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RESUME

Nous présentons plusieurs résultats de finitude pour les groupes algébriques absolument
presque simples définis sur des corps de type fini plus généraux que les corps globaux.
Nous discutons aussi des liens entre les propriétés de finitude diverses qui entrent dans
le cadre de notre analyse, telles que la propreté de I'application globale-locale dans la
cohomologie galoisienne d'un K-groupe G par rapport a un ensemble convenable V de
valuations discrétes de K, et la finitude du nombre de K-formes de G ayant, d'une part,
bonne réduction en V et possédant, d’autre part, les méme classes d'isomorphisme de
K-tores maximaux que G.
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Version francaise abrégée
Soit K un corps de type fini. Dans cette note, nous discutons la question suivante :

(%) (Quand) est-il possible de munir K d'un ensemble naturel V de valuations discrétes tel que, pour un groupe algébrique G simple-
ment connexe absolument presque simple défini sur K, I'ensemble de classes d’isomorphisme sur K de K -formes de G ayant bonne
réduction en toutes v € V (resp. en toutes v € V \ S, pour un sous-ensemble S C V fini arbitraire) soit fini ?

Nous relions cette question aux propriétés de I'application globale-locale en cohomologie galoisienne et a I'analyse des
K-formes de G possédant les mémes classes d’isomorphisme de K-tores maximaux que G. D’aprés des résultats de finitude
en cohomologie galoisienne bien connus (cf. [17, Ch. III, §4.6, Theorem 7]), si K est un corps de nombres et VK désigne
I'ensemble de toutes les places de K, alors les ensembles de type VK \'S, ott S ¢ VK est un sous-ensemble fini contenant
toutes les places archimédiennes de K, sont convenables. Sur les corps plus généraux que les corps globaux, la question (x)
appelle une réponse affirmative pour les formes intérieures de type A, si la caractéristique de K ne divise pas (£ + 1)
(cf. [4]). Dans la section 2 de cette note, nous construisons un ensemble convenable V pour les groupes spinoriels des formes
quadratiques en > 5 variables dans le cas ott K est le corps de fonction d’'une courbe lisse géométriquement irréductible
sur un corps de nombres (Théoréme 1); le méme ensemble marche également pour les groupes de type Gj.

Dans les sections 3 et 4, il s’agit de I'analyse des groupes algébriques absolument presque simples possédant les mémes
classes d’isomorphisme de tores maximaux sur le corps de définition. Plus précisément, si G est un groupe algébrique sim-
plement connexe absolument presque simple défini sur un corps K, nous définissons le genre geny (G) comme l'ensemble
des classes d’'isomorphisme sur K de K-formes de G possédant les mémes classes d'isomorphisme de K-tores maximaux
que G. Il parait probable que le genre est fini si K est un corps de type fini de «bonne» caractérisque relativement au type
de G. La finitude du genre est connue si K est un corps de nombres ou bien si G est une forme intérieure de type A; et si
K est un corps de type fini dont la caractéristique ne divise pas (¢ + 1) — voir [4, §6]. Dans le cas général, nous relions ce
probléme a la question (x) (voir le Théoréme 5), ce qui nous permet d’obtenir de nouveaux résultats de finitude (et méme
de trivialité) pour le genre des groupes de type G.

1. Introduction

The purpose of this note is to discuss several finiteness properties of absolutely almost simple groups over finitely
generated fields, such as the properness of the global-to-local map in the Galois cohomology of a K-group G relative to
a certain natural set of discrete valuations of K, and the finiteness of the number of isomorphism classes of K-forms of
G having, on the one hand, smooth reduction with respect to V and, on the other hand, the same isomorphism classes
of maximal K-tori as G. We prove these properties in some cases, and establish relations between them in general. To
put these results in context, we recall that if G is an algebraic group over a number field K, and VX denotes the set
of all places, then the main finiteness result (cf. [17, Ch. IIl, §4.6, Theorem 7]) states that the natural global-to-local map
oc:HY(K,G) — [Tvevx HY(K,, G) is proper, i.e. the pre-image of any finite set is finite (in particular, the corresponding
Tate-Shafarevich set I11(G) := Ker p¢ is finite). Then a similar map ,0(5; constructed using the product over all v e VK\'§
is also proper, for any finite subset S  VX. To provide a different perspective on this result, we recall that if a connected
K-group G has smooth reduction at a non-Archimedean place v € VX, then it becomes quasi-split over the completion
K, (cf. [13, Theorem 6.7]). Combining this with the properness of ,0(5;, one concludes that for an absolutely almost simple
simply connected K-group G, the set of K-isomorphism classes of K-forms of G having smooth reduction at all ve VK \'S
is finite, for any finite subset S ¢ VK containing all Archimedean places. (With some additional efforts, this result can be
extended to all reductive groups — see [10].) Conversely, this property implies the properness of pé for adjoint semi-simple
groups.

