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RESUME

Dans ce papier, on définit une suite de polyndmes P,(f‘) (x| A, H) dépendant seulement du
choix de deux fonctions analytiques dans un voisinage de zéro. Pour une paire de fonctions
réciproques A et B, on montre l'identité P*) (x| B, H o B) = p{"*17%) (1—x] A, A’H), qui
généralise I'identité de Carlitz sur les polyndmes de Bernoulli.

© 2015 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Let A and H be two analytic functions around zero with A (0) =0, A’ (0) # 0 and let P,sa) (A, H) be defined by

Y oS p@ "
(A(t)> HO =) Py’ (A H) . (1)

n>0

This definition is motivated by the works of Tempesta [8] and [10] on the generalized higher-order Bernoulli polynomials.
The higher-order Bernoulli polynomials of the first kind B,(fx) (x) [4,9] correspond to the choice A (t) =exp(t) —1, H(t) =
exp (xt), the higher-order Bernoulli polynomials of the second kind bﬁ,a) (x) [7,6] correspond to the choice A (t) = ln (1+¢),
H(t) = (1+t)* and the degenerate Bernoulli polynomials B,(f‘) (x; B, 1) correspond to the choice A (t) = % and
H (t) = (14 Bt)*/#=DX from which we have in particular B* (x) = lim; .o B (x; 1, 1) and b{®’ (x) =limg_o B (x; B, 1).

In this paper, we show that the Carlitz’s identity B;"H*a) x) = n!b,(f’) (x—1) [2, Egs. (2.11), (2.12)] can be generalized to
a large class of polynomials P,ﬁ“) (x| A, H) introduced below.

E-mail addresses: mmihoubi@usthb.dz (M. Mihoubi), y_saidi34@yahoo.com (Y. Saidi).

http://dx.doi.org/10.1016/j.crma.2015.06.013
1631-073X/© 2015 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.


http://dx.doi.org/10.1016/j.crma.2015.06.013
http://www.ScienceDirect.com/
http://www.sciencedirect.com
mailto:mmihoubi@usthb.dz
mailto:y_saidi34@yahoo.com
http://dx.doi.org/10.1016/j.crma.2015.06.013
http://crossmark.crossref.org/dialog/?doi=10.1016/j.crma.2015.06.013&domain=pdf

774 M. Mihoubi, Y. Saidi / C. R. Acad. Sci. Paris, Ser. 1 353 (2015) 773-778

2. The main identity

The main result of this paper is given by the following theorem.
Theorem 2.1. Let H, A, B be analytic functions around zero with (A o B) (t) = (B o A) (t) =t. Then
P\ (B,HoB)=P{""'"% (A, A'H),
where (A'H) (z) := H (z) D;A () and D, = &.

Proof. Since (Ao B) (t) =t, then the equation t = A (z) gives z = B (t). So, the equation z =1t (A(Z)> admits the unique
solution z = B (t), and on using the Lagrange inversion formula, for any function F analytic around z =0, we get

F(2) = F(O)—i—Z D" 1<F m(Aiz)) )

n>1

—a

So, for the choice F (z) = (

5)
<z>( (( : H(z)) —n <L>H_1 (L _A@ )H(z)
A(2) A(2) A(2) A2 (A@2)?
(( z H(z)) _n << z )na H(z) — <Z>na+l A (z)H(z))
A(2) A(2) A(2)

(n o) (11 a+1)

L2\ (PR A = PO (A AH) |
JZ((A(z)) H(Z)> "2 j+1 i)

j=0

H (z) and since fDg =D (fg) — gDf, we can write

S

n
thus, upon using (1), the number Dg;cl, [F’ (2) (ﬁ) ] can be written as

— (n—a) n—a+1) .
n-1 " _pn _Zz e _ -1 Piy (A H)—Pi, (A, A'H) z!
03 ((55) * (Z)>‘DZ=°<<A(z)> ”(z)) nDig Y s j

j=0
(n—a) (n—a+1) /
P A H)—P A, A'H
=P,§”“)(A,H)—n< n A= ( )>
n
= Pyt (A, A'H).
Then
z \* (n—a+1) "
——) H@=) P *“" (A AH)—-. 2
(A(z)> @=>_ Py ( )~ (2)

n>0

On the other hand, since z = B (t) we also get

2 o= (-2 N @ g Hep
<A(z)> H(Z)_<B(t)> H(B@®)=> Py (B.H B) 3)

n>0

So, the desired relation follows from (2) and (3). O
To present some applications of Theorem 2.1, we give the following definition.

