. The proof is completed. O

Theorem 3.4. Under the conditions in Theorem 3.3, the solution set of (1.1) is an Rs-set.

Proof. We also consider inclusion (3.4), where the multivalued functions Fy : [0, b] x C([—7, 0], X) = P cy(X) are estab-
lished in view of Lemma 3.2, and Fj satisfy condition (H;) for each n > 1.
Let ®,(¢) denote the set of all mild solutions for inclusion (3.4).
We show that each sequence {x"} such that x" € ®,(¢) for all n > 1 has a convergent subsequence x™* — x € ©(¢). At
first we notice
t t

X"(t) =T (t)[¢(0) — h(0, ¢)]+h(t,X?)+/AT(t—S)h(s, X?)ds+/T(t—S)gn(5)ds, gn(s) € Fn(s,xy),
0 a

for t € [0, b], and x,(t) = ¢(t) for t € [—7,0]. It is easy to know that y ({x"(¢)}) =0 for t € [-7,0]. By (H3), for any & >0
there exist some N € N such that

Y {&n($)}In=1) =Y {&n($}n=N) < V({FN(vag)}nzN)
=< V(EF(L B317N({X?}nzN)))

5k(s)( sup J/({xg}nzN)'l‘g) (3.10)

—7<6<0

Ek(S)( sup J/({X”(@)}nzl)+8)~
0€(0,s]

Therefore,

Y ({&n(9)}In=1) < k(s) gs%p] Y {X"(@)}n=1).

This, together with (3.8) and (3.9) implies

x (X)) = sup e Hy (x"(0)))
te[0,b]

t
< sup e My {ht, X)) + sup e‘“y({/AT(t—s)h(s,xQ)ds})
te[0,b] tef0,b] .

t
+ sup e’“y({/T(t—s)gn(s)dsD
te[0,b] .

t t
52[d||A_’3 | + sup <M / e Lk(s)ds +dCr_p / e—“f—s)(t—s)ﬁ—ldsﬂ x (X"
0

te[0,b] 5

<20x({x") < x (x".

Thus x ({x"}) =0, then y ({x"(t)}) =0 for t € [0, b]. From (3.10), we get that ¥ ({gn(s)}) = 0. The fact that the equicontinuity
of {x"} is proved in Theorem 3.3 implies the existence of a subsequence {x"} that is convergent on [—7,b]. Denote the
limit by x.

Since y ({gn(s)}) =0, we can assume, up to subsequence, that g,(s) — g(s) in X for s € [0, t]. From the above discussion,
we have
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t t
X(t)=T(t)[¢(0)—h(0,¢>)]+h(t,xf)+fAT(t—S)h(s,xs)dS+/T(t—s)g(S)ds,
0 0

for t € [0, b] and x(t) = ¢(t) for t € [—7, 0]. As the reason for Theorem 3.2, the fact that F, satisfies condition (H;) shows
that g(t) € F(t, x;) for a.e. t € [0, b].
It follows that sup{d(x, ®(¢)) : x € On(¢)} — 0 (an easy proof by contradiction). Therefore, sup{d(x, ©(¢)) : x € On(¢)} —
o0

0, as well. Since ©(¢) is compact and Opy1(¢) C On(@), ¥ (On(9)) = ¥ (On(¢)) — 0, as n — oo and O(¢) = [ On(¢).

n=1
By the same methods as in Theorem 3.1, together with Lemma 3.5, we know that ®,(¢) is contractible for all n > 1.
Consequently, we conclude that ®(¢) is an Rs-set. The proof is completed. O

4. An example

Let X = L?([0, ], R), we consider the following partial differential inclusions of neutral type:

9 r 92
5(2(&&) - / U(éf,y)zt(@,y)dy) € ﬁz(t,é) +G(t,z(0,8)), tel0,b], &£ €[0,m],
H
0 (4.1)
z(t,0) =z(t, ) =0, t €[0,b],
2(0,8)=¢0)(&), 0 e[-7,0], £ €[0,m],

where ¢ € C([—7, 0], X), that is, ¢(0) € X and z;(0,&) =z(t +0,&), t€[0,b], 6 €[—T,0].
We consider the operator A : D(A) C X — X defined as Ay = —y” with the domain

D(A)={y(-) € X:y, y absolutely continuous, y” € X and y(0) = y(w) = 0}.

Then A generates a strongly continuous semigroup {T(t)};>o0, which is compact, analytic and self-adjoint. Furthermore,

A has a discrete spectrum, the eigenvalues are n? (n € N), with corresponding normalized eigenvectors x, (&) = \/%sinné.

This implies that sup,-¢ [T (t)|| < +oo (see [18]). We also use the following properties:

(i) foreach y e X, TO)y = ey ey, Xn)Xn;
(i) for each y € X, A_%y =y, %(y,xn)xn:
(iii) the operator A3 is given by

on the space D(A%) ={y()eX: Zﬁil n(y, xp)xn € X}.

Then system (4.1) can be reformulated as

%[x(t) —h(t,x;)] € Ax(t) + F(t,x;), te]0,b],

x(t) = ¢ (1), te[-t,0],

where x(t)(§) = z(t, &), x(0,&) = z:(0, &), F(t,x)(E) = G(t, z:(0,&)). The function h(t,x;) : [0,b] x C([—7,0],X) — X is
defined by

T

h(t. x) = / UG, y)2:6, y)dy.
0

Moreover, we assume that the following conditions hold:

(hq) the function U (¢, y) is measurable and

T T
//Uz(é,y)dyd$<oo;
00
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(hy) the function d:U (&, y) is measurable, U(0, y) = U(m, y) =0, and let

mT T 1
_ 2
H=(//<85U<s,y)>2dyds) < o0.
00

Clearly, (H>) is satisfied.
Let F(t,z:) =[f1(t, z¢), f2(t, zt)]. Now, we assume that:

fi:[0,b] x C([=7,01, X) > R, i=1,2

satisfy

(F1) fyisls.c.and fy is us.c;
(F2) fi(t,¥) < fa(t, ) for each (¢, ¥) € [0, b] x C([~7, 0], X);
(F3) there exists a1, a € L°°([0, b], RT) such that

[fitt, ) i@+ |l¥lle), i=1,2,
for each (t,vy) € [0,b] x C([—7, 0], X).

From our assumptions on (Fq)-(F3), it follows readily that the multivalued function F(,-): [0, b] x C([—7,0], X) = P(X)
satisfies (Hq).
Thus, all the assumptions in Theorems 3.1 and 3.2 are satisfied, our results can be used to problem (4.1).
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