The question arises if and to what extent the above finiteness property can be extended to fields other than number
fields. More precisely, let K be a finitely generated field. Can one equip K with a “natural” set V of discrete valuations such
that, for a given (absolutely almost simple simply connected) K-group G, the set of its K-forms that have smooth reduction
at all v e V (resp, at all ve V \ S, where S C V is an arbitrary finite subset) consists of finitely many K-isomorphism
classes? What makes this question interesting is that the affirmative answer would have important consequences for the
global-to-local map as well as other issues. First, the version involving all v € V would imply that for an adjoint K-group
G having smooth reduction at all v € V, the kernel 11Ty (G) of the global-to-local map pg,v: H' (K, G) = [[,ey H' (Ky, G)
relative to V, is finite. Second, the version allowing one to remove from V any finite subset would imply the properness not
only of pg v but also of pg v\s for any finite S C V (cf. [4, §6]). Third, this version (with some additional requirements on V')
would imply the finiteness of the genus of absolutely almost simple simply connected groups over finitely generated fields —
see §2 below. Yet another application would be a finiteness result for absolutely almost simple algebraic groups containing
a finitely generated Zariski-dense subgroup weakly commensurable to a given one (see [15, §7]; note that Conjecture 7.8
there is already a theorem). One can consider some variations of the general problem, for example, by restricting attention
only to inner forms of G having smooth reduction. But in all cases, a natural candidate for such a V appears to be the set
of discrete valuations associated with the prime divisors of a model of K, i.e. a smooth arithmetic scheme with function
field K (we call such sets divisorial). It is known that divisorial sets V indeed work for inner forms of type A, provided that
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char K does not divide £+ 1 (cf. [3]); this relies on the finiteness of the unramified Brauer group (¢4+1)Br(K)y — see [5]. We
note that in [5], we considered some specific divisorial sets V and obtained for them explicit bounds on the order of the
unramified Brauer group. Until recently, no other types have been considered, and the first result of this note deals with
spinor groups when V is as constructed in [5].

2. Spinor groups with smooth reduction

Let C be a smooth geometrically connected projective curve over a number field k with function field K = k(C), and
denote by Vg the set of discrete valuations of K associated with the closed points of C. Furthermore, pick a finite subset
S c V¥ that contains all Archimedean places and all places of bad reduction for a certain model of C. Then every v € V¥K\ S
has a canonical extension to a discrete valuation ¥ of K. We set Vi ={V | v e V¥ \ S}, and as in [5] consider V =V U V7.

Theorem 1. In the above notations, the number of K-isomorphism classes of spinor groups G = Spin,, (q) of nondegenerate quadratic
forms in n > 5 variables over K that have smooth reduction at all v € V is finite.

Theorem 2. Notations as in Theorem 1, for G = SO, (q) the kernel 111y (G) of the map H' (K, G) — [Tvey HY(K,, G) is finite.

We will derive Theorem 1 from a result that allows for more general sets of discrete valuations of arbitrary fields. To
formulate it, we need to introduce some additional notations. Assume that a field K is equipped with a set V of discrete
valuations that satisfies the following condition:

(A) For any a € K*, the set V(a) :={v € V |v(a) # 0} is finite.

We let Div(V) denote the free Abelian group on the set V, the elements of which will be called “divisors.” Since V satisfies
(A), with any a € K* we can associate the “principal divisor”

@=>) v@-v,

veV

and we let P(V) denote the subgroup of Div(V) formed by all principal divisors. We call the quotient Div(V)/P(V) the
Picard group of V and denote it by Pic(V).

