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RESUME

Soit Q le double d'un carquois. Selon Efimov, Kontsevich et Soibelman, I'algébre cohomol-
ogique de Hall (CoHA) associée a Q est une algébre libre super-commutative. Dans cette
note, nous démontrons la conjecture de Hausel, donnant une réalisation géométrique des
générateurs de cette algébre.

© 2014 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Let Q = (I, £2) be a quiver with a set of vertices I and with a;; arrows from i € I to j € I. For each dimension vector
Yy =Wier € lew we have the affine C-variety M, of representations of Q in complex coordinate space @ie,cyl. It is
acted on by the complex algebraic group G, = [];¢; GL,i(©) and the action factors through PGy := Gy, /G, where Gy, is
embedded diagonally in G, . We denote by [M, /G, ] the moduli stack of representations of Q of dimension y.

For y1,y» € Z’>0, let My, y, be the subvariety of My, ,, consisting of the representations of Q such that the subspace
@i, €1 C P, (C"1 @ ) forms a sub-representation. Let Gy, ,, C Gy, 4y, be the subgroup preserving @, C"i. Then
[My, y,/Gy, 1,1 is the moduli stack classifying the extensions of representations of Q of dimension vector y, by that of
dimension vector y;. We have the correspondence:

E-mail address: zongbin.chen@epfl.ch.

http://dx.doi.org/10.1016/j.crma.2014.09.025
1631-073X/© 2014 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.


http://dx.doi.org/10.1016/j.crma.2014.09.025
http://www.ScienceDirect.com/
http://www.sciencedirect.com
mailto:zongbin.chen@epfl.ch
http://dx.doi.org/10.1016/j.crma.2014.09.025
http://crossmark.crossref.org/dialog/?doi=10.1016/j.crma.2014.09.025&domain=pdf

1040 Z. Chen/ C.R. Acad. Sci. Paris, Ser. 1352 (2014) 1039-1044

[MylsVZ/GVLVZ]

My, /Gy1] X [My,/Gy,] (My1+y2/Gyi+9,1s
from which Kontsevich and Soibelman [8] have constructed an associative algebra structure on

— o g* _og*
Hi= D Hy. Hy:=H"(IMy/Gy])=Hg,(My),
vezl,
which is called the cohomological Hall algebra (CoHA) of the quiver Q. Here and after, all the cohomological groups take
coefficients in Q. The resulting product has a shift in cohomological degree:

* * *=2x0 (Y1,72)
Hg, (My) x Hg, (My,) > Hg My, +7,),

where

XLV =Y Vivs— D aijviy;-

iel i,jel
Suppose that the quiver Q is symmetric, i.e. a;j = aj;. In this case, H has more structures. First of all, one can make H

into a (Z’ZO,Z)—graded algebra, by requiring elements in H’(‘;y (M) to be of bidegree (y,k+ xq (¥, ¥)). Secondly, following
Efimov [5], we can twist the multiplication by a sign such that (#, *) is a super-commutative algebra with respect to the
Z-grading. In fact, for a, x € Hy r,ay kv € Hyr 7, We have:

Ay KAy’ | = (_])XQ()/J/ )ay’,k’ay,k-
We can find a bilinear form v : (Z/2)" x (Z/2)! — Z/2 such that

VY1, v2) ¥ (V2 Y1) = Xa 1, v2) + Xa (Y1, Y Xq (2, ¥2)  mod 2.
Then the twisted product on # is defined to be

5 Azl
Ay k> Ay | = (_1)1/!(%)/ )ay,k “Ayr ks

where 7 is the image of y in (Z/2) .

