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RESUME

Nous démontrons dans cette Note des inégalités d’observation traduisant la continuation
unique pour I'équation de Kolmogorov définie sur I'espace tout entier.
© 2016 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction and the main result

Consider the following Kolmogorov equation in the whole space (d € NT)

{(Bt+v-Vx—Av)g(t,x,v)=0, (t,x,v) e RT x RY x R, 0

8(0,x,v) =go(x, v), (x,v) e RY x RY.
The well-posedness of the solution to (1) was proved in Propositions 2.1 and 2.2 in [3]. In [3], the authors considered the

following definition.

Definition 1.1. (See Definition 1.1 in [3].) An open set O of R" (n € N*) is said to be an observability open set on the whole
space R" if there exist § > 0 and r > 0 such that
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VyeR" 3y €0 suchthat Bgn(y',r) C O and |y — y'| <. (2)

Here Brn(x,1) denotes an open ball in R" of radius r centered at x.

From this definition, the authors in [3] proved the following estimate: assume that wy C R? and @, c R? both verify the
property (2) with n =d. Then for all T > 0, there exists C > 0 so that for each gy € L%(R24), the solution to (1) satisfies that

lgle=1 Il 2m2ey < CNENL2((0,T) xewy xov)- (3)

In [3], the proof of (3) is based on a spectral inequality, a Carleman inequality with respect to the variable v and a decay
inequality for the Fourier transform of the solution to (1) with respect to the variable x. The geometric condition (2) plays
an important role in proving (3). The authors in [3] pointed out the following fact: there exists an open set @ of R??, which
is an observability open set in the whole R24 and does not contain any Cartesian product @1 x O,, where each O; and O,
are both observability open sets in the whole space R.

In this note, assuming that « c R verifies (2) with n = 2d, we get a unique continuation estimate for the Kolmogorov
equation. Such kind of estimate has been studied in [1] and [G]. Our proof combines the spectral inequality given in [3] and
a decay inequality on the Fourier transform of the solution to (1) with respect to the variables x and v. The main result is
as follows.

Theorem 1.2. Let  C R2? be an observability open set on the whole space R2%. Then there exists C = C(w, d) > 0 so that for all
T>0,ae(0,1)and go € L2(R?Y), the solution to (1) satisfies that

C

||g|t:T ”LZ(RZCI) =< e&(1+

1

=) 1-a

13 ||g|t=T ” LZ(w)”gOH(LXZ(]RZd)- (4)
By a telescoping series method (see [6, Theorem 1.1]), a direct consequence of (4) is the following observability estimate.

Corollary 1.3. Let & C R be an observability open set on the whole space R??. Let T > 0 and E C (0, T) be a measurable set of
positive measure. Then there exists Cops = C(w, d, T, E) > 0 so that for each go € L2(R%4), the solution to (1) verifies that

||g|t:T ”LZ(RZd) = CObS/ ”g(tv s ')”Lz(a)) de. (5)
E

1
C(1+T—3

When E=(0,T), Cops =€ ) where C only depends on w and d.

Such observability estimate implies by duality the null controllability for the Kolmogorov equation.
2. A spectral inequality
The following spectral inequality plays a key role to deduce the estimate (4). Here f denotes the Fourier transform of f.

Theorem 2.1. (See Theorem 3.1 in [3].) Let @ C R2? be an observability open set on the whole space R2?. Then there exists C =
C(w,d) > 0 such that for all N > 0, every f € L2(R2%) verifies that

/ TGRS se“”'“/\ / Foe= de| az. 6)