Next, let v be a discrete valuation of K such that the residue field K*) has characteristic # 2, and let py = {#1}. Then
for any i > 2, there exists a residue map in Galois cohomology

3y H' (K, pa) — HH (K™Y, o)
(cf. [7, §6.8], [17, Ch. II, Appendix]). We now make the following assumption

(B) char K™ 2 forall ve V.

We then define the ith unramified cohomology group of K with respect to V by

H'(K, pa)y = ) Ker 9},

veV

With these notations, we have the following theorem.

Theorem 3. Let K be a field equipped with a set V of discrete valuations satisfying conditions (A) and (B), and n > 5 be an integer.
Assume that

(1) the quotient Pic(V)/2Pic(V) is finite; and
(2) the unramified cohomology groups H' (K, (12)y are finite foralli =1, ..., [logy n] + 2.

Then the number of K-isomorphism classes of spinor groups G = Spin,,(q) of nondegenerate quadratic forms q over K in n variables
that have smooth reduction at all v € V is finite.

Sketch of proof of Theorem 1. Let V be the set of places of K =k(C) as in Theorem 1. Without loss of generality, we may
assume that V does not contain any dyadic places. It follows from [11] that the group Pic(V) is finitely generated, implying
that condition (1) of Theorem 3 holds. The finiteness of H!(K, uy)y for i =1 is well known (cf. [5, §5]), and for i =2 is
established in [5]. On the other hand, the finiteness for i >> 4 follows from the theorems of Poitou and Tate (see [17, Ch.
1, §6.3]). In the remaining (difficult) case i = 3 the finiteness (of even H3(K, H12)v,) follows from results of Kato [12] and
Jannsen [9] on cohomological Hasse principles. Now, we obtain Theorem 1 from Theorem 3. (We observe that the groups
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Hi(K, u2)y for i #3 are known to remain finite if one deletes from V an arbitrary finite subset, but we do not know if this
is also the case for i =3.)

We should mention that Theorem 3 applies to fields that are not necessarily finitely generated. For example, in recent
years, there has been a great deal of activity in studying division algebras and algebraic groups over the function fields of
p-adic curves (see, for example, [2,6] and [8]). So, we would like to point out a finiteness result for spinor groups over
function fields of curves over a class of fields that contains all p-adic fields but is in fact much larger. To formulate it, we
need to introduce a generalization of Serre’s condition (F) (see [17, Ch. III, §4]). Let K be a field and m > 1 an integer prime
to char K. We say that K satisfies condition (F},)) if

(F;,) for every finite separable extension L/K, the quotient L* /L™ is finite.

Combining Theorem 3 with some recent results on the finiteness of unramified cohomology with w;-coefficients for the
function fields of curves over fields satisfying (F;,) (see [16]), we obtain the following theorem.

Theorem 4. Let C be a smooth (but not necessarily projective) geometrically connected curve over a field k of characteristic # 2 that
satisfies condition (F,), and let K = k(C). Denote by V the set of discrete valuations of K corresponding to the closed points of C. Then
the number of K-isomorphism classes of spinor groups G = Spin,, (q) of nondegenerate quadratic forms q over K in n variables that
have smooth reduction at all v € V is finite.

One can expect that Theorem 4 extends to any absolutely almost simple simply connected K-group G provided that the
base field k satisfies condition (F) (in fact, it is probably enough to require (F;,) for all primes p dividing the order of the
Weyl group of G). In this regard, we observe that Theorems 1 and 4 do remain valid for groups of type G, (for the same
fields K and the same sets of valuations V).

3. The genus and smooth reduction

As we already mentioned in the introduction, the finiteness question for the number of K-forms of a given absolutely
almost simple simply connected algebraic K-group G having smooth reduction at a given set V of discrete valuations of
K has applications not only to the properness of the global-to-local map in Galois cohomology, but also to the problem of
describing algebraic groups having the same isomorphism classes of maximal tori over the field of definition. More precisely,
we say that two absolutely almost simple algebraic K-groups G1 and G have the same isomorphism classes of maximal K -tori
if every maximal K-torus T1 of G; is K-isomorphic to some maximal K-torus T, of G, and vice versa.

