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RESUME

Dans la présente note, nous étudions la propriété de mélange disjoint pour un nombre
fini d’opérateurs de composition linéaires fractionnaires agissant sur I'espace des fonctions
holomorphes sur la boule unité de CM, et nous généralisons une partie des résultats
obtenus par Bés, Martin et Peris en 2011.

© 2015 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Let CN denote the N-dimensional complex space, for any z = (z1,22,---,2y) and w = (w1, wa, ---, wy) in CV; the

N
inner product is defined by (z, w) = Y z;wy, and | z||? = (z, 2).
i=1
Let By be the unit ball of CV, with the boundary 8By. The class of all holomorphic functions on By will be denoted
by H(Bn). Let ¢(z) be a holomorphic self-map of By, the composition operator is defined by Cy,(f)(2) = f(¢(2)) for any
f eH(By) and z € By. And each u € H(By) induces an operator M, on H(By) of pointwise multiplication by the weight
symbol u. The weighted composition operator uCy := MyCy : HBy) — H(By), is defined by

uCy(f) (@) :=u@)(f 0 9)(2).
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For general references on the theory of composition operators, we refer the interested readers to the books [9,13].

Definition 1.1. An operator T on a topological vector space X is called supercyclic provided that there is some vector f in
X whose projective orbit {AT"f:1€C,n=0,1,---} is dense in X. Such f is called a supercyclic vector for T.

Definition 1.2. The supercyclic operators Tq,---, T, (m > 2) on a topological space X are said to be d-supercyclic provided
there is some f € X for which the vector (f,---, f) € X™ is supercyclic for the direct sum operator @g"zl T, acting on the
product space X™, endowed with the product topology.

Definition 1.3. The operators Tq,---, T, (m > 2) on a topological space X are d-mixing provided for every open subsets
Uo, -+, Uy of X there exists ng € N such that ¥ # Ug (O T;"(U1) (- - Ta" (U) for each n > n.

Definition 1.4. A map ¢ will be called a linear fractional map if ¢(z) = (Az+ B)({z, C) + D)~ where A is an N x N matrix,
B and C are (column) vectors in CN, and D is a complex number.

For ¢ : By — By is a linear fractional map, with no fixed points in By. Then there exists a unique point 7 € dBy such
that ¢(7) =7 and (de;(7), T) = a(p) with 0 <a(p) <1.

The point t € 0By is called the Denjoy-Wolff point of ¢ and o (¢) the boundary dilation coefficient of ¢. We say that ¢
is hyperbolic if «(¢) <1 while we say it parabolic if o (¢) =1.

We recall that the Siegal upper half-plane Hy is defined by

Hy = {(W1, -+, wp) = (w1, w) € CV, Im(w1) > |w/|%}.
Let e1 =(1,0,---,0) = (1,0'). The Cayley transform, defined by C(z) =i(e1 +2)/(1 —z;) is a biholomorphic map of By onto
Hiy.
We say that @ is a generalized Heisenberg translation of Hy if it may be written as
(w1, w) = (wy +2i(w, y) +b,w +7),

with b € C, y € CN=1\{0} and Im(b) > ||y’||>. A generalized Heisenberg translation is an automorphism if and only if Im(b) =
¥ I>. Next, we give the following definition, which is a kind of generalized hyperbolic linear fractional self-map of By as
we usually met before. For brevity, we still call it as generalized hyperbolic linear fractional map.

Definition 1.5. Let ¢ : By — By be a linear fractional map. We say that ¢ is a generalized hyperbolic linear fractional
self-map of By, if it is conjugate to a self-map of Hy of the form

1 2
Po(w1, W) == (W1 + ﬁww,d) + ¢, VAUW +d), (w1, w') € Hy,

where A <1 and AIm(c) > |d|?, U € CN=Dx(N=1) 5 3 ynitary matrix.

As was shown in [11], up to conjugation with an automorphism of By, we may assume that ¢ is conjugate with a map
of the form

d(wq, W) = Awq +b, VAUW) (w1, w') € Hy,

where b € C with Im(b) > 0, and 1/ is the boundary dilation coefficient of ¢, A > 1. The map & has the attractive fixed
point co and an exterior fixed point.

