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RESUME

Nous étudions des sous-ensembles complets et compacts pour le bas, le haut et les
topologies symétriques d'un cdne localement convexe, et prouvons que les ensembles
faiblement fermés sont faiblement compacts a chaque fois qu'ils sont faiblement pré-
compacts. Cela conduit a la faible* compacité des polaires des quartiers et a la faible
compacité des quartiers inférieur, supérieur et symétrique.

© 2014 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

The theory of locally convex cones is based on order theoretical notions from which certain topological structures are
defined. With these structures, a cone carries three topologies called lower, upper and symmetric topologies. In particular, a
locally convex (ordered) topological vector space is a locally convex cone, and the above three topologies coincide with the
given topology. Many basic order and topological properties have been established so far for locally convex cones (see for
example [1,3-5]). The aim of this paper is the study of completeness and compactness for the above-mentioned topologies.
In Section 2, we study the relations between compact and complete subsets. In Section 3, we discuss the weak completeness
and compactness of weakly closed sets and show that the polar of each neighborhood is weak* compact in the upper
topology, and for its compactness in the lower (symmetric) topology, the upper (respectively, symmetric) precompactness
is necessary. Also, using the strict separation property, one can show that every lower (upper and symmetric) precompact
neighborhood is weakly upper (respectively, lower and symmetric) compact.

An ordered cone is a set P endowed with an addition (a,b) —> a + b and a scalar multiplication (c«, a) —> «a for real
numbers « > 0. The addition is supposed to be associative and commutative, there is a neutral element 0 € P, and for
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the scalar multiplication, the usual associative and distributive properties hold, that is, a(8a) = («B)a, (« + B)a = aa + Ba,
o(a+b)=woa+ab, la=a, 0a=0 for all a,b € P and «, B > 0. In addition, the cone P carries a (partial) order, i.e.,
a reflexive transitive relation < that is compatible with the algebraic operations, that is a < b implies a + c < b + ¢ and
aa <ab for all a,b,c € P and « > 0. For example, the extended scalar field R=RU {+o0} of real numbers is a preordered
cone. We consider the usual order and algebraic operations in R; in particular, o 4+ co = 400 for all o € R, « - (+00) = +00
for all @ >0 and 0 - (+00) =0. In any cone P, equality is obviously such an order, hence all results about ordered cones
apply to cones without order structures as well.

A full locally convex cone (P,V) is an ordered cone P that contains an abstract neighborhood system V), i.e., a subset
of positive elements that is directed downward, closed for addition and multiplication by (strictly) positive scalars. The
elements v of V define upper (lower) neighborhoods for the elements of P by v(a) ={b € P :b <a+ v} (respectively,
(@)v ={b € P :a <b+ v}), creating the upper, respectively lower topologies on P. Their common refinement is called the
symmetric topology. We assume all elements of P to be bounded below, i.e., for every ae P and v € V we have 0 <a+ pv
for some p > 0. Finally, a locally convex cone (P, V) is a subcone of a full locally convex cone, not necessarily containing the
abstract neighborhood system ).

For a locally convex cone (P, V), the collection of all sets ¥ C P2, where V = {(a,b) :a <b + v} for all v € V, defines a
convex quasi-uniform structure on P. On the other hand, every convex quasi-uniform structure leads to a full locally convex
cone, including P as a subcone, and induces the same convex quasi-uniform structure. For details, see [1, Ch. I, 5.2].

2. Completeness

Let (X4)aez be a net in (P, V) and x € P. We write xy | X (xo 1 X) if (X4)qez converges to x with respect to the lower
(respectively, upper) topology. Also x, — x means that x, 1 x and x4 | x, i.e., (xo)qez COnverges to x with respect to the
symmetric topology. We call (x4)qez in (P,V) to be lower (upper) Cauchy if, for every v € V, there is some «, € Z such
that xg < x4 + v (respectively, X, < xg + v) for all o, 8 with 8 > o > ay. Also (Xy)gez is called symmetric Cauchy if it is
lower and upper Cauchy, i.e., if, for each v € V, there is some o, € Z such that xg <x, + Vv and xo <xg + v for all «, B
with o, B > ay. A locally convex cone (P, V) is called lower (upper and symmetric) complete if every lower (respectively,
upper and symmetric) Cauchy net converges in the lower (respectively, upper and symmetric) topology. In general, a set
A C P is called lower (upper and symmetric) complete if every lower (respectively, upper and symmetric) Cauchy net is
convergent to an element of A in the corresponding topology. Note that if a locally convex cone is symmetric complete, it
is not necessary it be both lower and upper complete. For details see [3, Example 2.9].

