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RESUME

Dans cet article, nous étudions le probléme de transport optimal du point de vue de la
théorie de la mesure, a I'aide de la dualité de Kantorovich. En particulier, nous étudions le
support des plans optimaux ou la fonction cofit ne satisfait pas la condition de «twist»
dans le probléeme a deux marginales, ainsi que dans le cas multi-marginales quand la
condition «twist» est limitée a des sous-ensembles précis.

© 2014 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

We consider the Monge-Kantorovich transport problem for Borel probability measures 1, i3, ..., ity On smooth mani-
folds X1, X2, ..., X5. The cost function c: X1 x X3 X ... x X;; = R is bounded and continuous. Let I7(u1, ..., 4n) be the set
of Borel probability measures on X; x X3 X ... x X, that have Xj-marginal w; for each i € {1,2,...,n}. The transport cost
associated with a transport plan 7 € IT(i41, ..., 4y) is given by:

Ic(m) = / c(X1, ..., Xxp) drm.
X1xXpX...xXp
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We consider the Monge-Kantorovich transport problem,
inf{lc(); m € M (1, ..., 1n) ). (MK)

If a transport plan minimizes the cost, it will be called an optimal plan. We say that an optimal plan y induces a Monge
solution if it is concentrated on the graph {(x, T(x)); x € X1} of a measurable map T : X; — X3 X ... x X;. Contrary to the
Monge problem, the Kantorovich problem always admits solutions as soon as the cost function is a non-negative lower
semi-continuous function (see [17] for a proof). When n =2, a general criterion for the existence and uniqueness of an
optimal transport map known as the twist condition dictates the map y — Dic(x, ¥) to be injective for fixed x € X;. Under
the twist condition and the absolute continuity of w1, the optimal plan y that solves the Monge-Kantorovich problem (MK)
is supported on the graph of an optimal transport map T, i.e., ¥ = (Id x T)#u. For larger n, questions regarding the existence
and uniqueness are not fully understood yet. By now, there are many interesting results for the multi-marginal problem in
the general case as well as particular models (see for instance [3-8,10-12,15,16], the bibliography is not exhaustive). When
n > 2, as shown in [11], the twist condition can be replaced by twistedness on c-splitting sets.

Definition 1.1. A set S C X1 x X3 x ... x X, is a c-splitting set if there exists Borel functions u; : X; — R such that for all
(X1, X2, ..\ Xn),

n
D uixi) < c(xi. X2, . Xn)
i=1

with equality whenever (x1, X2, ..., Xp) € S. The n-tuple (uq, ..., uy) is called the c-splitting tuple for S.
In [13], for the case n = 2, the author relaxed the twist condition by a new property, i.e.,

e the generalized-twist condition: we say that c satisfies the generalized-twist condition if for any x; € X1 and x; € X,
the set L, z,) := {X2 € X2; D1c(X1, X2) = D1c(X1,X2)} is a finite subset of X,. Moreover, if there exists m € N such that
for each X; € X; and X € Xp the cardinality of the set L, z,) does not exceed m, then we say that c satisfies the
m-twist condition.

Under the m-twist condition, it is shown that, for each optimal plan y of (MK), there exist a sequence of non-negative
measurable real functions {c;}"; on X; with 2'171:1 i = 1, and Borel measurable maps G, ..., Gp : X1 — X such that

y =21 ai(d x Ggu.

Our aim in this work is to extend this result to the multi-marginal case. For the rest of the paper we always assume
that ¢ is non-negative, lower semi-continuous, EB?:] ui-a.e. differentiable with respect to the first variable and that I.(y)
is finite for some transport plan y. We also assume that the Kantorovich dual problem admits a solution (¢, ..., @) such
that ¢, is differentiable wi-a.e., @1(x1) + ... + @n(xp) < c(xq, ..., xp) for all (xq,...,%;) and

/CdV ZZ/(Pi(Xi)dMi-

i=1%.
We denote by Dq(c) the set of points at which c is differentiable with respect to the first variable. The generalized twist
structure takes the following form in the multi-marginal case.

Definition 1.2. Let ¢ be a Borel measurable function.

1. m-Twist condition: say that c is m-twisted on c-splitting sets if, for any c-splitting set S C X7 x X3 x ... x X, and any
(X1, X2, ..., Xp) € SN D1(c), the cardinality of the set

{R1.%2, ... X2) € SN D1(C); Dy, €(R1, X2, ..r Xn) = Dy C(X1, X2, ..o Xn) |,

is at most m.
2. Generalized-twist condition: say that c satisfies the generalized twist condition on c-splitting sets if, for any c-splitting
set SC X1 x X3 x ... x Xp and any (X1, X3, ..., Xp) € SN D1(c), the set

{(X1.%2, ... %0) € SN D1(C); Dy, C(R1, X2, ... Xn) = D, C(R1, X2, ... Xn) |,

is a finite subset of S.
The following result provides a connection between the generalized twist condition and the local 1-twistedness.