For the symmetric quiver Q, it is conjectured by Kontsevich and Soibelman [8] and proved by Efimov [5] that the
(Z’>0, Z)-graded algebra (H, *) is a free super-commutative algebra generated by a (Z’>0, Z)-graded vector space V of the
form V = VPM @ Q[x], with x an element of degree (0, 2), and for all y € Z! ; the vector space V)Er}(m is non-zero for only
finitely many k. Geometrically, via the isogeny G, — PGy x Gy, we have

My =Hg, (My) = Hpg, (My) ® H, (pV),

and it gives the above factorisation V = VPIM @ Q[x]. Let M-;‘} be the stable part of M, with respect to the O-stability
s . st . . . . . prim
condition, i.e. M} consists of all the simple Q-modules. Then as we will see in Theorem 2.2, VV’HXQW’),)

pure part of H*([M;}/PG),]), where the word “pure” refers to the mixed Hodge structure on the cohomological group.

is in fact the

Let ¢ = dimc¢ V}Brim, the above result implies that the quantum Donaldson-Thomas invariants of the quiver Q without
potential and with 0-stability condition is:

2@ =Y ¢, 1" e Z[q*2].
keZ
In particular, the coefficients are positive.
On the other hand, in the work of Hausel, Letellier and Rodriquez-Villegas [6], they found another expression for the
quantum Donaldson-Thomas invariants. From now on, we work with quivers Q = (I, £2) that are the double of another
quiver, i.e. £2 = 2o L 2,7, where £2;° is obtained by reversing all the arrows in £2o. In this case, M, is endowed with a

Gy -invariant holomorphic symplectic form w. Let @ : M), — g?, be the corresponding moment map, here g?, is the trace 0
part of g, :=Lie(G,). Let O be the G, -orbit of a generic (to be explained below) regular semisimple element in gg. The
group PGy acts freely on 1~ 1(O) and we have the geometric quotient /Lil(O)/PGy. which is a smooth quasi-projective

algebraic variety. Furthermore, the Weyl group W, of G, acts on the cohomological groups H*(u‘l(O)/PGy). One of the
main results of [6] states that:

)@ :q%XQ(Vv)/) Zdim(HZi(,Uf]((’))/PGV)WV)QI.

1
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Based on this result, Hausel conjectured that the cohomological groups

H*(1171(0)/PGy )"

are geometric realisations of the generating set V)‘iri,:?rxq(y e (Of course, the conjecture is meaningful only when 2 (y)(q)

is non-zero. We will always impose this condition.) In this article, we confirm this conjecture. Our construction goes as
follows:
Let x :g?, — g?, /) Gy = t?, // Wy, be the characteristic morphism. Following Ginzburg [7], we consider the composition

fiMy 5505 550 W Let

e Wy (9,00

y1.72€ZL,,
Vity=y

we call conjugates of elements in it generic regular semisimple elements. Let

Uy = £ (&7 /Wy),

then the group PG, acts freely on U, and the quotient Uy, /PG, is a quasi-projective algebraic variety. Furthermore, the

restriction of the morphism f to U, descends to a morphism j_‘:Uy/PGy — t?,’ge"/Wy. We will prove that it makes

Uy /PG, a fiber bundle on t?,’gen/Wy with fibers isomorphic to ™! (0)/PGy,. Our main result is the following:

Theorem 1.1. The pure part of H*(U,, /PG, ) is equal to H*(u™! ((’))/PGV)WV. The restriction HT,GV (My) — H*(Uy, /PGy) factors
prim

through and is surjective onto the pure part of the latter, and its restriction to Vy,*+xq(y,y)

induces an isomorphism

prim ~ -1 w
Vystxa g S H (WHO)/PGy) ™.

2. Proof of the main theorem

We begin by recalling the construction of Kontsevich and Soibelman of the cohomological Hall algebra. Given two vectors
Y1,Y2 € leo' let y = y1 + y». The product H,, x H,, — H, is defined to be the composition of the Kiinneth isomorphism:

HE, (My) ® HE (M) ZHE o (My, x My,
and of the following morphisms:
~ o1 *+2C (2 *+201+2¢
szl %Gy, (Myy X My,) = szwz Myy.1n) — Hcyl,y; (My) = Hg, M), (M

where ¢y =dim¢ My, — dim¢ My, , and ¢; =dimc Gy, 5, — dimc Gy, and the first isomorphism is induced by the fibrations
in affine spaces:

M717Y2_>MV1 XMVZ’ GV]J’Z_)G)/l XGVZ’

and the other morphisms ¢1, ¢, are natural push forwards.

