C. R. Acad. Sci. Paris, Ser. I 354 (2016) 562-565

Contents lists available at ScienceDirect

C. R. Acad. Sci. Paris, Ser. |

www.sciencedirect.com

Number theory

On the lower bound of the discrepancy of (t, s) sequences: I @CmssMark

Sur la limite inférieure de la discrépance de (t, s) suites : I

Mordechay B. Levin

Department of Mathematics, Bar-Ilan University, Ramat-Gan, 52900, Israel

ARTICLE INFO ABSTRACT
Arfif{e history: We find the exact lower bound of the discrepancy of shifted Niederreiter’s sequences.
Received 25 May 2015 © 2016 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Accepted 10 February 2016
Available online 11 April 2016

Presented by the Editorial Board . R
RESUME

Nous trouvons une limite inférieure pour la discrépance de suites décalées de Niederreiter.
© 2016 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Let ((Xn)n=1) be an s-dimensional sequence in the unit cube [0, 1), J, =[0,y1) x --- x [0, ¥5) S [0, 1),
ANy )= D 1&a. Jy) = Ny1... %, (1)
0<n<N

where 1(x, J) =1, if xe J and 1(x, J) =0, if x ¢ J. We define the star discrepancy of a N-point set (xn)nNzl as

D*((xn)h_p) = sup  |A(Gn)N_q, Jy)I/N.
0<¥1,ees Ys<1

Let ((Xn)n>1) be an arbitrary sequence in [0, 1)°. According to the well-known conjecture (see, e.g., [2, p. 67], [6, p. 32])
limy— oo NN N)*D*((xa) ) > 0. (2)

In 1972, W. Schmidt [2, ref. 237] proved this conjecture for s = 1. For s = 2, Faure and Chaix [2, ref. 75] proved (2) for
a class of (t,s)-sequences. For a review of research on this conjecture, see for example [1]. About the application of the
concept of discrepancy see [2,3,6].

Definition 1. Let b > 2,s> 1, and 0 <u <m be integers and let e = (e1,---,e5) € N°. A (u,m, e, s)-net in base b is a
point set P of b™ points in [0, 1) such that every subinterval J C [0, 1) of volume Vol(J) > b*~™ which has the form
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J = ]‘[1siss[aib_df, (@i + 1b~9%), with integers d; > 0, 0 < a; < b% and e;|d; for 1 <i <'s, contains exactly b™Vol(J) points
of P.

Ife=(eq,...,es)=(1,...,1), we obtain a classical (u, m,s)-net. For x = 2121 xjp;’, where x; € Z, ={0,...,b— 1} and
m €N, we define the truncation [Xlm = Y j<p xib=I 1f x = (xM,...,x®) €[0,1)%, then the truncation [X]n is defined
coordinatewise, that is, [Xlm = (X1, ..., [¥©Tm).
Definition 2. Let b > 2, s> 1, and 0 < u <m be integers and let e = (eq, ..., e5) € N°. A sequence Xg, X1, ... of points in

[0,1) is a (u, e, s)-sequence in base b if for all integers k > 0 and m > u the points [X,], with kb™ <n < (k+ 1)b™ form a
(u, m, e, s)-net in base b.

If e=(eq,...,es) =(1,---,1), we obtain a classical (u, s)-sequence. For x = ijl xjpi’i, and y = ijl )/ipfi where
Xi, Vi € Zp, we define the (b-adic) digitally shifted point v by v=x® y := ij] Vip,-_i. where v; = x; + y;(mod b) and
Vi € Zy. For higher dimensions s > 1 let y = (3D, ..., y®) €[0,1)%. For x= (x, ..., x®) € [0, 1)%, we define the (b-adic)
digital shifted point vby v=x@y = D @ yD, ... x® @ y®). For ny,ny € [0,b™), we define n; @ ny := (ny/b™ &
ny/b™b™.

2/For)x = ij1xip,'_iv where x; € Zp, x; =0 (i=1,...,k) and x;4+1 # 0, we define the absolute valuation ||.||, of x by
lx|l, =b~*=". Let ||n||, = b¥ for n e [b¥, b¥*1).

Definition 3. A digital point set (X;)o<p<pm in [0, 1)° is d-admissible in base b if

(3)

N
min X, ©X¢ll, >b ™% where |x||:= H Hx(‘)
0<k<n<b™ o1

.
A sequence (X;)n>0 in [0, 1)° is d-admissible in base b if infy_ k>0 [In S kllp |Xn © Xkl > b4,

The theory of (t,m, s)-nets and (t, s)-sequences is significant for quasi-Monte Carlo methods in scientific computing (see
[2-4,6]). By [6, p. 60] ND*((ﬂn)nN:_O]) = 0((InN)®) for every (t, s)-sequence (Bn)n>o0. In this paper we prove that this estimate

is exact for digitally shifted d-admissible (t, s) sequences and in particularly for digitally shifted Niederreiter’s sequence (see,
e.g., [2-7]). This result supports the conjecture (2). In [5], we prove that (t, s) sequences from |2, Section 8] are d-admissible.

