C. R. Acad. Sci. Paris, Ser. I 354 (2016) 665-670

Contents lists available at ScienceDirect

C. R. Acad. Sci. Paris, Ser. |

www.sciencedirect.com

Algebra/Homological algebra

Some remarks on a theorem of Bergman @C
rossMark

Quelques remarques sur un résultat de Bergman

Abhishek Banerjee

Max-Planck-Institut fiir Mathematik, Vivatsgasse 7, Bonn, Germany

ARTICLE INFO ABSTRACT
Arfif{e history: We extend a result of Bergman to show that any object in an arbitrary Grothendieck
Received 3 January 2016 category may be expressed as an inverse limit of injectives. We also study inverse systems

Accepted 10 May 2016

; h of k-injective objects, where « is an infinite regular cardinal.
Available online 24 May 2016

© 2016 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.
Presented by the Editorial Board

RESUME

Nous étendons un résultat de Bergman en montrant qu'on peut exprimer chaque objet
dans une catégorie de Grothendieck comme la limite d’un systéme inverse d’objets injectifs.
Nous étudions aussi les systémes inverses d'objets x -injectifs, ot ¥ est un cardinal régulier
infini.

© 2016 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

In a recent paper, Bergman [4] proved the following rather striking result: any left module M over a ring R can be ex-
pressed as the inverse limit of injective modules. It is natural to ask whether such a result holds in other similar categories,
such as the category of sheaves of Ox-modules over a scheme (X, Ox), and more generally in any Grothendieck category.
We know that Grothendieck categories abound in nature: for example, if Y is a topological space and O is any sheaf of
rings on Y, the categories O-Premod and O-Mod respectively of presheaves and sheaves of O-modules are Grothendieck
categories (see [3, 1.3, 11.4]). For a concentrated (i.e., quasi-compact and quasi-separated) scheme X, the category of quasi-
coherent sheaves on X is a Grothendieck category. Further, given a Grothendieck category C and a small category Z, the
category [Z, C] of functors from Z to C is again a Grothendieck category. The purpose of this paper is to extend the result of
Bergman [4] to arbitrary Grothendieck categories. Even in the case of quasi-coherent sheaves over a concentrated scheme,
the fact that every object can be expressed as an inverse limit of injectives does not seem to have appeared before in the
literature.

We now describe the structure of the paper in more detail: in Section 2, we adapt the result of Bergman [4, Theorem 2]
to show that any object A in a Grothendieck category C can be expressed as the inverse limit of a system of injectives
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connected by monomorphisms. We further extend our result to the category Fil/(C) of finitely filtered objects of C. Note
that in general, Filf (C) is not even an Abelian category, let alone a Grothendieck category. Further, for any given A € C, one
would also like to think about the cardinality of the inverse system whose limit is the object .A. Therefore, we consider,
more generally, objects G € C that are “x-injective” for some infinite regular cardinal «, i.e., any morphism h : K — G from
a k-generated subobject K of any £ € C extends to all of £. We recall that an object IC € C is said to be “x-generated” if the
functor Home(KC, ) : C —> Sets preserves k-filtered colimits of monomorphisms. Then, we show that in a Grothendieck
category C, every object may be expressed as the limit of an inverse system of cardinality « consisting of k-injective
objects connected by monomorphisms. Finally, in Section 2, we also show that when the Grothendieck category C is locally
K -generated, the «-injective objects are exactly those that can be expressed as the colimit of a k-filtered system of injectives
connected by monomorphisms.

In particular, when x = R, the k-injective objects are the “finitely injective objects”, a notion that was introduced for
modules in [12]. In Section 3, we show that if C is a Grothendieck category with a finitely generated generator, every object
may be expressed as the inverse limit of a system of finitely injective objects connected by epimorphisms. It is clear that
the direct sum of a family of injectives is finitely injective. This raises the question of whether all finitely injective objects
arise in this manner. However, we show that if  is an injective and S is any set such that the direct sum #(S) of S-copies
of H is not injective, the injective hull E(#(S)) must contain a finitely injective subobject that cannot be expressed as the
direct sum of a family of injectives.