Definition 1.6. Let ¢ : By — By be a linear fractional map. We say that ¢ is an unstable parabolic linear fractional self-map
of By, if:

(i) ¢ has a unique fixed point t in By, which is located on the boundary dBy;
(ii) the boundary dilation coefficient at 7 is 1;
(iii) ¢ does not fix as a set any non-trivial affine subset of By.

Note that the above ¢ fixes only e if and only if ® is a linear fractional map of Hy which fixes only co.
In the past two decades, many authors focused on the dynamics of weighted composition operator, for example, see |5,
4,2.3,7,8,11,10,14] and the related references therein. Recently, in [6], Bés, Martin and Peris showed the following theorem.

Theorem. Let ¢1, - - -, @m be linear fractional maps of the unit disk D, where m > 2. The following are equivalent:

(a) the operators Cy, , - - -, Cy,, are d-supercyclic on H(D),
(b) the operators (11Cyp, , - - -, tmCy,, are d-mixing on H(ID) for any non-zero scalars (i1, - - -, i,
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(c) the symbols ¢1, - - -, pm have no fixed points in D, and satisfy that if any two ¢, ¢; have the same attractive fixed point o, then
the expressions ¢ (o) = (p} (o) < 1 do not occur.

For the higher dimensional case, things will be a little bit difference. Some properties are not easily managed, we need
some new methods and calculation techniques. In this paper, we will discuss the higher dimensional case, and our theorems
generalize parts of the results obtained in [6].

2. Some lemmas

In this section, we present some lemmas that will be used in the proofs of our main results in the next section. We first
give the generalization of Runge theorem to the several variables.

Lemma 2.1. (See [12, Theorem 4.24].) For a pseudoconvex open subset €2 of CN, a necessary and sufficient condition for the polynomial
ring C[z] to be dense in H() is that, for every compact set K C 2, there exists a continuous plurisubharmonic exhaustion function ¢
defined on CN such that K C {z|¢(z) <0} C Q.

From the above lemma, we have the following lemma.
Lemma 2.2. The polynomial ring C[z] is dense in H(By).

Proof. Fix any given compact set K C By, let p denote the distance from K to dBy. The continuous plurisubharmonic
exhaustion function ¢ can be defined by

N
@) =) zzi—1+p/2.

i=1

Then the lemma follows by Lemma 2.1. O

Lemma 2.3. (See [1, Theorem 3.1].) Let ¢ be an unstable parabolic linear fractional map of By. Then ® :=C o ¢ o C~ ! is a generalized
Heisenberg translation.

Lemma 2.4. Assume that ¢; : By — By (j = 1, 2) are univalent with no fixed points in By, and have different attractive fixed
points. Then for any compact subset K C By, there exists some sufficiently large ng, whenever n > ng, then go}”](l() NK=¢and

oMKy Nl (K) = @, where (p]L"J denotes the n-fold composition of ¢; with itself.

Proof. By Theorem 2.83 in [9], there exist different points &; (j =1,2) of norm 1 so that the iterates (pE"] of ¢; converge
to &; uniformly on compact subsets of By. Given any compact set K C By, let p; denote the distance from K to dBy, and
p2 denote the distance between £; and &. Set p = min{p1, p2} and U; :={z € By : ||z — &j|| < p/2}, then there is some

nj such that, whenever n > nj, we have w}"J(K) C Uj. Hence, whenever n > ng := max{ny, nz}, then go}"](K) NK =0 and
oM Ny =n. o

Lemma 2.5. Assume that @1, ¢, be generalized hyperbolic or unstable parabolic linear fractional maps of By and @1 # @2, let 1, B2
be the attractive fixed points of ¢ Uand 0, 1 respectively. If ©1, @2 have the same attractive fixed point T, for 1 < j,1 < 2, then the
following situations follows:

(i) ifa(g) =a(pj) =1, then
(pl[fn] o go}n] — T locally uniformly on By;
(il) if (@) < a(@j) <1, then
(p}_”] o (p}”l — By locally uniformly on By, and
<p57"] o (pl[”] — T locally uniformly on By;
(iii) if (@) < a(@;j) =1, then
<pl[_”] o (pE”J — By locally uniformly on By, and

(pg_”] o (pl[”] — 7 locally uniformly on By.
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Proof. Without loss of generality, we assume that T =ej.

Casei: a(p) =a(pj) =1.