Theorem 1. Let s > 2,d > 1, Eym = {[¥lm | y € [0, 1)}, (Xn)o<n<pm be a d-admissible (t, m, s) net in base b, m > 9(d + t)(s — 1)2.
Then

max b™D*((Xq @ W)o<n<pm) = b KTt m*™" with Kgps=4(d +0)(s — D2
weEj, - o

Theorem 2. Let s > 1,d > 1, (Xn)n>0 be a d-admissible (t, s) sequence in base b. Then

1+ min max  ND*((x w >b79KS  .m® for m>9(d+t)s’. 4
+ O§Q<bm lfNSbm,weESm (( TI@Q @ )0§n<N) - d,t,s+1 f = ( + ) ( )
Theorem 3. Let s > 1, (Xp)n>0 be a generalized Niederreiter sequence with generating polynomials p1, ..., ps (see [2, p. 266],

[7,p.242]), e; =deg(pij) 1 <i<s,ep=e1+---+es,d=eq, t =eg —S. Then (4) holds.
2. Proof

Lemmal.Let$ > 2,d > 1, (Xp)o<n<pm be a d-admissible (t, m, §) netin base b,dg =d+t,8 € N,0 < € < (2dpé(s— 1))}, 1 = [me],
iy =0, my = doém (1 <i<§—1), Mg =m— (§— )iy —t> 1,10 =g +1iy, B; C{0,....,Mm—1} (1 <i<5),we E, and let
y O =y /bty b,
yd . =0 for 1<ji<do, ¥ . . =1 for ji=do, (5)
fi+do(jie+Jji)+Ji - mi+do(jie+ji)+Ji
and j; €0, ...,/ — 1} \ B, 0 < ji < e, 1<i<$y= (D, ..., y®), B=#By + - + #B;. Let us assume that there exists
ng € [0, b™) such that [(Xn, ® W)V, = y®, 1 <i <$, and m > 4e~1(5 — 1)(1 + $B) + 2t. Then

A i= A((% ® W)o<n<pm, Jy) < —b (€2 — 1))*1)5‘1m5*l + bt *+SdoeBm 2.
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Proof. Letr=(r1,...,1:) eNS, ro=r1+-- 41, A={r|1<ri<m,i=1,.. sandym. )/r(ss)750}‘A:{reA|EIie[1,é]:

[(ri—ﬁ*ti—l)/.(doé)]ij}, Ai={reAlrp<m-—t}, Azz{reAﬂA|r0>m—t}, As={reA\A|m—t<ry<m+d} and
Ag={re A\ A|rg>m+d}. We have A=A1 UAyUA3U Ay. Let

Jy=TT110.y" and  Jeyg= [] [[yOh-1+ &b [y Olro1 + @+ DbT).
1<js<$ 1<j<s$
Similarly to [6, p. 37,38], from (1) we have that A = A; + Ay + A3 + A4, where
Z \p(r) \Ijr,y = Z \Ill‘,}’,g and \Ijryyﬁg = Z (I(XH @ W, Jr’yyg) - b—To)'

reA; Oigi<)/r(ii), 1<i<$ 0<n<b™

Consider Aq. Bearing in mind that (X, ® W)g<p<pm is a (t,m, S) net, we obtain Wy ) ¢ =0. Hence A =0.

Consider Ay. It is easy to verify that Ay < bf+S~1dgéBm*=2.

Consider Asz. We see that ro € (n—t,m+d). Hence rs =rg —11 —--- — 151 > m —t — (§ — 1)my = m;. Taking into account

that y, (l) #0 and [(r; —m; — 1)/(doe)] & B;, we get r; =1m; +doj; with some j; > 1, 1 <i <3. Hence
ro=r1+---+rs=m;+do(j1 +--- +js) =m—t+do(j1 +--- + js — (§ — 1)ér) >m —t.

Thus rg > m — t + dg =m + d. We have a contradiction. Hence A3 = and A3 =0. ) .

Consider Ay4. Suppose that 1(x, @ W, Jr,y0) = 1 for some k € [0,b™) and ro > m +d. Then [(x & W) D1, = [y D], — b7,

i=1,...,5 Hence x,(;)] ex(') =0for je[l,rj),i=1,...,5 Therefore

o

<b*r" for i=1,...,§ and ||xkexn0\|b§b7r°§b7m7d~

By (3) and the conditions of the lemma, we have a contradiction. Thus 1(x; @ W, Jr,y.0) =
We have A4 < — ZreA4 b™="To. We derive Ag < —b~9#As with As ={re A4 |ro =m+d).

