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Continuing from [19,20], this short article establishes not only two new optimal estimates linking the fractional Sobolev
capacity of a set to its standard volume and fractional perimeter, but also shows that the sharp fractional Sobolev inequality,
the sharp fractional isocapacitary inequality and the sharp fractional isoperimetric inequality are mutually equivalent.

1. Fractional Sobolev capacities and their basic properties

Let 0 < <1 and C{° denote the class of all smooth functions with compact support in R". Define the fractional Sobolev
space (or the homogeneous («, 1, 1)-Besov space) A;,’l as the completion of all functions f € C§° with

dh
|h|n+oz :

0= [ | [1recm = soorax

R \R?

E-mail address: jxiao@mun.ca.
1 Research supported in part by: NSERC (FOAPAL # 202979463102000) and URP of MUN (FOAPAL # 208227463102000), Canada.

http://dx.doi.org/10.1016/j.crma.2015.10.014
1631-073X/© 2015 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.


http://dx.doi.org/10.1016/j.crma.2015.10.014
http://www.ScienceDirect.com/
http://www.sciencedirect.com
mailto:jxiao@mun.ca
http://dx.doi.org/10.1016/j.crma.2015.10.014
http://crossmark.crossref.org/dialog/?doi=10.1016/j.crma.2015.10.014&domain=pdf

150 J. Xiao / C. R. Acad. Sci. Paris, Ser. 1 354 (2016) 149-153

Attached to A}x’l is the following set-function:
cap(K; Ay =inf{|[fll ;110 feCq® & f>1k} V compact KCR"

Here and henceforth, 1¢ stands for the indicator of a set E C R™. This definition is extended to any set E C R" via

cap(E; ALy= inf cap(0;ALY) = inf su cap(K; AL ).
P @) open 0DE P o) open 0OE compacth(CO P @)

The number cap(E; A}ﬂ) is called the fractional Sobolev capacity (or the homogeneous end-point Besov capacity) of E;
see also [1-3,19,17]. Note that (cf. [15,16,4,5,11])

im | fll 10 =2nwall fllp & LIm@A =) fll ;10 =Tl Vi
a—0 o a—1 o

where ), is the volume of the unit ball B" of R" and 7, = fg,-1 | cos#|do with: S"1 being the unit sphere of R"; 6 being

the angle deviation from the vertical direction; and do being the standard area measure on S*~!. So, we have that for any
compact K C R",

limooxcap(K; ALY =2nw,V(K) & lim](l —a)cap(K; AL = tycap(k; W)
oa— o—
where

V(K):/dx & cap(K; W'Y =inf{|Vfll: feCyP & f=1k}
K

and

cap(E; W)= inf cap(0; W' = inf sup  cap(K; WP v EcCRM.
open 0DE open ODE \ compact KcO

Theorem 1. The nonnegative set-function E — cap(E; A(]),’]) enjoys the four essential properties below:
(i) Homogeneity: cap(rE; [\é’l) =r""%cap(E; Aé’l) VrE={rx: x€ E} CR"&r €[0, c0).
(ii) Monotonicity: E1 C E; C R" = cap(Eq; A}x‘l) < cap(Ey; [\3,;1).
(iii) Subadditivity: cap(K1 U K2; ALY) < cap(K1; ALY + cap(Ka; ALY ¥ compact sets K1, Ko € R,
(iv) Downward monotone convergence: lim;_, o, cap(Kj; A}f) = cap(ﬁ;'.i1 Kj; A}x’l) V sequence {K; ;’; of compact subsets of

R*withK1 DKy DK3D---.

Proof. (i) follows from || f(r)ll ;1.1 =r*""|| fll ;1.1 ¥ 1 €[0, 00) and the definition of cap(., A}x’]).

(ii) follows from the definition of cap(-, A&1).
(iii) follows from an elementary argument. Clearly, we may assume cap(K;; [\3),’1) < oo with j=1,2. For any € > 0 there
are f1, f2 € Cg° such that

fiz 1k & [fjll 11 <cap(KjiAgh+e vV j=1.2.
Clearly, f =max{f1, f2} € C§° enjoys
f=T1kuk, & [f() = F)] <max{|f1(x) — i, |20 = 201} V %,y eR™.
This in turn implies
cap(Ky U Ka: Agh) < Ifll 01 < Ifill a0 + I f2ll 0 < cap(Ky: Ag) + cap(Ka: Ay + 2e,

whence giving the desired one.
(iv) follows from a careful treatment. Suppose {K j}]?i 1 is a decreasing sequence of compact subsets of R". Then K =
ﬂ;?‘;lkj is compact. Following the argument for [9, Theorem 2.2(iv)], for any € € (0, 1) there is a function f € C§° such that

fz1k & |Iflzi <cap(K: Agh) +e.