Definition 2.1. Let A and H be two analytic functions around zero with A (0) =0, A’ (0) # 0 and let &, x be real numbers.
A sequence of polynomials (P,(.,“) (x| A, H)) is said to be of Appell type if

t \%, , x @) t"
(A—(t)> (A ®) H®) =) Py (x| A H) .

n>0
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When we replace H (t) with (A’ (t))xH (t) in Theorem 2.1, we get:

Corollary 2.2. Let o, x be real numbers and let A, B be analytic functions around zero with (A o B) (t) = (B o A) (t) = t. Then, it holds

P (x|B,HoB)=P" 1" 1 —-x|AH), n>1.

In particular, for H (t) =1 in Corollary 2.2, the polynomials P,(f‘) (x| A) defined by

t @ e
(A(t)) (A" ) gp 1 A) (4)
satisfy
P (x| By=PI Y (1 —x| A), (5)

B
and for H (t) = (ﬁ) (B’ (®))” in Corollary 2.2 with g, y real numbers, the polynomials PP (x,y| A, B) defined by

N oy (L ﬂBt ple-P) A B
(A—(t)>(())(B_(t))(() => *y| )

n>0

satisfy
PYP y | A B =PI TP Ay, x| A, By = PP (—y 1 x| A, B).
3. Connection to the partial Bell polynomials

Let By (x1,X2,...) =Bk (xj) be the partial Bell polynomials (see for instance [1,3,5]) defined by
k

> Bk (x1, in--n! k' Z]

n>k j>1

Proposition 3.1. The sequence (P,Ea) (A,H )) satisfies the following recurrence relations

PIHIF (A, A'H) ZBnk(b1,b2,...) P (A H),
n

n
P (A, A'H) = Z<k>an_k+1pl£a) (A, H),

k=0

where the sequences (ap; n > 1) and (by; n > 1) are defined by

t" th
Zaq:A(t) and ansz(r), a1by = 1.

nx=1 ’ n>1

Proof. With the above notation, from (1) and (3), we have:

z \" (@) z () S
(W) H@) =Y P, (A,H)k—‘:ZPn (B.HoB) - with z=B(0).

k>0 ’ n>0
Then
(—a) t" (@) (B () " o (@)
2P B HoB) =Y PY(AH)— =) ZBnk(m ba,..) P (A H),
n>0 T k>0 ’ n>0

which gives P,(fa) (B,HoB) = ZQZO Bnx(b1,by,...) P,((a) (A, H). So, the first relation follows on using Theorem 2.1. The
second one follows from the definition of P,(,O‘) (A,H). O

For H (t) =1 in Proposition 3.1 we get the following corollary.
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Corollary 3.1. Let A be an analytic function around zero with A (0) =0, A’ (0) # 0 and
Ly (A ) =P (x| A) a
A o n’

Then, if we denote by B for the compositional inverse of A, the sequence of polynomials (P,(.,O‘) (x| A)) satisfies the following recurrence
relations

n
PO (X411 A) =Y Buk(br.ba, . ) P (x| A),

k=0
! n
(@) _ (@)
Py (X+1|A)—k§_0<k)anklpk (x| A).

4. Connection to the successive derivatives of a function

We show in this section some connections of Theorem 2.1 to the successive derivatives of a function.