Recall that a net (y))aea is a subnet of a net (xq)qez if there exists a function ¢ : A — T such that y; =x,, for each
A € A, where ¢, stands for ¢(1); and for each g € Z there exists some Ag € A such that A > Ao implies ¢, > ap. A net
(X¢)aez in a set X is said to be an ultranet if, for every subset A of X, either (xy)qez is eventually in A or (xy)gez iS
eventually in X \ A. Every net has a subnet which is an ultranet [6, Ch. 4, 11]. If an ultranet (xy)qec7z is eventually in
U'l?=1 Aj;, then it will be eventually in A; for some i. For, if not, (xy)qez Will be eventually in X \ A; for each i, and so
xo € (UL A)) U (X \ UL, Ai) eventually, which is a contradiction.

We say that a set A C (P, V) is symmetric precompact (or uniformly precompact), if for every v € ), there are elements
ai,...,an € A such that A C U?=1 v(a;)v, i.e., if for each v € V there exist subsets Aq, ..., A, C P such that A C U?:] A;j and
Ai x AiCV,i=1,2,...,n. Also, a set A C (P,V) is called upper (lower) precompact, if for every v € V and every subset S
of A there are elements $i,...,S; € S such that A C U’f:1 v(s;) (respectively, A C U';:1 (sj)v). Note that every symmetric
precompact set is both lower and upper precompact. But the lower or upper precompact sets need not be the symmetric
precompact; for example in (R, €), where & = {€ : € > 0} the intervals (—oo, a], a € R are upper precompact but not lower or
symmetric precompact. Obviously, every subset of a symmetric (upper or lower) precompact set is again symmetric (upper
or lower) precompact.

Lemma 2.1. For A C P, we have

(a) A is lower precompact if and only if every ultranet in A has an upper Cauchy subnet,
(b) A is upper precompact if and only if every ultranet in A has a lower Cauchy subnet,
(c) A is symmetric precompact if and only if every ultranet in A is symmetric Cauchy.

Proof. (a) Let A be lower precompact and (Xy)qez be an ultranet in A. If, for each «g € Z, we put Sg, = {X4 : & > 0p},
then Sy, will be lower precompact; so, for each ag € Z and v € V, there is a finite subset Ay, , of Z such that
Sap C UaeAao,v(Xa)V' which implies that Sy, C (Xg,)Vv for some ay € Ayy,v. We set A = {(ay, (Xg,)V) 1 0y € Ag,,v Where
ag €Z,v eV} and order A as follows (ay, (Xo,)V) < (aty, (Xg,)u) if and only if oy <oy and u < v. This is easily verified to
be a direction on A and the function ¢ : A — Z such that ¢((aty, (Xo,)Vv)) =y for all v € V defines a subnet (xq4,)vey of
(Xo)aez- Suppose u, v, w € V such that oy > oy > ay. Then we have w <u <v and Sg,, € S¢, C So,, Which implies that
Xay < Xa,, + U <Xq, +V, i, (Xq,)vey is upper Cauchy. Conversely, suppose that every ultranet in A has an upper Cauchy
subnet, but that A is not lower precompact. There is v € V such that A has no finite covering U?:1(ai)‘/ with a; € A,neN.
Then we can find a sequence (an)nen in A such that for each n € N, any1 ¢ i (a;)v. Clearly, (an)nen does not have an
upper Cauchy subnet, which is a contradiction. In the similar way, we prove (b).
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Half of part (c) is similar to (a). Conversely, suppose that A is symmetric precompact and let (X4)qcz be an ultranet
in A. For every v € V, there are aq,ay,...,a, € A such that A C U'le v/2(a;)v/2, which yields x, € v/2(a;)v/2 eventually
for some i. That is, there exists some «y € Z such that x4 € v(xg)v for all , € T satisfying «, B > ay, i.e, (Xa)eT iS
symmetric Cauchy. O

Theorem 2.2. For a topological space X, the following are equivalent;

(a) A C X iscompact,
(b) every netin A has a subnet which is convergent to an element of A,
(c) every ultranet in A is convergent to an element of A.