Lemma 2.1. Under the restriction H*([M, /G, ]) — H*([M?}/Gy]), the image of

@ Hy, X Hy,
y.v2€Z,
Vi+y2=y

inHy, = H*([M, /G, 1) goes to 0.
Proof. By the definition of Gysin map, the morphism ¢ in composition (1) factorises as

+2
H (M. /G ) = Hiris L 16,01 My /G ]) = HP2H(IMy /Gy ).

[MV1vV2

Using the long exact sequence

e HFM}’]J’Z/GHWZ]([MV/GVLVZ]) — H*([My /Gyy,31) = H*([My /Gy 3, \[Myy 35/ G 1) = -

we see that Im(¢1) goes to 0 when we restrict it to
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H** 2 (IMy /Gy, \IMyy 35 /Gy 1)

Since [M-;‘}/Gyl,yz] is contained in [My, /Gy, 1, 1\[My, 1, /Gy, 1,1, Im(¢1) vanishes when we restrict it further to

H*+2C1 ([M;S}/Gm,yz])-

Now applying ¢,, we see that Im(¢; o ¢1) vanishes when we restrict it to H*+2C1+2C2([M§‘}/Gy]). O

We need some preliminary results before proceeding to the proof of the main theorem. Given an element t = (t;)ic; €

t?,’gen, let O be its orbit under the action of PG, by conjugation. Recall that Crawley-Boevey [3] has identified the geometric

quotient u~1(0)/ PG, with a quiver variety: let Q be the quiver obtained from Q by attaching to each vertex i € I a leg
of length y; — 1. More precisely, vertices of Q are labeled [i, jl,iel, j=0,---,y — 1, and we identify [i, 0] with i. Besides
the arrows in Q, the new arrows in Q are [i, jl=1[i, j+ 1] foreach i€, j=0,---, y; — 2. The new dimension vector of Q

is defined to be ¥ jj = y; — j. Again, we have the moment map /i : M)g — g%, where M)g is the space of representations
of Q of dimension vector . For each i €I, let t; 1, --, ti,y;, be the eigenvalues of t;. Define A = (A j)) € g?; to be

Afi,o] = —ti1,

Migj=tij—tij+, J=1-yi— 1
Notice that ¥ - A = 0. Now the result of Crawley-Boevey [3] states that

11 (©0)/PGy = (1)/PGy. (2)
Moreover, according to [6], corollary 1.6 (iv), £2(y)(q) is non-zero if and only if ¥ is a positive root of Q'; here we write Q

as the double of another quiver Q’.

Lemma 2.2. The morphism f : U, /PG, — 55" /W,, makes U, /PG, a fiber bundle over £;;*" /W,,. Moreover, the sheaf R' f,.Q is
constant on the étale neighbourhood £5°" — £,5" /W, of 5" /W,

Proof. This is basically Lemma 48 of [9], with one difference. As in the proof of [6] Theorem 2.3, Maffei works with quiver
without loops, but his proof carries over in our case. In his proof, the important point is the surjectivity of f (or rather the
hyper-Kdhler moment map on the generic locus, but this can be reduced to f by hyper-Kdhler rotation). According to [2],
Theorem 4.4, this is fulfilled in our situation, since pfl(O)/PGy = ;’Zil(k)/PGy and y - A =0, taking into account that ¥
is a positive root of Q’. O

Lemma 2.3 (Crawley-Boevey-van den Bergh). The smooth quasi-projective algebraic variety = 1(0)/ PGy has pure mixed Hodge
structure.

Proof. This is a corollary of [4], §2.4, taking into account isomorphism (2). O
Now we can prove the first part of Theorem 1.1.

Theorem 2.1. The pure part of H* (U, /PG,) is equal to H*(u=1(0)/PG,)Wr.

