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RESUME

Nous donnons une version équivariante de la formule des traces d’Anderson pour les
L-fonctions modulo p. Comme application, nous montrons la conjecture de Stark pour les
valeurs de fonctions L de Artin-Gross des modules de Drinfeld.

© 2015 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction and statement of the main results

In this paper, let k be a finite field of characteristic p, G a finite Abelian group of order prime to p. Let R and A be two
k-algebras.

Definition 1.1. Let M be an R[G]-module. For any n > 1, an A[G]-linear operator ¢ on M ®y A is called n-th Frobenius (resp.
n-th Cartier) over A on R if

d(rm) =17 ¢(m) (resp. p(r? m) =r¢(m)) foranyre Randm e M ® A
In this note, we mainly prove the following theorem.

Theorem 1.2. Let R be a finitely generated regular domain over k of Krull dimension r. Let Qg = A QR/k By [1, 2.6], we have a
Cartier operator C on Qg. Let M be a finitely generated projective R[G]-module. For eachn > 1, let Ty : M ® A — M ®y A be an n-th
Frobenius operator over A on R. Let M= Hompg (M, QR). Define the adjoint operator C, on M ®k A >~ Homgg,a(M Qi A, Qr Q A)
of Ty by the rule
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(Cari)(m) = (C"KFol & id 4) (T (m))) for anym € M @ A and i € M ®, A.
Let I be a maximal ideal of R and letd = [R/I : k]. Then

° -1
detarcyien(1— Y "n, M/IM @ ALLEN]) €1+ AGI1E]).

n=1
We have

(71)r—1

) 1 [eS)
[T detacien (1 =) "0, M/IM @ A[[ﬂ]) = detA[G][[t]]<1 =) "o, M@ A[[f]])
IeMax(R) n=1 n=1

All determinants will be defined in the next section.

Remark 1.3. This theorem gives an equivariant version of Anderson’s trace formula (see [1]). As an application, we prove
an equivariant trace formula of crystals over function fields which generalizes the class number formula in [3] and [5]. This
result is an analog of Stark’s conjecture about special values of Artin-Goss L-functions of Drinfeld modules (see [4]).

2. Proof of Theorem 1.2
Lemma 2.1. Let M be an R[G]-module. Define R[G]-linear maps

7T :R[G]®r M — M, Pegemgr > amyg:
geG geG

1
i:M—RGI®rM, me—> gog'm.
IGIgEc
We have w o i =idy and R[G] g M =i(M) & N for N = ker(sr). Hence
MRQJxRADNRQJRA>(MDN) R A>~R[G]R®r M ®, A =M Q A[G].

(1) Then M is a projective R[G]-module if and only if M is projective as an R-module.
(2) For any ¢ € Endaigi(M ®x A), ¢ ®0: (M ®r A) @ (N ®Q A) = (M ®¢ A) ® (N ® A) induces an A[G]-linear map & :
M ® A[G] > M ® A[G]. If dim M < oo, then M ®j A[G][t] is a free A[G][t]-module of finite rank. In this case, we can define

detA[c][t](l —top, M Qi Alt]) = detA[G][t](l —td, M A[G][t]) € 1+ A[G][t].

Definition 2.2. Let M be a k[G]-module and let ¢ € Endsjg)(M ® A). A finitely generated k[G]-submodule Mo of M is called
a nucleus of ¢ if there exists an exhaustive increasing filtration of M by finitely generated k[G]-submodules Mg C M1 C
My C --- such that ¢ (M1 ® A) C M; Q@ A for any i > 0. One can show that detac)r(1 —t¢p, Mo ® A[t]) does not depend
on the choice of the nucleus Mg of ¢. Define

detargie(1 — tep, M ® A[t]) = detaige)(1 — tep, Mo ®x A[t]).

Definition 2.3. Let R be a finitely generated k-algebra and M a finitely generated R[G]-module. For any n > 1, let Cy :
M ®y A — M ®y A be an n-th Cartier operator over A on R. By [1, Proposition 6], C1, Ca, ..., C; has a common nucleus M,
for any n > 1. Then

n
detA[G][t](l — 3, My @ A[t]) €1+ tA[G[t]
i=1

does not depend on the choice of M. Define

o0 n
detarcan (1= D_¢"Co M @4 ALlE1]) = lim deticyp (1= Y €/Ciu My @k Alt]) €1+ EALGIIE]).

n=1 i=1

We are ready to prove Theorem 1.2 now.
By Lemma 2.1, we may assume G = {1}. For the sequence {7,}n>1, there exists a unique n-th Frobenius operator t; on
M ® A over A on R for each n such that
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o0
1-) "= —tr)(1 -2y (1 - 7).

n=1

Let C;, ‘M @y A— M® A be the adjoint of 7;. We have
o

1= " t"Cr=- (1= 2CH(A — 2 —tC}).
n=1

For any n > 1, let k; be the extension field of k of degree n. For any object F over k, let F;, =k, ® F. For any k-linear
map ¢ : F — F, denote the ky-linear map idy, ® ¢ : Fn — Fy also by ¢. Then 7, : My ®x, An — Mn ®, An is a 1-th Frobenius
operator over A, on Ry. By [1, Theorem 1], we have

-1 . (_l)r—l
[T detaen(1 =tz Ma/JMa @5, Aulle]) = deta, oy (1= ¢ M @, Aulle]])
JeMax(Ry)

For any maximal ideal I of R of degree d, k, ® R/l =~ ﬂ,cleMax(Rn) Rp/J and [Ry/] :kn]l = ﬁ. By [2, Lemma 8.1.4], we
have

detagy] (1 —tt), M/IM & A[[t]])

= det, (1 — 77, My /1My @i, Anllc1])

d d
= ]I dEtAn[[t]](l — Ty, Mn/JMn ®, An[[t]]) €1+ tmDA[[tTD]].
IC JeMax(Ry)

Substituting t by t", we get

o0
-1
detagn (1", M/IM @ Allt1])

n=1

o
-1 nd nd
=1] detAm”(l —t"t), M/IM & A[[t]]) el+tmd A[[tmd]] C 1+ t¢A[[t?]]
n=1
and

-1
]_[ detA[[t]](l — tnT,./,, M/IM ®y A[[t]])
IeMax(R)

= l—[ l_[ deta, [t (1 — tn‘[,;, Mp/ My ®g, An[[t]])_]

IeMax(R) IC JeMax(Ry)

-1

= 1 detayien(1 "1, Ma/JMn @5, Aulle]))
JeMax(Ry)

-1 r—1

=det, (1= €°Cp. My @, Anll]])
(_1)1'—1

=detay) <1 — l'nC,/l, M ®k A[[t]])

Then we have

l—[ detA[[t]] (] — Ztnfn, M/IM ®y A[[t]])_l

IeMax(R) n=1

= l_[ 1_[ detAm” (1 — tnT,;, M/IM ®y A[[ﬂ])

IeMax(R) n=1

o0
-1
=TT TT detawen(1—"5;. M/1M @y Alien)
n=1IleMax(R)
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-1 r—1

00
= 1_[ detA[[t]] (1 — fnC;I, M Rk A[[t]])

n=1

o0 R (_])r—l
= detay (1 — Ztncn, M ®y A[[ﬂ]) .

n=1

This completes the proof of Theorem 1.2.
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