2. Inverse limits of systems of monomorphisms

Throughout this section, we let C be a Grothendieck Abelian category, that is an (AB5) category with a generator. For
general properties of Grothendieck categories, we refer the reader, for instance, to Stenstrom [16] (or to Grothendieck’s
Toéhoku paper [6]). For the sake of definiteness, we choose a generator U for the Grothendieck category C.

We now make the following construction. Let {M;}ic; be a collection of objects of C indexed by a set I and let k¥ be an
infinite regular cardinal. Let P, (I) denote the collection of all subsets of I of cardinality < k. Then, for any subset | € P, (I),
consider the product [] jeJ M e C (note that a Grothendieck category is complete and contains all small products). Further,
for any J, J' € P,(I) with J C J/, by considering zero maps ]_[]-GJM]' — M for each j € J’\J, we obtain connecting
morphisms [[;c;M; —> []jrc;y Mjr. We now set:

[TiegMi:=lim [];c,M; (21
JeP ()

and the colimit exists because C is a Grothendieck category (hence cocomplete). By a subobject A/ of some M e C, we will
mean a monomorphism N'— M and, by abuse of notation, we shall write N" € M.

Lemma 2.1. For any object M e C, there exists an infinite regular cardinal « such that every subobject N' C M is k -compact, i.e., the
corepresentable functor Homc(N', __) : C —> Sets preserves i -filtered colimits.

Proof. Since C is a Grothendieck category, it is also locally presentable and hence every object P € C is a-compact for
some infinite regular cardinal o (see, for instance, [9, Proposition A.2]). Further, in a Grothendieck category, the class of
subobjects of any given object is a set (see, for instance, [16, Proposition 1V.6.6]). Accordingly, for each subobject N' C M,
we may choose an infinite regular cardinal oas such that A is aar-compact. Since the subobjects of M form a set, we may
consider the supremum of ans for all '€ M and choose an infinite regular cardinal « such that every subobject of M is
K-compact. O

Following Lemma 2.1, for any object M € C, we denote by x (M) the smallest infinite regular cardinal such that every
subobject of M is k (M)-compact.

Proposition 2.2. Let {G;}ic; be a collection of injective objects of C indexed by a set I. Let U be a generator for C and let k (U{) be the
infinite regular cardinal as defined above. Then, ]_[fg{) G is injective.

i(e(IU) G; is injec-
G; from a subobject of U/ extends to all

Proof. We know that U/ is a generator for the Grothendieck category C. Hence, in order to show that []

tive, it suffices to show (see, for instance, [16, V.2.9]) that any morphism to ]_[K(U)

iel
of U. We consider some subobject ¥V €/ and a morphism f:V — ]_[:CE(;J) Gi. Then, since k (U) is a regular cardinal, the

union of fewer than « () subsets from P, (I) must have cardinality less than « (). Hence, P, () is « (U)-filtered.
By definition of «(Uf), the subobject V C U is k(U)-compact. Then, Homc(V,]—I;(E(i’l) Gi) = Homc(V, h_n)] Hjejgj) -t
J€Prn(D)

fe(?’) G;, there exists Jo € P,y (I) such that f factors through

li.n; Homce(V, qugj). Consequently, given f:V — []
JE€Pc (D
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[1jej, Gj- Each G; being injective, so is the product [];.; G; and hence the morphism V — [];.; G; extends to a mor-

KU)

phism U/ — Hje]g Gj. Composing with the canonical morphism Hje]o Gj — [lic/ Gi, we obtain an extension of f to a

K U)

morphism U —> [[;.," Gi. This proves the result. O

We are now ready to show that any object in C may be expressed as an inverse limit of injectives.

Proposition 2.3. Let C be a Grothendieck category. Then, every object A € C may be expressed as an inverse limit of a system of
injective objects connected by monomorphisms.