Proposition 4.1. Let B and H be two analytic functions around zero with B (0) # 0 and let «, x be real numbers. We have:

Di_o ((B(®)* H(xtB ()= (n) Dk ((B (r))"*“) D¥_y (H (t)) ¥.

k
k=0

Proof. Let V (t) =tB (t) and U be the compositional inverse of V. We can write, using Theorem 2.1:

t —o
DY, ((B(t)* H (xtB(t))) = D}_, ((—) H((xV (r)))

. t n+1+4o )

=D}, ((U = U (t)H (xt))

n n t n+1+4+o
= pr-k —) U’ (t) | D*_, (H (xt))

= k t=0 (t) t=0

n ¢ (n—k)+14+(a+k)
’ k k

=Y v —> U (t)) Di_o (H (t) X

k=0

t —a—k
—) ) D¥_, (H (t)) %

¢ —a—k
—) ) D¥_y (H () x*

which completes the proof. O
For different choices for H and B in Proposition 4.1, we get:

Corollary 4.1. Let B and H be two analytic functions around zero with B (0) # 0. We have:

n

D}_, (exp (at) H (xtexp (t))) = Z (

k=0

t on!foa+n—1
D';:O<(1—t)_°‘H<1x_t))=Z%<anik )D’;ZO(H(r))x",
k=0 "

n

k) (k4 )" K D¥_; (H (t)) ¥,
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onlfo+k
DLy (1+6H%H @&t (1+1)) = Z Z—'(‘:: B k>D’t‘=0 (H (0)®,
k=0 "

D}, ((B (1))* exp (xtB (1)) = Z <Z> D?:—g (( B (t))km) X
k=0

n

: ﬂ = n—k ko) Jk
Dt=0<1—XtB(t)>_l§(n k)‘Dt 0((3(0) )x

where ( ) = (?,?,", and, X :=x(x—1)---(x—k+1) fork>1and (x)g := 1.

5. Some applications

For the following examples, let s (n, k) and S (n, k) be, respectively, the Stirling numbers of the first and second kinds.

Example 1. For A(t) =t + ; we get B (t) =+/1+ 2t — 1. Then, from (4) we get:

1451 7a(l+t)x—ZP(a)(x|A)ﬂ
2 N " n!’

n>0

for which we can verify that P{*) (x| A) =n! 3}, ()(,%,)27* and show upon using (5) that we have

o x tn
(1+2073 =3 P (x| B) .

n>0

(53

with P,ﬁ“) (X| B) = PT(1n+170t) (1 X | A) _n,zk 0 (n+1 a)(l X)Z k

Example 2. For A (t) = —— we get B (t) = 1= Vzl;‘“z. Then, from (4) we get

1+t

a+2x

(1+r2)“(1—t2)x=<AL(t)> (4" o) ZP<“+2">(><|A>

n>0

for which we can verify that P(‘”Z") (x| A) = % S heo (“DF () (@) (0 and P;Zﬁx) (x| A) =0, and show upon using
(5) that we have

/ o X a—2x
(ﬂ> (1—4t2) :<L> (B'®) =Y P (- 2x|B)

2
2t B (t) =
with P72 (—2x| B) = PMH17%72% (1 4. 2x | A).

Example 3. For the pair of compositional inverse functions A (t) =exp(t) — 1, B(t) =In(1+t), we get from (4) and (5)
Py (x| A) =By (x), P\ (x| B) =n!by" (~x) and

™ x) =B x+1), B () =nb"1® x—1).

For A(t) =exp(t) — 1 and H (t) = (A’ (t))xi1 in Proposition 3.1, we get

n

k=0 k=0
For A(t)=In(1+t) and H (t) = (1 + t)**t! in Proposition 3.1, we get

n n
by =" ks b k=1, b 0 =Y (D" Fb x—1).
k=0 k=0
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Example 4. Let the pair of compositional inverse functions

A+ )P -1

B 1+ po*t -1
3 = —

A(t)= y

tﬂ
DBl BO=

n>1

Then, from (4) and (5), we get P\*) (x| A) = B* (x; B, ») and B (x; B, 1) = B"17% (1 — x; &, B). From Proposition 3.1 we
get

B (x4 1.2, B) = > Bk ((B12);) B (x; 2, B),
k=0

BY x+1:a )=y (") B Mnier1 B (61, B).

k
k=0
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