Proof. See [G, Ch. 6, Theorem 174]. O

Theorem 2.3. Let (P, V) be a locally convex cone and A C P. Then

(a) if A is lower precompact and upper complete, then it will be upper compact,

(b) if A is upper precompact and lower complete, then it will be lower compact,

(c) if A is lower (upper) compact, then it will be lower (respectively, upper) complete,

(d) A is symmetric compact if and only if it is symmetric precompact and symmetric complete.

Proof. (a) If A is lower precompact and upper complete then, by Lemma 2.1 and Theorem 2.2, it will be upper compact.
Similarly, Parts (b) and (d) follow from Lemma 2.1 and Theorem 2.2. For (c), let A be lower compact, (X4)qez be a lower
Cauchy net in A and (Xy,)irea be a subnet of (Xy)yez, Which is an ultranet. By Lemma 2.1, there is some x € A such that
Xq, | x then, for every v € V, there is A, € A such that x <Xy, + v/2 for all A > A,. Since (X4)qez is lower Cauchy, there
is ap > oy, such that xg <x, + v/2 for all B > a > . Let B > o and choose A € A such that A > A, and «; > . Then
X <Xy, +V/2=<xg+V/2+V/2, i€, Xq | X, that is, A is lower complete. O

3. Weak compactness and neighborhoods

A dual pair (P, Q) consists of two cones P and Q with a bilinear mapping (a, x) —> (a,x) : P x @ —> R. Let (P, Q)
be a dual pair and X be a collection of subsets of Q such that:

(po) inf{{a,x):x€ A} > —oo for allae P and A € X.
(p1) MMeX forall Ae X and X > 0.
(p2) for all A, B € X there is some C € X such that AUB C C.

For each A € X, we define Uy = {(a,b) € P x P : {a,x) < (b,x) + 1 for all x € A}. The set of all Uy, A € X forms a convex
quasi-uniform structure with property (U5) in [1, Ch. I, 5.2] and defines a locally convex structure on P. This is called the
X-topology on P. For each A € X, we denote by v4 the abstract neighborhood induced on P by Ua. Therefore (a, b) € U, if
and only if a < b + v4. For details, see [1, Ch. II, 3].

For every finite subset B = {x1, X2, ..., X} of O, let us denote by Qg the subcone of Q generated by B, that is, Qp =
{er»"zl aiXi :Xj € B, «j >0, 1 <m <n}. If Xp is the set of all finite subsets of Qp, the resulting Xg-topology on P is called
the weak topology o (P, Op). In particular, the weak topologies o (P, Qx) for all x € Q are the coarsest ones for this duality.
If X = Uyex Xx then X consists of the all finite subsets of Q and the X-topology will be the weak topology o (P, Q).

The set A C (P, V) is called lower (upper) bounded, if for every v € V, there is some A > 0 such that 0 < A 4+ Av (respec-
tively, A < Av). Also, A is called bounded, if it is both lower and upper bounded, that is, there is some A > 0 such that A < Av
and 0 < A+ Av. It is easy to see that, in a dual pair (P, Q), a set A C P is o (P, Q)-bounded whenever for every finite sub-
set B of Q, —oo < inf(A, B) < sup(A, B) < +oo, where (A, B) ={(a,x) :a € A, x € B}. Likewise, A is o (P, Q)-lower (upper)
bounded if, for every finite subset B of Q, inf(A, B) > —oo (respectively, sup(A, B) < 4+o0). If A C P is o (P, Q)-symmetric
precompact, then it will be o (P, Q)-lower bounded. For, let x € Q. There are ay, ...,a, € A such that A C U'le vx(aj)vy. If
we choose A > 0 such that 0 <a; + Avy, then we imply that 0 < A+ Avy, i.e, A is o (P, Q)-lower bounded.

Proposition 3.1.If A C P is o (P, Q)-bounded, then it will be o (P, Q)-symmetric precompact.
Proof. See |2, Proposition 2.21]. O
Proposition 3.2. [f A C P is o (P, Q)-upper (lower) bounded, then it will be o (P, Q)-upper (respectively, lower) precompact.