Note that if j is sufficiently large then K; is contained in the compact set {x e R": f(x) > 1 — €}. So, an application of (ii)
and the definition of cap(:; A}l’]) derives

cap(K; Ay + €

im cap(Kj; A(lx’l) < cap({x eR": f(x)>1—¢}; A}x’]) <(1- 6)’1||f||A1,1 <
— 00 o 1—¢

J
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Upon letting € — 0 and using (ii) again, we get

cap(K; AL") < lim cap(Kj; AL <cap(K; ALY,
j—o0
as desired. O

For any set E C R", let E°=TR"\ E and compute
dxdy
el 10 =2 = =2Pq (E)

whose half Py (E) is called the fractional «-perimeter; see, e.g., [8,12]. Notice that

limootP,x(E) =nwp,V(E) & lim](l — )Py (E) =211, P(E)
o—> o—

where P(E) is the perimeter of E. So, we get an extension of [14, Lemma 2.2.5] from the limit &« — 1 to the intermediate
value 0 < o < 1 that connects the fractional Sobolev capacity and the fractional perimeter.

Theorem 2. If K is a compact subset of R", then
cap(K; ALTy=2 inf P,(0)
0€0%(K)
where O (K) denotes the class of all open sets with C* boundary that contain K.

Proof. Given a compact K C R". On the one hand, if f € Cg° and f > 1k then K C {x e R": f(x) >t} Y t € (0, 1), and hence
an application of the generalized co-area formula in [18] (cf. [19, Theorem 1.2] for another version of the co-area formula
of dimension n — «) gives

00 1
1l :2/Pa({xeR" fx) >t})d Z/Pa ((xeR": f(x)>t})dt>2 g’)rgcf(K)Pa(O).
0 0

This, along with the definition of cap(K; A}x'l), implies cap(K; A}x']) > 2infp o (k) Py (0).
On the other hand, according to Theorem 1(ii) and [10, Theorem 3.1], we have

cap(K; ALY <cap(0; ALT) <2P,(0) vV 0e€0®(K),

whence cap(K; A,}l‘l) <2infgeox (k) Py (0). Therefore, the desired formula for cap(K; Ag;]) follows. O
As an immediate consequence of Theorem 2, we have:
limoa cap(K; ALY =2nw,V(K) & liml(l —a)cap(K; Ab1) =1,P(K) V¥ compact K c R".
o— o—>
2. Fractional Sobolev inequalities and their geometric forms

The next analytic-geometric assertion indicates that the fractional Sobolev capacity plays a decisive role in improving
the fractional isoperimetric inequality [7, (4.2)].

Theorem 3. Let iy o = a)n (ZPa (IB%”)) . Then:
(i) The analytic inequality

00 Ea
11, 2 < Kna /(cap({x ERM:FO0l >t ALD) T e | v fecy M
0
is equivalent to the geometric inequality
(V(0)) o< Kkn.ocap(0; ALYV bounded domain O c R" with C* boundary 0. (2)

Moreover, both (1) and (2) are true and sharp.
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(ii) The analytic inequality
00 o
[(esptixe =iz 0: AP derte | <0V FecE 3)
0
is equivalent to the geometric inequality
cap(O; AéJ) <2P4(0) V bounded domain O C R" with C* boundary 90. (4)
Moreover, both (3) and (4) are true and sharp.

Proof. (i) Suppose (2) is valid. For any Cg° function f, set O;(f) ={x e R": |f(x)| >t} V t > 0. Then an application of (2)
to O¢(f) yields

1l 7 = /V(Ot(f))dfﬁ <Kna /(cap(m; Ag;l)))mdtﬁ ,
0 0

deriving (1). Conversely, suppose (1) is valid. For any bounded domain O c R" with C* boundary 90, the Euclidean
distance dist(x, E) of a point x to a set E, and 0 <€ <1, let

fo0) = 1—eldist(x,0) as dist(x,0) <€
¢ 0 as dist(x,0) > €.