Proposition 1.1. Assume that c is continuously differentiable with respect to the first variable and S is a compact c-splitting set. If ¢ is
locally 1-twisted on S, then c satisfies the generalized-twist condition on S.
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We now state our main result in this paper.

Theorem 1.3. Assume that the cost function c satisfies the m-twist condition on c-splitting sets and w1 is non-atomic. Then for each
optimal plan y of (MK) with Supp(y) C D1(c), there exist k < m, a sequence of non-negative measurable real functions {c;}[" , on
X4, and Borel measurable maps G, ..., G : X1 — X2 X ... X Xy, such that

k

Y= ai(dx G, (1)
i=1

where ZLI oi(x) =1 for pq-ae. x € Xy.

As shown in [13], the most interesting examples of costs satisfying the generalized-twist condition are non-degenerate
costs on smooth n-dimensional manifolds X and Y. Denote by D,%yc(xo, ¥o) the n x n matrix of mixed second-order partial
derivatives of the function c at the point (xo, yo). A cost ¢ € C2(X x Y) is non-degenerate provided D,zcyc(xo,yo) is non-
singular, that is det(Df(yc(Xo, ¥0)) # 0. In our forthcoming work [14], following an idea in [16] together with Proposition 1.1,
a differential condition similar to the non-degeneracy condition (in n = 2) is derived for the multi-marginal case that guar-
anties the general twist property on c-splitting sets and, consequently, the characterization of the support of optimal plans
due to Theorem 1.3.

In the next section, we shall discuss the key ingredients for our methodology in this work. Section 3 is devoted to the
proof of the main results.

2. Measurable sections and extremity

Let (X, BB, i) be a finite, not necessarily complete measure space, and (Y, X') a measurable space. The completion of B
with respect to u is denoted by B, ; when necessary, we identify p with its completion on Bj,. The push forward of the
measure i by a map T: (X, B, u) — (Y, X) is denoted by Txu, i.e.

Te(A) = n(T7'(A)), VAeXx.

Definition 2.1. Let T : X — Y be (B, ¥)-measurable and v a positive measure on X. We call a map F:Y — X a
(X, B)-measurable section of T if F is (X, B)-measurable and T o F = Idy.

If X is a topological space, we denote by B(X) the set of Borel sets on X. The space of Borel probability measures on a
topological space X is denoted by P(X). For a measurable map T : (X, B(X)) — (Y, ¥, v) denote by M(T, v) the set of all
measures A on 3 so that T pushes A forward to v, i.e.

M(T,v) = {r:Tgr=v}.

Evidently M(T, v) is a convex set. A measure A is an extreme point of M(T, v) if the identity A =60A1 + (1 — 0)Ay with
6 €(0,1) and Aq, Ap € M(T,v) implies that A1 = Ay. The set of extreme points of M(T, v) is denoted by ext M(T, v).
We recall the following result from [9] in which a characterization of the set ext M(T, v) is given.

Theorem 2.2. Let (Y, X, v) be a probability space, (X, B(X)) be a Hausdorff space with a Radon probability measure A, and let
T:X — Y bean (B(X), X)-measurable mapping. Assume that T is surjective and X is countably separated. The following conditions
are equivalent:

(i) A is an extreme point of M(T, v);
(ii) there exists a (X, B(X))-measurable section F : Y — X of the mapping T with A = Fxv.

By making use of the Choquet theory in the setting of noncompact sets of measures [18], each A € M(T,v) can be
represented as a Choquet type integral over ext M(T, v). Denote by Xex m(t,1) the o -algebra over ext M(T, v) generated by
the functions o — o(B), B € B(X). We have the following result (see [13] for a proof).

Theorem 2.3. Let X and Y be complete separable metric spaces and v a probability measure on B(Y). Let T : (X, B(X)) — (Y, B(Y))
be a surjective measurable mapping and let A € M(T, v). Then there exists a Borel probability measure & on ZextM(T,v) such that for
each B € B(X),

MB) = / 0(B)d§(0), (o — o(B) is measurable).

ext M(T,v)
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3. Proofs

In this section, we shall proceed with the proofs of the statements in the introduction. We first state some preliminaries
required for the proofs. Let y be a solution of (MK) such that Supp(y) C D1(c). It is standard that y € IT(u1, ..., ibn) is
non-atomic if and only if at least one w; is non-atomic (see for instance [1]). Set Y = X3 x ... x Xp. Since w1 is non-atomic,
it follows that the Borel measurable spaces (X1, 5(X1), ;1) and (X1 x Y, B(X1 x Y), y) are isomorphic. Thus, there exists
an isomorphism T = (Tq, T2, ..., Tp) from (X1, B(X1), 1) onto (X1 x Y, B(X; x Y), ). It can be easily deduced that T; :
X1 — Xj are surjective maps and

Ti#/,L] = Ui, i= 1, 2, e, 1.
Consider the convex set:

M(Tq, 1) = {A € P(X1): To#h = .
and note that wq € M(Tq, (1). The following result is established in [13].