IZI=N @ |¢|=N

We mention that, for a smooth compact and connected Riemannian manifold M with metric g and boundary 9M,
the following inequality was obtained in [4]: let @ C M be an open nonempty subset. There exists C > 0 such that the
Laplace-Beltrami operator —A; on M satisfies that
VA

lull 2y < Ce“VH[ull2(, forall o > 0 and u € span{ej; Aj < A}, 7)

where {A;} and {e;} are the eigenvalues and the corresponding eigenvectors of —Ag with the zero Dirichlet boundary
condition. Based on this type of inequality (7), a similar estimate to (4) was obtained for the heat equation in a bounded
domain (see [1, Theorem 6]). The strategy in this note also works for the heat equation in the whole space. This can be
compared with [5], where M is non-compact with a Ricci curvature bounded below. The author in [5] proves that, under
an interpolation inequality in [5, (6) on p. 40], (2) implies the spectral inequality (6), which yields the observability for the
heat equation in M.
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3. A decay inequality

We apply the Fourier transform, with respect to the variables x and v, to Eq. (1). Then we get the following equation in
the corresponding frequency space

{ (B —& -V + &, & m) =0, (t,&,1) e RT x RY x RY,
£(0,€,1m) = 8o(&, 1), (&,m) eRY x RY

The solution to (8) has an explicit representation, which has been obtained in [2, Section 7.6, pp. 210-211]. Based on this,
we get a decay estimate for the Kolmogorov equation as follows.

(8)

Proposition 3.1. There exist C > 0 and C' = C'(d) > 0 such that for all N, T > 0 and each gq € L2(R%?), the solution to (8) verifies
that

&(T. & )2 dé dy < eC—CN* min(T.T?) / lgo(x, v)|* dxdv. 9)
EI=N RIXRE

Proof. Let g be a solution to (8). One can directly compute that
gt.&m =80 n+EDexp(— NPt —n- £ —EC/3), V£, & m) e R x R x RY.
This yields that for all (t, &, n) e RT x R? x RY,

18(t, &, )| < 180(&, n + &0 exp[—(In|* + |&]*) min{t, £}/30].
From this, we see that for all N, T > 0,

|8(T, &, m)|? dé dn < exp(—N*min{T, T3}/15) / 180 (&, m)|* d& dn,

d d
(G, mI>N R{ xR,

which leads to (9). This ends the proof. O

4. Proofs of Theorem 1.2 and Corollary 1.3

In this section, we first prove Theorem 1.2 by combining Theorem 2.1 and Proposition 3.1 as follows.

Proof of Theorem 1.2. Let g be the solution to Eq. (1) with the initial data gy € L2(R2). For each N > 0, write

86,5, 1) = XBy (6, MEEE, M) + Xpe, (6, MEWEE,m), V(€ E,m) eRT xR x RY,
where x3p, and XBS, denote the characteristic functions of the set By £ {(5, n) € de; (&, < N} and its complement,
respectively. Let T > 0. We observe that for all N > 0,

(27T)d||g|t=T||L2(R2d) = 18le=Tll 2 r2ey = | XBy &le=T Il 22y + Il X5, 8le=T ll 2 24y (10)

On one hand, we apply (6) to g to get the existence of a positive constant C; = C1(w, d) so that for all N > 0,

/ BT, & P dg dy < &2 M0 / | / B(T, &, e * 5+ dg dn|” dxdv
Bn

o pd,wd
]RsxR,]

+ [ 1 e me e aganf axav). an
R{xRY By
On the other hand, let f(£, 1) = X, E g, E,mn), (E,n) e Rg X R‘f’. It follows from the inverse Fourier transform formula
that [ f(&,7)el®$+v) d& dp is the inverse Fourier transform of f. Then

1 n ; 2 ; 2
— &(T, &, me'®EH M de dp|” dxdv = ——- / | f f&, me'®EH M de dp|” dxdv
(27)d / |/ (27)2d
RIxRY Bfy R{xRY RExRY
- / |f<s,n>|2dsdn=f|g<r,s,n>|2dsdn. (12)
Rngg BY
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Meanwhile, we apply (9) to g to obtain that there exist C; > 0 and C3 = C3(d) > 0 so that for all N > 0,

/|§(T,S, % dé dyp < e?lC =GN min(T.T%)] / |0 (x, v)[* dxdv. (13)
By RY xRS
Write T £ min{T, T3}. By the inverse Fourier transform formula, we see from (10)-(13) that for all N > 0,