Proof. Since C has enough injectives, we can choose a morphism f :G —> H of injectives such that A = Ker(f). We now
consider the regular cardinal « (/) as in Proposition 2.2 and choose any set I having cardinality > « ({/). We choose an
arbitrary element of I which we denote by 0. We then define a family {G;}ic; of injectives by setting Go := G and G; :=H
for all i € I — {0}. Further, we set P := ]_[K(u) Gi.

iel
Let F(I — {0}) be the collection of finite (possibly empty) subsets of I — {0}. Now, let S € F(I — {0}) and consider some
J € Pey(I = S) with 0 € J. Then, for each s € S, we have a morphism:

Hjejgj—>go=9—f>H=Qs (2.2)

where the first map in (2.2) is just the projection onto Gp. Combining the morphisms in (2.2) for all s € S with the identity
1:[1je; 9 — Iljc) ), we obtain a monomorphism f(J, S): [[;c; Gj — [1jc;us G; which we compose with the canon-

ical inclusion l_[je]US g — I—[:‘(E(IU) Gi. Further, since the sets | € Py (I —S) with 0 € J are cofinal in P,y (I —S), the

k(U) k(U)

monomorphisms [[;.;Gj — [lic;’ i together give us a monomorphism ]_[:(E(IUJS Gi — Ilic;

it follows that each Ps := ]‘['féfl_)s Gi (and in particular, P =Py = ]_[fg’{) Gi) is injective. More generally, for any two subsets
S, T e F(I—{0}) with S C T, we similarly obtain an inclusion Pr < Ps. This system is filtered, because we have inclusions
Ps,us, = Ps, and Ps,us, <= Ps, for any S1, Sy € F(I — {0}). Let Q denote the subobject of P that is the inverse limit of
this system of injective objects Ps with S € F(I — {0}). We will show that A=Ker(f:G — H) = O.

For each i € I, we have a canonical morphism ¢q; : @ < P — G;. For i #0, q; factors through I—[fg’?{i} G; and hence
gi = 0. We claim that f o qg = 0. For this, we choose any morphism h: U/ — Q from the generator Y. Then, for any

0=#i€l, we can find commutative diagrams:

Gi. From Proposition 2.2,

UH— ]—I"((,u,){'}gi l_[{((lu)gi Gi G ST G
ie ]\ i 17 l_[]e] J £ 0) n]EJU{l} ]
fU,n J J
[1je;9i [Tjejui9i Go=6 ! H=Gi

where | C [ — {i} is a subset containing 0 and of cardinality < x () such that «f — nfe(,“_)mgi factors through Hje] gij

(since U is k (U)-compact). From these diagrams, it follows that 0 = (f o gg) o h. Since I/ is a generator, we conclude that
f oqo =0 and hence qo : @ — Gp must factor via some ¢’ : @ — Ker(f). On the other hand, we note that Ker(f) itself
admits monomorphisms ks : Ker(f) < Ps for S € F(I —{0}) compatible with the inclusions Py < Ps for S C T € F(I —{0}).
If we let p; : Ps — G; be the projection of Ps C [];.; G; upon each G;, we get pijoksoq =0=q;: Q — G; for i #0
and pgoks oq =qo: Q@ —> Go. Accordingly, the canonical morphisms Q —> Ps factor via q' : @ — Ker(f). Finally, we
notice that the monomorphisms ks : Ker(f) < Ps together induce a monomorphism Ker(f) < Q. Hence, any family of
morphisms M — Ps, S € F(I —{0}) from some given M € C factors uniquely through Ker(f). Hence, @ =Ker(f) = A. O

We will now extend the result of Proposition 2.3 to the category Fil/ (C) of objects of C equipped with a finite filtration.
An object (A, F) of Fil/ (C) will consist of an object A € C along with a family of subobjects {FP A}pez such that each
FP+1 A C FP(A). Further, the filtration being finite, there exist integers a <b such that F2.A= A and F’.A = 0. In general,
the category Filf(C) is not even an Abelian category, let alone a Grothendieck category. For more on the category Fil/ (C)
and on filtered derived categories, the reader may see, for example, Deligne [5], Illusie [10] and Schneiders [15]. A filtered
injective object (G, F) € Filf (C) is given by a finite direct sum G = ®a<i<pGn Of injectives G, with FPG := @;>,Gy (see [14,
Tag 05TP]). Hence, each FPG is injective.

Proposition 2.4. Let C be a Grothendieck category. Then, every object of Filf (C) may be expressed as the inverse limit of a system of
filtered injective objects in Fil! (C).