Definition. Let G be an absolutely almost simple simply connected algebraic group over a field K. The (K-)genus geny (G)
of G is the set of K-isomorphism classes of K-forms G’ of G that have the same K-isomorphism classes of maximal K-tori
as G.

One expects geny (G) to be finite over any finitely generated field of good characteristic, and in fact to reduce to just
a single element in some special situations (see, for example, [3, Theorem 6.3] as well as Theorem 8 and Corollary 10
below). In previous work, we were able to resolve similar issues for finite-dimensional central division K-algebras, where
the genus is defined in terms of the K-isomorphism classes of maximal subfields (see [3-5]). One of the key observations
was that if two central division K-algebras D; and D, of the same degree belong to the same genus, then (under some
natural assumptions) they have the same ramification at any discrete valuation v of K (see [3, Lemma 2.5] for the precise
statement); in particular, if D¢ is unramified at v then so is D,. Our next result provides an extension of this statement to
arbitrary absolutely almost simple groups.

Theorem 5. Let G be an absolutely almost simple simply connected algebraic group over a field K, and let v be a discrete valuation
of K. Assume that the residue field K" is finitely generated and that G has smooth reduction G at v. Then any G’ € geny (G) also

has smooth reduction at v. Moreover, the reduction Q(V) lies in the genus geny ) (GM).

Corollary 6. Let G be an absolutely almost simple simply connected algebraic group over a field K. Assume that K is equipped with a
set V of discrete valuation that satisfies (A) and

(C) forany v € V, the residue field K" is finitely generated,

and is such that for any finite subset Vo C V, the set of K-forms of G that have smooth reduction at all v € V \ Vy is finite. Then the
genus geny (G') is finite for any K-form G’ of G.
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4. The finiteness and triviality of the genus for type G,

The finiteness of the genus for an inner form G of type A, over a finitely generated field K of characteristic not dividing
£ + 1 was established in [3, Theorem 5.3], where we also described some situations where the genus is actually trivial (see
[3, Theorem 5.3] as well as [4, Theorem 6.3]). We now want to present similar, but more restrictive, results for groups of

type Gp.
Theorem 7. Let G be a simple algebraic K-group of type Gy. Then in each of the following situations:

(1) K is a finitely generated transcendence degree one extension of a number field,
(2) K is a finitely generated purely transcendental extension of a number field,

the genus geny (G) is finite.

Theorem 8. Let k be a number field, and K = k(x) be the field of rational functions over k. Then for any K-group G of type Gy, the
genus geny (G) consists of a single element.

Note that, in general, the genus of a group of type G, may be nontrivial — see [1].
Next, we have the following result, which is obtained from Theorem 5 by applying the result of [14].

Theorem 9. Let G be an absolutely almost simple simply connected algebraic group over a finitely generated field k of characteristic
zero, and let K = k(x) be the field of rational functions. Then any H € geny (G ®y K) is of the form H = Ho ® K for some Hg €

gen, (G).

Note that for Hg € gen, (G), the group H = Hp ® K may not lie in geny (G ® K). In fact, applying Theorem 9 and some
results about Pfister forms, we obtain the following for groups of type G,.

Corollary 10. Let G be a group of type G, over a finitely generated field k of characteristic zero, and let F = k(x1, ..., Xg) be the field
of rational functions in 6 variables. Then geny (G ®y F) consists of a single element.

Acknowledgements

The first author was supported by the Canada Research Chairs Program and by an NSERC research grant. The second
author was partially supported by the NSF grant DMS-1301800. The third author was supported by an NSF Postdoctoral
Fellowship. The second and third authors thankfully acknowledge the hospitality of the University of Bielefeld during the
preparation of the paper.