1

N2
||g|t:T ||L2(]R2d) < eCl(N+1) ||g|t:T ||L2(w) + 2eC1 (N+1)+C3—CaN“T3 ||g0||]_2(R2d)~ (14)

Let a € (0, 1). We set k() £ /(1 — o). Then we have that for all N > 0,

c: CoN2T] sy C2 0 CoN?T)
GiN = T k() and C1N — C3N°T5 < L -
2k(a)Ca T, 2 2C,T} 2
These, together with (14), yield that for all € € (0, 1),
I8le=r 2 gty = €167 Ngle=r 120y + € N0l 2 g, . (15)
where
C1+i C1+C3+i (C1+Cp+C3)? 1
€1 £ max {e K@)y T3 J2e 2,7} } <2e o Ut

Since [Igle=1 Il 2(r2¢) < lI&0ll12(R20), the minimization of the right side of (15), with respect to the variable & over RT, leads
to (4). This completes the proof. O

We next use the telescoping series method to deduce Corollary 1.3 from Theorem 1.2.

Proof of Corollary 1.3. Let g be the solution to Equation (1) with the initial data gy € L2(R%4). We take o = 1/2 in (4) and
then see from the Young inequality that there exists C; = Cq(w, d) > 0 so that

1 ca+L
lgl=rll < Ze" T Ng(T - iz + elgle—oll. Ve > 0.
Generally, for each 0 < t1 < tp, we have that

Ci[1+

1 —L
lgle=c, Il < Ze Q-0 g(t2, )2 () + €l le=r, I, Y& > 0. (16)

Let | be a Lebesgue density point of E. Then by [6, Proposition 2.1], we know that for each A € (1/4/2, 1), there exists a
sequence {l;} C (I, T) so that for each m e N¥,

Im — 1= """y = 1) and 3|E N (ln1, )| > llmst — - (17)

Take a m e N* and let 0 < ly42 < lpt1 <s <l < T. Since lgle=t, II < lIgle=sll and ly41 — Imy2 <5 — lny2, we apply (16),
where t1 =Ilp4+2 and ty =s, to get that

Cil[1+ 1

1 ——]
Iglemty | < —e Gner=hs2 g (s, -, )2y + EllEli=ty,, |l V& > 0.
c @

By integrating both sides over E N (I+1, ) in the above inequality, we know that
S <1
(1B 0 s Tle e Yiiglecy, | = (£21E O G, e otz Vgl
<eb f liges. . M2 ds. Ve > 0. (18)
EN(m+1,Im)
Meanwhile, we know from (17) that

1 __Ba-p?
- - o3
3IEN Unt1,Im)| = lng1 — Im| > € Tmpiiml > e Une1-mi2” " ¥m € NT.

Since Iy — 42 =1+ %)(lm“ — Imy2), the above, as well as (18), yields that for all m € N™ and ¢ > 0,
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%) %)
- 3 b 3 C
ge (mmi” | gl || —e%e ‘mme2 gl o]l <3e! / 8¢S, -, M2 ds. (19)

Eﬂ(’m+1,lm)

_ (=1
where C2 = (14+1)3[C1 +23(l1 —2)?]. Let B £ (>0)and e =e -+’ Since A2(ly — Int2) = lms2 — Imya, VM € N,

it follows from (19) that

x61

BCy BCy

- _ 3 _ 3 C
e (mmid% gl | —e (mi2Tmed” gl || <3e 1&Cs, s 12 ds.
Eﬁ(’m#—lqlm)

We deduce from this that

__BG o BCy . _ BC .
)3 - —
e W7 gl ll = Y [e e Y glcpy | — e 30 gy ]
k=0
o0
C C
<3 30 f 1265, M2 ds < 3€C f 1265, M2 5.
k=0 En(lyyys.larsn) EN(Ly)

Since [|gli=7 | < I&lt=i, II, the above implies that

BCy

1
Igle=rll <3e " G-" f (S, - )2 () ds.

This proves (5). Especially, when E = (0, T), we can take [y =T and I3 = T /4. We end the proof. O
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