Proof. Consider the fiber bundle f : U, /PG, — t?,’ge“/Wy. By Lemma 2.2, the sheaf R f,Q is constant on the étale neigh-

bourhood t?,’gen — t?,’ge" /Wy of t?,’gen /Wy, so we get the Hochschild-Serre spectral sequence,

, 0, I,
EYT=HP(W,, HI(t;*" Rf,.Q)) = HPTI(U,/PG,).
Since Wy, is a finite group, we have Eg’q =0 for p #0. So the spectral sequence degenerates, and we get

HI(Uy /PGy) = (H(§5" RF.Q))"

w
(B e toye,))

q1+42=q

Since t?,‘ge" is the complement of unions of sufficiently many hyperplanes in the vector space t?,, one proves easily by

gen

induction on the number of hyperplanes that the mixed Hodge structure of Hi(t?,‘ ) is not pure if i # 0. So the pure part

of HI(Uy /PG,) is exactly HI(u=1(0)/PG,)"r. O
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To prove the second result in the main theorem, we need some facts from algebraic stacks. We refer the reader to
Olsson-Laszlo [10,11] and Sun [12] for the proofs. Although they work over the finite fields, their results apply in our
situation, since the quiver varieties are in fact Z-schemes. The moduli stack [M, /PGy ] is a smooth Artin stack over C with
dimension dy, = dim(M,,) — dim(PG, ). It has dualizing complex Q(d, )[2dy ], and we have the Poincaré duality, which is a
perfect non-degenerate bilinear pairing

i 2d,, —i
H'([My,/PGy]) x He ¥ '([My/PG),]) — Q).
Using the fibration [M,/PG,] — [pt/PG,], we have Hi([My/PGy]) = H’},GV (pt) is pure of weight i, the groups
Hfdy_'([My/PGy]) are all pure of weight 2d, — i.
Furthermore, let Z, = M, \U,, then Hé([Z},/PGy]) is of weight less than or equal to i. This is essentially [13]. More
precisely, as in [1], let {E, — Bp}nen be an injective system of finite dimensional n-acyclic approximation to the universal
PG, -torsor E — B, then

H{(1Zy /PGy1) = lim H (2, xpg, En)(—dim(En)).
Now it suffices to apply [13] to the right-hand side.

Proof of the second part of Theorem 1.1. We have the long exact sequence:
-+ — HY((Zy /PGy 1) = HL([Uy /PGy 1) = HL(IMy /PGy 1) — HL((Zy /PGyl) — - -. 3)

Since H:=1([Z, /PG, 1) is of weight less than or equal to i — 1, the pure part of H.([U, /PG, ]) injects into H.([My /PGy ]).
Taking Poincaré duality, we have that H24»~{([M, /PG, ]) maps onto the pure part of H2¥~{([U, /PG, ]). By Theorem 2.1,
we have surjective morphism

HI(IM, /PG, 1) — HI (w1 ©0)/PG,)"", V.

gen

By the definition of t?; , we find easily that U, C M?}. So the above map factorise by

H(IMy, /PGy 1) — HI(M$/PGy) — HI (1 (0)/PG, )" . (4)

prim

By Lemma 2.1, the first arrow has the same image as its restriction to VV,HXQ(%V),

so we get a surjective morphism

prim jf,,—1 w,
VV,H-XQ(Y,V)H}H(M (0)/PGy)" 7.

By the result of [6] recalled in the introduction, they have the same dimension, so they are isomorphic. O
Similar arguments can be used to show the following variant of the geometric construction.

Theorem 2.2. The restriction
H*(IMy /PGy 1) — H*([M}/PGy])
induces an isomorphism

Vy etxa ) =PH*([M5/PGy )

where PH*([M3; /PGy 1) is the pure part of H*(IM3; /PGy ]).

Proof. The proof is almost the same as that of the main theorem, we indicate only the differences. Using an exact se-
quence as (3), with the pair (U,, Zy) replaced by (M?}, My \M-;‘,t), we can show that the restriction H*([My,/PG,]) —
H*([M;}/PG),]) factors through and is surjective onto PH*([M?}/PG],]). Again by Lemma 2.1, we get the surjection
prim * st
vy,*erQ(y,y) —PH ([MV/PGV])'
Now observe that the second morphism in factorisation (4) has the same image as that of

PH/([M$/PG,]) — HI (1™ (©)/PGy)"",

since the morphism preserves the weights of the cohomological groups and Hi(u~=1(0)/ PGV)WV is pure of weight j. So
factorisation (4) becomes:

. . o w
V)lir,ljrixq(y,y) - PHJ([M;}/PGV]) - HJ(M ](O)/PGV) 7. (5)

Now that the composition is an isomorphism by our main theorem, all the arrows in (5) are isomorphisms. O



1044 Z. Chen/ C.R. Acad. Sci. Paris, Ser. 1352 (2014) 1039-1044

Acknowledgements

We are very grateful to Tamas Hausel for having explained to us his conjecture, and to Ben Davison for pointing out a
bug in the proof. We also want to thank an anonymous referee for his careful readings and helpful suggestions.