Proof. Given some (A, F) € Filf (C), we can express (A, F) = Ker(f : (G, F) —> (H, F)) for some filtered injectives (G, F)
and (H, F) (see [14, Tags 05TS, 05TT]). Let U be a generator for C and let k ({/) be as before. We choose a set I of cardinality
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>k (U) and fix an element 0 € I. We also set Gp := G and G; := H for all i € I — {0}. Then, for any finite (possibly empty)

subset S of I — {0}, we set FPPs := ]—I'fﬁz’;) FPG;, p € Z. Since this construction as defined in (2.1) involves only products and

filtered colimits, we see that {FPPs}pez is indeed a filtration on Ps := ]_['I(%) Gi. Further, since each G; is equal to either

G or H, {FPPs}pez is a finite filtration. From the definition, it is clear that each FPPs is injective. As in Proposition 2.3,
it now follows that each FP A is the inverse limit of the objects FPPs and hence (A, F) is the inverse limit of the system
(Ps, F) as S varies over all finite subsets of I —{0}. O

We observe that while Proposition 2.3 allows us to express any object in C as an inverse limit of injectives, it does not
give us much control over the size of the inverse system, an issue that Bergman has also pondered over in [4]. In this regard,
we recall the following definition from [12]: an object G € C is said to be finitely injective if any morphism h: K — G
from a finitely generated subobject X of any £ € C extends to a morphism h’: £ — G. Recall that an object K € C is
said to be finitely generated if the functor Homc(KC, __) : C —> Sets preserves filtered colimits of monomorphisms. More
generally, for any infinite regular cardinal «, an object K € C is x-generated if Homc(KC, __) preserves k-filtered colimits
of monomorphisms. Analogously, we will say that G € C is «-injective if any morphism h: KX — G from a k-generated
subobject K of any £ € C extends to a morphism h’': £ — G.

Proposition 2.5. (a) The colimit of any «-filtered system {G} jc ; of monomorphisms of injective objects G; € C s k-injective.
(b) In a Grothendieck category C, every object A € C may be expressed as the inverse limit of a system of cardinality « consisting of
K -injective objects connected by monomorphisms.

Proof. For part (a), let G :=colimjc;G;. If K C L is a k-generated subobject, any morphism h : K — G factors through
Gj, — G for some jg € J. Then, Gj, being injective, h extends to a morphism h’: £ — Gj, —> §. For part (b), we choose
a set | of cardinality k. We use the same notation as in the proof of Proposition 2.3. Since [i,_gGi can be expressed
as a filtered colimit of monomorphisms as defined in (2.1), it follows from part (a) that Ps = ]—Ifel_s G; is k-injective for
each S € F(I — {0}). Then, the same proof applies to show that any .A € C may be expressed as the inverse limit of Ps as
S € F(I —{0}). Finally, it is clear that the cardinality of the collection F(I — {0}) is equal to |[|=k. O

Following Proposition 2.5(a), it is natural to ask whether all k-injectives in C may be recovered as colimits of «-filtered
systems of injectives connected by monomorphisms. We will now show that this is actually true when C is locally
Kk -generated, i.e., every object in C can be expressed as a k-filtered union of its x-generated subobjects. In fact, for k = Ry,
the first infinite cardinal, several important Grothendieck categories are locally finitely generated: for example, if Y is a
locally Noetherian space and O is a sheaf of rings on Y, the Grothendieck category O — Mod of sheaves of O-modules is
locally finitely generated (see [11, Theorem 3.5]). On the other hand, it is also possible that a Grothendieck category may
not contain any non-zero finitely generated objects (see [16, pp. 122]).

Proposition 2.6. Let k be an infinite regular cardinal and let C be a locally k -generated Grothendieck category. Then, every k -injective
object can be expressed as the colimit of a k -filtered system of injectives connected by monomorphisms.