For | =1, 2, upon conjugation with Cayley transform C(z) = i(e; +2z)/(1—2z1), the maps ®; :=Co@oC~! have C(e;) = oo
as an attractive fixed point and, by Lemma 2.3, we have:

Dj(wq, W) = (w1 + 21w, y1) + by, w' + ).
Straight calculation shows that
7 (Wi, W) = (wy — by + 2ilp? = 2w, y), W' — p);
@™ (w1, w') = (w1 +nby + 2ni(w', y1) +n(n — Dilyl%, w' +np)
and
@] (w1, w) = (w1 —nb; — 2ni(w', 1) +n(n + Dilpl%, w' —ny).
Thus
o] Mo @M (w1, w') = (w1 +n(bj — b)) +2ni(w', yj — y) +n(n = Dily;|* +n(n + Dijnl>
—2ni(rj, ), W'+ n(y; — W)

So d:»l[*”] o CDS-H](W1, w’) — oo locally uniformly on Hy, and thus
(pl[fn] ) (pgnl —e;=C"1(c0)

locally uniformly on IBN =C~1(Hy).
Caseii: 1 <A1 = a(q)]) <Ay = a((]pz).
From Definition 1.5, without loss of generality, suppose that for j =1, 2, ¢; fixes the point 8j = (—r;,0’) (rj > 1) outside

By, with Denjoy-Wolff point T = e; € 3By, then ®; fixes the point £; = (1H:’ ,0) and
D j(wi, w)_(A]W1+(1—k])1 ,/ iUjw ), (w1, w') € Hy.

By similar arguments as in [11] or Theorem 2.5 in [2], then the ®; is automorphism of the half-plane

‘l_ .
Q= {(w1,w’) eCxCN 1 im(wy) > ||w’||2+—r’}.

1+ Ty
And the Cayley transform C is biholomorphic transform from the complex ellipsoid
2 /112
N—1. |z1 — —| I1Z'|l
Aj:{(l],ZI)E(CX(C . ) 57 <1
(=) =

onto ©;, and By C Aj, Hy C Q;.
Now

1-
ol ™o oMWy, w) = (A;"(xgm +Q —xg)i1 )+( —A7 )1 ATRUD(U)" w)
1

So @5_”] o CD[Z”](wl, w’) — oo locally uniformly on Hy, and g, [=nl g <pj” e = Cfl(oo) locally uniformly on By. And

- _ 11—
@b ”]o<1>5"](w1,w’):(AZ”(A'}W1+(1—A'})11 )+( —2 )1 xznx"(u '(U)"w )

then

1—r
[-n] [n] ’ . 2
(] O (wi,w) — | ,0
2 o P m ) (1+r )

locally uniformly on Hy, thus <p2 1o (p&"l — (—12,0)=C""! ((1}+:2 ,0") locally uniformly on By.
Caseiii: 1=211 < Ay
Note that
@ (wy, w') = (wy —nby —2ni<w’ y1> +nm+Dilyi 2, w' —ny):;

q>5”](w1,w’)=<xgw1+(1 )1 kz(U )'w )



Z.-S. Fang, Z.-H. Zhou / C. R. Acad. Sci. Paris, Ser. 1 353 (2015) 937-942 941

Direct calculation shows that d>g7"] o d>£”](w1, w') — oo locally uniformly on Hy, thus gpl[’"] o (pg.”] — eq locally uniformly
on By. Now

_ _ o 1l=rp _n
oL M (wy, w) = (xz”w1 =iy (U;)”w’) ,
and remember that
O (w, W) = (w1 + by + 2ni(w', 1) + (1 = Dilyi P w + )
then
1—r
oLl ™o ol (wy, w) — (1—2, 0/>
14+
locally uniformly on Hy, so (p;”] o (p%"] — (—r2,0) locally uniformly on By. O
3. Main theorems
Proposition 3.1. Let ¢1, ¢, be generalized hyperbolic holomorphic linear fractional self-maps of By defined in Definition 1.5, with
a common attractive fixed point T, such that a(p1) = a(¢2), and different other fixed points outside By. Then Cy,, Cy, are not

d-supercyclic on H(By).