References

[1] C. Beli, P. Gille, T.-Y. Lee, Examples of algebraic groups of type G, having the same tori, Proc. Steklov Inst. Math. 292 (1) (2016) 10-19.
[2] E. Brussel, On Saltman’s p-adic curves papers, in: S. Garibaldi, R. Sujatha, V. Suresh (Eds.), Quadratic Forms, Linear Algebraic Groups, and Cohomology,
Dev. Math., Springer, New York, 2010, pp. 13-39.
[3] V.I. Chernousov, A.S. Rapinchuk, L.A. Rapinchuk, The genus of a division algebra and the unramified Brauer group, Bull. Math. Sci. 3 (2013) 211-240.
[4] V.I. Chernousov, A.S. Rapinchuk, L.A. Rapinchuk, Division algebras with the same maximal subfields, Russ. Math. Surv. 70 (1) (2015) 91-122.
[5] V.I. Chernousov, A.S. Rapinchuk, L.A. Rapinchuk, On the size of the genus of a division algebra, Proc. Steklov Inst. Math. 292 (1) (2016) 63-93.
[6] J.-L. Colliot-Théléne, R. Parimala, V. Suresh, Patching and local-global principles for homogeneous spaces over function fields of p-adic curves, Comment.
Math. Helv. 87 (4) (2012) 1011-1033.
[7] P. Gille, T. Szamuely, Central Simple Algebras and Galois Cohomology, Cambridge University Press, Cambridge, UK, 2006.
[8] D. Harbater, ]. Hartmann, D. Krashen, Local-global principles for torsors over arithmetic curves, Amer. J. Math. 137 (2015) 1559-1612.
[9] U. Jannsen, Principe de Hasse cohomologique, in: Séminaire de théorie des nombres, Paris 1989-1990, pp. 121-140.
[10] A. Javanpeykar, D. Loughran, Good reduction of algebraic groups and flag varieties, Arch. Math. 104 (2) (2015) 133-143.
[11] B. Kahn, Sur le groupe des classes d'un schéma arithmétique, Bull. Soc. Math. Fr. 134 (3) (2006) 395-415.
[12] K. Kato, A Hasse principle for two dimensional global fields, with an appendix by J.-L. Colliot-Théléne, ]. Reine Angew. Math. 366 (1986) 142-183.
[13] V.P. Platonov, A.S. Rapinchuk, Algebraic Groups and Number Theory, Academic Press, 1994.
[14] M.S. Raghunathan, A. Ramanathan, Principal bundles on the affine line, Proc. Indian Acad. Sci. Math. Sci. 93 (2-3) (1984) 137-145.
[15] A.S. Rapinchuk, Towards the eigenvalue rigidity of Zariski-dense subgroups, in: Proc. ICM-2014 (Seoul) II, pp. 247-269.
[16] LA. Rapinchuk, On some finiteness results for unramified cohomology, arXiv:1602.04517.
[17] J.-P. Serre, Galois Cohomology, Springer, 1997.


http://refhub.elsevier.com/S1631-073X(16)30134-0/bib42474Cs1
http://refhub.elsevier.com/S1631-073X(16)30134-0/bib4272757373656Cs1
http://refhub.elsevier.com/S1631-073X(16)30134-0/bib4272757373656Cs1
http://refhub.elsevier.com/S1631-073X(16)30134-0/bib43525231s1
http://refhub.elsevier.com/S1631-073X(16)30134-0/bib43525232s1
http://refhub.elsevier.com/S1631-073X(16)30134-0/bib43525233s1
http://refhub.elsevier.com/S1631-073X(16)30134-0/bib43545053s1
http://refhub.elsevier.com/S1631-073X(16)30134-0/bib43545053s1
http://refhub.elsevier.com/S1631-073X(16)30134-0/bib47696C6C65s1
http://refhub.elsevier.com/S1631-073X(16)30134-0/bib48484Bs1
http://refhub.elsevier.com/S1631-073X(16)30134-0/bib4A4Cs1
http://refhub.elsevier.com/S1631-073X(16)30134-0/bib4B61686Es1
http://refhub.elsevier.com/S1631-073X(16)30134-0/bib4B61746Fs1
http://refhub.elsevier.com/S1631-073X(16)30134-0/bib506C2D52s1
http://refhub.elsevier.com/S1631-073X(16)30134-0/bib52616752616Ds1
http://refhub.elsevier.com/S1631-073X(16)30134-0/bib49526170s1
http://refhub.elsevier.com/S1631-073X(16)30134-0/bib53657272652D4743s1

	On some ﬁniteness properties of algebraic groups over ﬁnitely generated ﬁelds
	Version française abrégée
	1 Introduction
	2 Spinor groups with smooth reduction
	3 The genus and smooth reduction
	4 The ﬁniteness and triviality of the genus for type G2
	Acknowledgements
	References