Proof. Let G be a k-injective object and let X C G be a k-generated subobject. Let E(G) (resp. E(K)) denote the injective
hull of G (resp. K). We now have a commutative diagram:

E(9)
/k‘ \
i J
g K E(KC)

In this diagram, the morphism g exists because E(G) is an injective containing C and the morphism f exists because G
is k-injective and KC is a k-generated subobject of E(G). It is clear that f o go j=1i is a monomorphism. We set L :=
Ker(f o g) € E(K) and suppose that £ # 0. Then since X € E(K) is an essential extension, the subobject £ := lim(KX —

E(K) «<— L) of E(K) is non-zero. But then the composition £ — K RN E(K) f—°g> G which factors through L is zero,
thus contradicting the fact that i = f o g o j is a monomorphism. Hence, f o g: E(K) — G is a monomorphism and G
contains the injective hull E(K) of each k-generated subobject K. Finally, since C is locally «-generated, G itself may be
expressed as the k-filtered union of its k-generated subobjects and hence as the «-filtered union of the injectives E(K),
where K varies over all the k-generated subobjects of G. O

We remark here that since Grothendieck categories are locally presentable, by the Local Generation Theorem (see [1,
pp. 54]) it follows that for every Grothendieck category C there exists an infinite regular cardinal k¢ such that C is locally
Kc-generated.
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3. Inverse limits of systems of epimorphisms

In this section, we will suppose that the Grothendieck category C has a generator ¢/ that is also finitely generated, i.e.,
Homc¢ (U, __) : C —> Sets preserves filtered colimits of monomorphisms. For a Gabriel-Popescu type characterization of such
Grothendieck categories as quotients of module categories (see Albu [2, Proposition 5.4.7]). In this section, we will show that
any object in C may be expressed as the inverse limit of a system of finitely injective objects connected by epimorphisms.
First of all, we recall the following fact from [8, § 2]: there exists an inverse system of nonempty sets {Sy, gapla<gew;
indexed by the first uncountable ordinal w; connected by surjective maps gqop : Sg —> S such that the inverse limit is
empty. We will now use this fact and adapt the argument of [4, Lemma 3] to show the following result.

Lemma 3.1. Let H be an object of C and for any set S, let H(S) denote the direct sum of copies of H indexed by S. Then,
{H(Sa), H(gap)la<pew, is an inverse system of objects connected by epimorphisms and whose limit is 0.

Proof. For any o < B € wy, it is clear that H(gup) : H(Sp) —> H(Se) is an epimorphism. We set £ to be the inverse
limit of the system and consider a morphism h : U/ —> L. Since U is finitely generated, for each o € wq, we can choose a
finite subset T,, C Sy such that the induced map &/ — #(Sy) factors through 7{(T,). Suppose that the map &/ — H(Sq)
factors through #(T,) for some other finite T, C Sy. Then, if we take any x € T/ \T,,, we see that the projection ¢/ —>
H(T,,) —> H to the x-th copy of H in the direct sum #(T}) is zero. Hence, { — H(Sy) factors through H (T} — {x}).
Repeating this argument with all elements in (T;\Ty) U (T¢\T,,), we see that &/ —> H(Sy) factors through H(T,, N T,).
Hence, for each o € wq, we can choose a unique smallest finite set To, € Sy such that &/ —> H(Sy) factors through H(Ty).
Further, for any a < g, it follows that Ty € gop(Tg) and hence |Tq| < [Tg|.

Further, for any n > 0, choose a; € wy such that |Ty,| =n (whenever possible) and let y € w be the supremum of
these countably many {oy}n=0. We set M :=|T,,| and consider some B > y. Then, if |Tg| = M’, we know that 8 >y
implies M’ > M. But, on the other hand, the supremum y >y gives M > M’. Hence, M = M. Then, for any 8’ > 8 > vy,
Tg C gpp (Tg) gives us a bijection Tgr —> Tg. Unless M = 0, these bijections would give us elements in the empty inverse
limit of {S¢}wew,. Hence, M =0 and h:U{ — £ must be 0, ie, L=0. O

Proposition 3.2. Let C be a Grothendieck category having a finitely generated generator. Then, every object in C may be expressed as
the limit of an inverse system of finitely injective objects connected by epimorphisms.

Proof. We choose some A € C and express it as A = Ker(f : G — H) with both G, H injective. We consider the inverse
system {G @ H(S«)}acw,- For each o € w1, the identity maps H — H induce a “sum map” Xy : H(Sq) — H. Together
with f :G — H, we obtain a morphism (f — Zy) : G ® H(Sy) —> H. However, from Lemma 3.1, we know that the limit
of H(Sy) is zero and hence the limit of the morphisms (f — Xy) over all o € wq is f : G —> H. Accordingly, we obtain

A=Ker(f)= Lii]agwl Ker(f —Xg). Since the G®H(Sy) are connected by epimorphisms and epimorphisms are stable under

pullbacks in an Abelian category, it follows that the kernels Ker(f — X4), @ € w1 are also connected by epimorphisms.