Lemma 3.1. Suppose Fq, F, are two distinct sections of T1. Then the set
{x € X1; F1(x) = F2(x)}
is a null set with respect to the measure jL1.

Proof of Theorem 1.3. Since w1 € M(Tq, 1), it follows from Theorem 2.3 that there exists a Borel probability measure &
ON 3 e M(Ty 1y SUCh that for each B € B(X1),

W(B) = / 0(B)d&(0), (0 — o(B) is measurable). (2)
ext M(T1, 1)

On the other hand, there exist functions {goi}'l?zl such that ¢1(x1) + ... + @n (xn) < c(x1, ..., Xn), @1 is p1-a.e. differentiable,
and that

/Cd)’ ZZ/(Pi(Xi)dMi-

i=1%,

Let S be the c-splitting set generated by the n-tuple (¢, ..., ¢n), that is,

S= :()q, e Xn); C(X1, .. Xp) = Z(p,-(xi)}.
i=1

As T =(Tq, T2, ..., Ty) is an isomorphism from (X1, B(X1), 1) onto (X1 x Y, B(X; x Y), y), it follows that

n
fC(T1X1,T2X1,...,Tnxl)dltl :Z/(Pi(Tixl)dML

X1 i=1x,

from which, together with the fact that Y"1 ; ¢i(x;) < c(x1, ..., Xn), We obtain,

n
c(T1x1, Taxq, ..., Tnxl):Z(Pi(Tixl)~ Hi-a.e. (3)
i=1

Since ¢1 is w almost surely differentiable and Tq4u11 = W1, it follows that
D1c(T1x1, TaxX1, ..., TnX1) = Vo1(T1X1)  jt1-ae. (4)

where D1c stands for the partial derivative of ¢ with respect to the first variable. Let A), € B(X1) be the set with u(A,) =1
such that (3) and (4) hold for all x; € Ay, i.e.

n
c(T1x1, Tox1, ... Tix1) = Y _@i(Tixy) and  Dyc(T1xy, Taxy, ..., Tax1) = Vr(T1x1) V1 € Ay. (5)
i=1
Since p1(X1\ Ay) =0, it follows from (2) that
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/ 0(X1\ Ay)dé(@) = (X1 \ Ay) =0,
ext M(Ty.41)

and therefore there exists a &£-full measure subset K, of ext M(T1, t1) such that o(X;\ Ay) =0 for all ¢ € K.
For every B € B(X) it follows from (2) that

i(B) = f 0(B)dE(0) = / 0(B)d&(0),

ext M(Tq,141) Ky

from which we obtain that u is absolutely continuous with respect to Zle oi. It follows du/d(ZL] 0i) = a(x) for some
measurable non-negative function «. Assume that Fp, ..., Fi are (B(X1)y, B(X))-measurable sections of the mapping Tq
with g; = Fizt1. Setting ; = o o F;, it follows from Tqxpq = @4 that 22‘21 aij(x) =1 for pi-ae. x € Xj. It also follows from
Corollary 6.7.6 in [2] that each F; is @i-a.e. equal to a (B(X1), B(X1))-measurable function still denoted by F;. For each

ie{l,....k}, let Gi=(TyoF,..., TyoF;). We now show that y = Zle «;i(Id x G;)#p. For each bounded continuous function
f: X1 xY — R it follows that

k
/ fx, y)dy Z/f(TleTzXl,..-,TnX1)dM1 :Z/Ol(xl)f(TlxlsTZX]»---’Tnxl)in
X1

Xy xY =1y,

k
= Z/W(Fi(xﬂ)f(ﬂ o Fi(x1), T2 0 Fi(x1), ..., Tn o Fi(x1)) ditq

i=1,

k
=Y / ai(®) f (%1, Gi(x1)) dps.

i=1y,

Therefore, y = Zi'(=1 «;i(Id x Gj)#u. This completes the proof. O
We conclude this section by proving the generalized-twist property for the locally 1-twisted costs.

Proof of Proposition 1.1. Assume that S C X; x ... x Xj is a c-splitting set. Fix (x1, ..., x,) € S. We need to show that the set
L={®1,%2, ... %n) € S; D1C(X1, X2, ..., Xn) = D1C(X1, X2, .. Xn) |

is finite. If L is not finite, there exists an infinitely countable subset {()'q,xlé, ...xf;)}keN C L. Since S is compact, then the
sequence {()_q,xg, ...xﬁ)}keN has an accumulation point ()_q,xg, ...xg) € S and there exists a subsequence still denoted by
{()'q,x’g, ...x’,f,)}keN such that xf.‘ — x? as k — oo for i =2, ...,n. Since Dqc is continuous, it follows that ()_q,xg, ...xg) el.
Since c is locally 1-twisted on S, this leads to a contradiction as ()'(1,xg, ...xg) is an accumulation point of the sequence
{(®1, %, . X)) ke and

D1c()'<1,xg, ...xg) = ch()’q,x’ﬁ, xﬁ) Vk e N.

This completes the proof. O
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