Proof. Let A be o (P, Q)-upper bonded and B be a finite subset of Q. Fix ag € A and put A = min(B, ag). If we put
Ap={ae A:{a,ap) <A}, then Ag C vp(ap), ie, Ap is the o (P, Qp)-upper precompact. Also, A\ Ag={ae A:(a,ap) > A}
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is o (P, Op)-lower bounded, hence by Proposition 3.1, it will be o (P, Qp)-upper precompact. Thus, as the union of
two o (P, Qp)-upper precompact sets, A will be o (P, Qp)-upper precompact for all finite subsets B of Q and so it is
o (P, Q)-upper precompact. 0O

Let (P, Q) be a dual pair and X be a collection of subsets of Q satisfying (pg), (p1) and (p2). If (Xy)aez iS a net
in (P,Vx) and a € P, then x, 1 a (respectively, x, | a and x, — a) in (P, Vx) if and only if (x4, x) 1 (a, x) (respectively,
(X, X) 4 (@, x) and (xq,x) — (a,x)) in (R, &) for all xe A and A € X. For, if X, 1 a and A € X, there is some a4 € Z such
that Xy <a+va for all @ > aa or (xg,x) < {a,x)+1 for all xe A, ie., (xy,a) 1 (a,x) in (R, &) for all x € A. In particular, if
Q =Jaex A, then, for all a € P, x4 1 a in X-topology if and only if (x4, a) 1 (x,a) in (R, &) for all x e P.

Proposition 3.3. If (P, Q) is a dual pair and A C P, then

(a) if A is closed with respect to the o (P, Q)-lower (upper) topology, then it will be o (P, Q)-upper complete,

(b) if Ais o (P, Q)-lower bounded and closed with respect to the o (P, Q)-upper (lower) topology, then it will be o (P, Q)-lower
complete,

(c) if A is closed with respect to the o (P, Q)-symmetric topology, then it will be o (P, Q)-symmetric complete.

Proof. According to [2, Proposition 2.10], it is enough to prove the statements of the theorem for o (P, Qx)-topologies for

all x € Q. Let us denote by Ay, Ay and E;, the closure of A in the lower, upper and symmetric topology of o (P, Qy),
respectively. For (a), let (yo)qez be a net in A. If,ifor each x € Q, we set (y,X) = supye7(Va,X) then y, <y + vy for

all @ €Z, that is, y4 1 y in o(P, Qyx), hence y € Ay. Fix x € Q. If sup,ez(Vo.X) = +00, then (yu,x) = +oo for some
a € T, which yields y < y4 + vy, that is, y € Ay. Suppose that supyc7(Ya,x) < +o0o. There is some oy € Z such that
(Yo, X) > (¥, %) — 1, i.e., ¥ < Yo, + Vx, that is, y € Ay. Part (b) is proved in the similar way. For (c), let (yo)gez be a
symmetric Cauchy net in A. For every x € Q, there is some a,, € T such that yy < yg + vx and yg < yq + vy for all
o, B €7 with o, 8 > ay,. This implies that —co < infyez (Yo, X) < SUPyez (Va, X) < infgez (Yo, X) < +o0. If we set (y,x) =
SUPg et (Va, X) = infyez(Va, X), then yo — y in o (P, Q), hence y € AS. O

As a consequence of Theorem 2.3 and Proposition 3.3, we have:
Theorem 3.4. If (P, Q) is a dual pair and A € Q, then

(a) if Ais closed in the o (P, Q)-lower (upper) topology and is o (P, Q)-lower precompact, then it will be o (P, Q)-upper compact,

(b) if A is lower bounded and is closed in the o (P, Q)-upper (lower) topology and is o (P, Q)-upper precompact, then it will be
o (P, Q)-lower compact,

(c) if A is closed in the o (P, Q)-symmetric topology and is o (P, Q)-symmetric precompact, then it will be o (P, Q)-symmetric
compact.

In a locally convex cone (P, V), the polar v° of v € V consists of all linear functionals ; on P satisfying w(a) < u(b)+1,
whenever a <b + v for a,b € P. The union of all polars of neighborhoods forms the dual cone P* of P. The functionals
belonging to P* are said to be (uniformly) continuous. The polar v° of a neighborhood v € V is seen to be w(P*, P)-compact
and convex, where w(P*, P) denotes the topology of pointwise convergence of the elements of P, considered as functions on
P* with values in R with its usual topology [1, Ch. II, 2.4]. For compactness of v° in the weak topology o (P*, P), we have:

Corollary 3.5. If (P, V) is a locally convex cone and v € V then,

(a) the polar v° is o (P*, P)-upper compact,
(b) the polar v° will be o (P*, P)-lower compact, whenever it is o (P*, P)-upper precompact,
(c) the polar v° will be o (P*, P)-symmetric compact, whenever it is o (P*, P)-symmetric precompact.