Then the inequality in (1) is true for f.. Consequently, via setting O = {x € R" : dist(x,0) < €} & € — 0 and using
Theorem 1(iv), we gain:

n—-o
oo n

(V@) ™ < lfell 2, <kna [(cap(Or(fe); AGh)™ dew <knacap(Oc; AL — knacap(0; ALD).

n—a —
0

This proves (2). Moreover, the truth and the sharpness of (2) (and hence (1) via the just-checked equivalence) follow from
the definition of cap(O; A(lf) and the sharp fractional Sobolev inequality on [7, Theorem 4.1: p = 1]:

1FI g <Knall Fllz0 ¥ f € CEF.

n—-o

(ii) Suppose (3) is valid. Given € € (0, 1) and a bounded domain O C R" with C* boundary 90, select again O & f¢ as
above. Then Theorem 1(ii) and certain elementary estimates with lim¢_o V(0O \ 0) =0 and « € (0, 1) give

n—a
1 n
n

cap(0: AL = | [ (cap(@cF AF)) ™ de | < fellzyr — Mol =2Pa(0),
0

In other words, (4) is true. Conversely, suppose (4) is valid. Upon noticing that for any Cg° function f with O(f) being as
above, the function t — cap(Ot(f); 1'\});1) decreases on [0, c0) (thanks to Theorem 1(ii)), we have
n
t o

a . iy - d - .
i (cap(@e: A51)) ™ = (%) 5 | [ ean(@x T Akyas)
0

whence finding, along with Theorem 1(ii), (4), Theorem 2 and the previously-cited co-area formula,

n—-o

f(cap(ot<f>); ALY deis sfcap(oaf);A;J)dtsz/Pa(ot(f>)dr= 1l
0 0 0

So, (3) holds. Moreover, the truth of (4) (and hence (3) via the above equivalence) follows from Theorem 2. In fact, if (4)
were not sharp, then an application of (2) would derive that the sharp fractional isoperimetric inequality (cf. [7, (4.2)])
n—o

(V(E)) ™ <2knoPo(E) V ECR"

is not sharp, thereby reaching a contradiction. Thus, (4) is sharp, and so is (3). O

Theorem 3 comes actually from splitting both the sharp fractional Sobolev inequality and the fractional isoperimetric
inequality whose equivalence (optimizing [10, Theorem 1.1] under G = R") is described below.
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Theorem 4. The following three optimal statements are equivalent:
(i) The fractional Sobolev inequality ||f||L# <knall fll ;1.1 holds forany f € .

n—a
n

(ii) The fractional isocapacitary inequality (V(O)) < kn.gcap(0, Aggl) holds for any bounded domain O C R" with C*®

boundary 3 0.
(iii) The fractional isoperimetric inequality (V(O)) " < 2kp.q Py (0) holds for any bounded domain O C R" with C* boundary
00.

Proof. (i)=(ii) follows from the definition of cap(0, [\g,’] . (ii)=(iii) follows from Theorem 2. (iii)=(i) follows from the
idea verifying (4)=(3). As a matter of fact, assume (iii) is true. Given a function f € C§° with 0;(f) being the same as in
the proof of Theorem 3. Obviously, t — V(0¢(f)) is a decreasing function on [0, co). This monotonicity, together with the
layer-cake formula, the chain rule, (iii) for O;(f), and the above-used co-area formula, derives

0o/t n 00 o 00
e, = [ | [v0est ) vioun)ars [(v(0un) " de <26 [ Pa(0uh) et
0 0 0 0

whence reaching (i). O
Note that for any compact set K C R" and any bounded domain O C R", one has

1
limg1(1 — a)_]Kn,a = (nwy )71

limg_1(1 — @)cap(K; Ay') = acap(K; W) =1, infg com k) P(0)
limg—1(1 —@)Pe(0) =211, P(0).

So, the limiting cases of Theorem 3 and Theorem 4 as o« — 1 reduce to [20, Theorems 1.1-1.2] and [21, Proposition 3.1] plus
the well-known Federer-Fleming-Maz'ya equivalence between the isoperimetric inequality and the Sobolev inequality (cf.
[6,13]), respectively.
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