Let Ji €{0,...,1m — 1} \ B;, ji € [0,& — 1] and r; = +do(&j; + ji + 1) for i € [1,5]. By (5), we get that ;) =1 for
i €[1,s]. Hence As D Ag, where

As={r|ro=m+d, ri =i +do(€ji + ji + 1), Ji €{0,...,1m—1}\Bj, ji€[0,é —1], i €[1,3]}.
Let ji =&j; + ji + 1, for i € [1, §]. We have:

ro=r; +do(j1+... +js) =m—t+do(j1 + ... + js — 5 — 1)ém) =m +d withdg =d + t.
Hence j: = 5 —1)ém+1— j; —--- — js_q1. It is easy to verify that j; € [1, ém] for j; € [ — i, m — 1], for i € [1, § — 1], with
1=[r1/(5§ — 1)]. Thus #Ag > #A7, where
A7={(... Js—0) lji=8ji+Ji+1, jie{0,....m—1)\B;, jie[0,6—1], ie[l,3]
jiem—i,m—1], ie[l,§—1] and ji=@E—1)em+1—j;—- —js_1}.
We obtain #A; > #Ag — é#B;m’~2, where
As={(j1..... js—Dlji=eJi+ Ji+ 1, jie fm—if,....h—1}\ B, ji€[0,6 — 1], i € [1,5 — 1]}.
Therefore

#Age M = #{(j1,..., Js—1) |1 < ji <iii— #Bj, 1 <i<§—1) > (il — B)*!

=it (1 = B/ = TN (1 = 6 — 1B/ = (meG — 1)) T = 6 — 1) B2

for m > 4€ =1 (5 — 1)(1+3$B) +2t. Therefore A < —b~4(ée(2(5— 1))~ ) Y31 4 bt+doéBmS=2. Thus Lemma 1 is proved. O

Proof of Theorem 1. Using Lemma 1 with §=s, Bi=% (1<i<s), B=0,é=1, €= 26— 1dy)~ ', no=0, and w=
[¥ © Xolm, we obtain the assertion of Theorem 1. O

Proof of Theorem 2. According to [6, Lemma 3.7], we have
1+ sup ND*((npq @W)N_g) = b"D* (npo ®W,n/b™)_g") =b"D*((xs & W, (1 Q)/b™H1G").
1<N<b™

y (3) and [2, Lemma 4.38], we have that ((X4.n/b™)o<p<pm) is a d-admissible (t,m,s + 1)-net in base b. Using
Lemma 1withs=s+1, x5 =n/b™ Bj=9 1<i<s+1), B=0,é=1, € =2sdp)"!, np=Q & y+Dp", and
=D, ..., y9) S xpIm, —Q /b™), we get the assertion of Theorem 2. O
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Lemma 2. Let (Xp)n>0 be a (0, e, s) sequence in base b. Then (Xu)n=>0 is eg-admissible.

Proof. Suppose that (X,)s>0 is not a ep-admissible. Then there exists ng > ko > 0 with [lno & koll, x [Xn, © X, [, <b™%0".

Let |[ng &koll, = ba, and let ‘x,(,io) 9"1(('3 b= b~%-1 (i=1,...,s). Hence k := d— leiss(di +1)+ep+1=<0. Let d,- =

[di/eilei >di —ej + 1, aj = [x,(fo)]c-,ibdf i=1,...,s) and let J = ]‘[15i55[aib*d1’, (a; + l)b*di). We have x;";yj = x,(g!j for all
jell,di], i€[1,s]. Hence Xp,, Xk, € J. We derive

0>k=d+1- > di—e+1=d+1- Y di. and 1=b"*Vol()). (6)

1<i<s 1<i<s

Let ng = fighd+1 + rip where 1ip € [0, bd+1). It is easy to see that ko = figh®t! + ko, with some kg € [0, b%*1). Hence ng, ko €
[ob?t1, (Rg + 1)b4+1) =: W. Thus > new 1(Xn, J) = 2. Bearing in mind (6), we obtain that (Xp);>0 is not (0, e, s) sequence.
We have a contradiction. Hence Lemma 2 is proved. O

Proof of Theorem 3. Let e = (eq,...,e5). By [7] and [2, p. 266], we have that (X,)n>0 is a (0, e, s) and (eg — s, ) sequence.
Applying Lemma 2 and Theorem 2, we obtain the assertion of Theorem 3. O
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