It remains to show that each Ker(f — %) is finitely injective. For this, we choose some element iy € S, and put S, =
Sa —{ig}. Let X/, denote the restriction of £ : H(Sy) —> H to the subobject H(S,,) € H(S¢). We notice that the morphism
(f — o) may be expressed componentwise as (f — Xg) = ((f — ), (=1)) : (G & H(S)) = (G @ H(S,)) & H — H.
Accordingly, we see that:

Ker(f — Sq) =lim(G @ H(S}) 2% H « 1 #) (3.1)

which gives Ker(f — Xy) = G @ H(S,,). Since a direct sum of injectives is finitely injective, this proves the result. O

In Proposition 3.2, we see that if the direct sum of injectives in C were injective (for example, the Grothendieck category
C were also locally Noetherian), every object could be expressed as an inverse limit of injectives connected by epimorphisms.
Otherwise, it is clear that any direct sum of injectives is finitely injective and it is natural to ask whether all finitely injective
objects arise in this manner. However, we show the following result, for which we adapt the proof of [7, Theorem 2.1] (see
also [13] for a study of related questions in the case of modules).

Proposition 3.3. Let C be a Grothendieck category with a finitely generated generator U. Let H be an injective object and S be a set
such that the direct sum H(S) of copies of H indexed by S is not injective. Then, the injective hull E(H(S)) contains a finitely injective
subobject that cannot be expressed as a direct sum of a family of injectives.

Proof. We set G := H(S). Since G is not injective, there exists a morphism f:) — G from some subobject V C U/ that
cannot be extended to /. We now let Q2 be the collection of all subobjects G € M C E(G) such that M is finitely injective

and the composed morphism faq:V —f> G — M does not extend to a morphism &/ — M. Clearly, G € Q. Further,
given a totally ordered collection {M;}ic; of objects in €2, any morphism to the colimit M(I) := li_n;l.el M, from a finitely



670 A. Banerjee / C. R. Acad. Sci. Paris, Ser. I 354 (2016) 665-670

generated object factors through M;, for some ig € I. Hence, M(I) is finitely injective. Further, since the generator U is

also finitely generated, any extension of faqy:V —f> G < M(I) to a morphism U/ — M (I) would factor through M,»(/)
for some ij € I, giving us an extension of the morphism fMl_, Y — M"i) to U. This would contradict M"i) € Q and hence
0

the upper bound M(I) € Q. By Zorn's Lemma, it follows that we can find some maximal object N in © and we will show
that NV cannot be expressed as a direct sum of injectives.

If not, suppose that {Gj}jc; is a family of injectives such that N = @je] Gj and let pj: N'—> G; be the canonical
projections. Let J' C J be the set of all j € J such that pjo far #0. If J' is finite, the morphism fanr: V —> N factors
through the injective @je]/ Gj and hence extends to a morphism I/ — @jej, Gj — N which is a contradiction. Hence,
J' is infinite and we choose two disjoint infinite subsets J; and J, such that J'= J{ U J,. We let pj, : N —> @jeh G;
and pj, N — @je]z G denote the canonical projections.

Suppose now that pj, o far:V — @jeh Gj extends to a morphism h: U/ — Gajeh Gj. Since U is finitely generated,
there must be a finite subset J; € J; such that h factors through @ jel, G;. But then, for any j € J1\J} (which is nonempty

because Ji is infinite), we must have p;jo for =0 which is a contradiction since j e J; € J'. Hence, pj, o for (and similarly
pj, o far) does not extend to U. This also implies that neither ¢, G; nor ., G; are injective. Then, E(Djc,, Gj) 2

@je]l G;j and hence

N :=E@je), 9 O @@je sy 99) 2 @jesy 90 B ®Djeyjy 9 =N (32)

Finally, since J, € J\J1, any extension of fa:V —> N’ to i would also extend the morphism pj, o for:V — @jeh Gj
to U, which would be a contradiction. Hence, N C N € ©, which contradicts maximality of A/ in Q. O
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