References

[1] J. Bernstein, V. Lunts, Equivariant Sheaves and Functors, Lect. Notes Math., vol. 1578, Springer-Verlag, Berlin, 1994.
[2] W. Crawley-Boevey, Geometry of the moment map for representations of quivers, Compos. Math. 126 (3) (2001) 257-293.
[3] W. Crawley-Boevey, On matrices in prescribed conjugacy classes with no common invariant subspace and sum zero, Duke Math. J. 118 (2) (2003)
339-352.
[4] W. Crawley-Boevey, M. van den Bergh, Absolutely indecomposable representations and Kac-Moody Lie algebras, Invent. Math. 155 (3) (2004) 537-559.
[5] AL Efimov, Cohomological Hall algebra of a symmetric quiver, Compos. Math. 148 (4) (2012) 1133-1146.
[6] T. Hausel, E. Letellier, F. Rodriguez-Villegas, Positivity for Kac polynomials and DT-invariants of quivers, Ann. Math. 177 (3) (2013) 1147-1168.
[7] V. Ginzburg, Talk at Luminy, 2012.
[8] M. Kontsevich, Y. Soibelman, Cohomological Hall algebra, exponential Hodge structures and motivic Donaldson-Thomas invariants, Commun. Number
Theory Phys. 5 (2) (2011) 231-352.
[9] A. Maffei, A remark on quiver varieties and Weyl groups, Ann. Sc. Norm. Super. Pisa, Cl. Sci. 1 (3) (2002) 649-686.
[10] Y. Laszlo, M. Olsson, The six operations for sheaves on Artin stacks. I. Finite coefficients, Publ. Math. Inst. Hautes Etudes Sci. 107 (1) (2008) 109-168.
[11] Y. Laszlo, M. Olsson, The six operations for sheaves on Artin stacks. II. Adic coefficients, Publ. Math. Inst. Hautes Etudes Sci. 107 (1) (2008) 169-210.
[12] S. Sun, Decomposition theorem for perverse sheaves on Artin stacks over finite fields, Duke Math. J. 161 (12) (2012) 2297-2310.
[13] P. Deligne, La conjecture de Weil, II, Publ. Math. Inst. Hautes Etudes Sci. 52 (1980) 137-252.


http://refhub.elsevier.com/S1631-073X(14)00231-3/bib626Cs1
http://refhub.elsevier.com/S1631-073X(14)00231-3/bib636231s1
http://refhub.elsevier.com/S1631-073X(14)00231-3/bib6362s1
http://refhub.elsevier.com/S1631-073X(14)00231-3/bib6362s1
http://refhub.elsevier.com/S1631-073X(14)00231-3/bib636262s1
http://refhub.elsevier.com/S1631-073X(14)00231-3/bib65s1
http://refhub.elsevier.com/S1631-073X(14)00231-3/bib706F736974697665s1
http://refhub.elsevier.com/S1631-073X(14)00231-3/bib6B73s1
http://refhub.elsevier.com/S1631-073X(14)00231-3/bib6B73s1
http://refhub.elsevier.com/S1631-073X(14)00231-3/bib6D6166666569s1
http://refhub.elsevier.com/S1631-073X(14)00231-3/bib6F6C31s1
http://refhub.elsevier.com/S1631-073X(14)00231-3/bib6F6C32s1
http://refhub.elsevier.com/S1631-073X(14)00231-3/bib73756Es1
http://refhub.elsevier.com/S1631-073X(14)00231-3/bib7765696C32s1

	Geometric construction of generators of CoHA of doubled quiver
	1 Introduction
	2 Proof of the main theorem
	Acknowledgements
	References