Proof. As discussion in Lemma 2.5, set A =
a straight calculation shows that

(Y((ﬂl) a(wz) > 1, note that by our assumption we have ry #r;. Set ry <y, and

Cb[”](w w)—(k”w1+(1—A”)1 s Az(U N'w )

and

_ 1—r;
oMWy, w) = (r”m + (1 =2y rf,r%(uj)"w/),
J
where U* denotes the adjoint of the unitary matrix U. Hence,

—n
1+ 1+r

o™ o ol (wy, w)—(wl+( i 1>,<UT>”<U2>”w’).

Now suppose that Cy,, Cyp, are d-supercyclic on H(By), and let f € H(By) be a d-supercyclic vector for Cy,, Cy,. Therefore,
for g € H(By) with g(z) = z1, there exist an increasing sequence (ny) of positive integers and a sequence (i) of non-zero
scalars such that

i (f °<P5-nk]) — g, k— o0

in HBy) (j=1,2). Set WM .=l ™ol —c-1o 0™ o @l o, and let z= (z1,2)) € By be fixed, [¥]; := nlingo[\ll[”]]l =

(1-z1)B+21 1+ 1412
€ > 0 such that K. = {(w1, w') € By : |[wq — [W¥]1(2)] < €}. Since that d)% "o CDE"J are parabolic with Im(8) > 0, then map
Hy into Hy when n is large enough, note that the Cayley transform is a biholomorphic map of By onto Hy; we have
Wi (z) € K¢ for n large enough. Notice that

(-208+2121 pare [plnl); denotes the first component of WM and g =i (1 no_ ]_r2>. Let z € By be fixed, there exists

Jim 1e(f 0 @™ o Wity — g o WMl (z) < lim sup ‘Mk(fmp{ Ky g‘(W)z

K—>0 weKe
We obtain
= 5@ = lim p(f o3 @
= 1lim 1(f 0 9™ o Wl (z)
k— o0
= lim (g o V™)) (z) = [W];(2)
k—o00

for each z € By, which is a contradiction. O
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Theorem 3.2. Let m > 2, and assume that ¢4, - - -, o, be generalized hyperbolic or unstable parabolic linear fractional maps of By,
and satisfy that if any two ¢y, @; have the same attractive fixed point T, then the expression o (¢p) = a(¢;j) < 1 does not occur. And
letuq,---, un € HBy), with uj(z) # 0 for every z € By for each 1 < i < m. Then the operators u1Cyy, - -+, UmCy,, are d-mixing on
H(Bp).

Proof. Note that the compact-open topology on H(By) is independent of the chosen exhaustion. We set K, :={z € By :
llz]l <1 —1/n},n € N, which is an exhaustion of By, then we endow H(By) with the topology induced by the seminorms
Pn(f) := sup,ex, | f (2], f € HBN). Let U, Vy,---, Vi be non-empty open subsets of H(By), and fix f €U, gj € V;, for
1 < j <m. By the definition of the topology on H(By), there is a closed ball K centered on 0 and an € > 0 such that a
holomorphic function h belongs to U (or to V ;) whenever sup,ck | f(2) —h(z)| < € (or sup,ck |g;(z) —h(2)| < €, respectively).
Let K be a closed ball in By such that K ¢ K° c K. Since @j (1 <j<m) are univalent and without fixed points in By, we
know by Lemmas 2.4 and 2.5 that there exists ng such that K, <p1"J(I(), e go,[,';J(K) are pairwise disjoint, whenever n > ny.
gjolp!™)
[Tk (wjolel=H))
neighborhood of <p5.”](l?). Since the compact set K := K U(p[”](l() U-- U(p["](K) is a polynomial hull and has connected
complement, there exists a polynomial h such that

Then the function f is holomorphic on some neighborhood of K, and function is holomorphic on some

gjo @™

sup|f(z) —h(z)] <€ and  sup ¥) —h(y)

zek yepl™ &) [Te=1(ujo ((/’[ ) M;
where

Mj:= max H(u o (@)

[n]
yepl () i

Hence for each 1 < j <m and n >ny,

sup|f(z) —h(2)| <€

zeK
and

sup |gj(2) — WjCy)"h(@)|

zek

[—n]
go(p;
= sup ]—[(u]o(fp[ DY) ! ) —hy) || <e.

—_(y
26K | [Ty o (™)

where y := ¢l"l(z). This shows that h € U and (u;Cy,)"h € V;, that is, the operators u1Cyp,, -+, umCy, are d-mixing on
H@By). O
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