Proof. It is easy to see that v° is closed in both o (P*, P)-lower and symmetric topologies. Thus, (b) holds by Theo-
rem 3.4(b). Let B be a finite subset of P and choose A > 0 such that 0 <x+ Av for all x € B. Then 0 < u(x) + A for all
e ve, that is, 0 < v° + Avp or v° is o (P*, P)-lower bounded, hence it is precompact by Proposition 3.2. Thus (a) and (c)
hold by parts (a) and (c) of Theorem 3.4. O

Remark 1. If all of the elements of (P, )) are bounded, then the polar v° of v will be o (P*, P)-symmetric compact. For, if
B is a finite subset of P, then we have v° < Avp for some A > 0, that is, v° is o (P*, P)-bounded. Hence, by Proposition 3.1
and Corollary 3.5, it will be o (P*, P)-symmetric compact.

A locally convex cone (P, V) is said to have the strict separation property, if for all a,b e P and v € V with a £ b+ pv
for some p > 1, there is a u € v° such that w(a) > u(b) + 1. Every locally convex cone (P, V) has the X-topology, where
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X={v°:veV}and (P,V) will be equivalent to (P, Vx), whenever it carries the strict separation property; in fact, v C
Uye €27V for all veV [1, 11, 3.3]. Hence Corollary 3.5(a) yields:

Corollary 3.6. If (P, V) has the strict separation property, then it will be equivalent to the X-topology of all o (P*, P)-upper compact
setsv°,v e V.

In the condition of the strict separation property, we find a base for each upper, lower and symmetric topology such
that the elements of the base for the upper topology are closed in the lower one, and the elements of the base for the
lower topology are closed in the upper one, in particular, the elements of the base for the symmetric topology are closed.
Indeed, for every v € V, we have v(a) C vy.(a) € (2v)(a) and vy.(a) is closed in the lower topology; for, if (xy)qez iS
a net in vyo(a) such that x, | x then we have w(xy) | w(x) for all i € v°, since w is continuous in the lower topol-
ogy. Thus p(x) < u(a) + 1 for all u € v°, that is, x <a+ vyo or x € vyo(a). In particular, for an X-topology (P, V), the
lower (upper and symmetric) neighborhoods are closed in the upper (respectively, lower and symmetric) topology. Now, by
[2, Proposition 2.10], Corollary 3.6 and Theorem 3.4 we have:

Corollary 3.7. If (P, V) has the strict separation property, then

(a) the lower precompact neighborhoods of the lower topology are o (P, P*)-upper compact,
(b) the upper precompact neighborhoods of the upper topology are o (P, P*)-lower compact,
(c) the symmetric precompact neighborhoods of the symmetric topology are o (P, P*)-symmetric compact.

We may also consider the local lower, upper and symmetric neighborhoods of a locally convex cone P that arise if we
endow P with the neighborhood subsystem V, = {av : o > 0} consisting of the multiples of a single neighborhood v € V.
Obviously, the dual cone P} of (P, V) consists only of the multiples of the functionals in v° [5, Ch. [, 4]. If b € P and
nePy then0<b+ pv and u € pv° for some p > 0, which yields 0 < (b)v + pzv,t hence, by Proposition 3.2, the lower
neighborhood (b)v is o (P, P*)-lower precompact. Similarly, if an element b of P is v-bounded, the upper (symmetric)
neighborhoods of b will be o (P, P*)-upper (respectively, symmetric) precompact. Hence we have:

Corollary 3.8. For v € V, if (P, Vy) has the strict separation property, then

(a) the lower neighborhoods of P are o (P, P;)-upper compact,
(b) the upper neighborhoods of the bounded elements of P are o (P, P;)-lower compact,
(c) the symmetric neighborhoods of the bounded elements of P are o (P, P;)-symmetric compact.

Remark 2. (i) If (P, V) has the strict separation property and A C P is upper (lower and symmetric) precompact, then the
closure of A with respect to the lower (respectively, upper and symmetric) topology will be upper (respectively, lower and
symmetric) precompact. For, if A is upper precompact, then, for each v € V and each subset S of A, there are s1,...,sp € S
such that S c U, 1/2v(s;), which implies that S € [J{_; v(si), since 1/2v(si) C v(12v)°(5i) € v(s;), that is, A is upper
precompact. Therefore, according to [2, Proposition 2.10] and Theorem 3.4, the closure A will be o (P, P*)-upper compact,
whenever A is lower bounded, and the closure A will be o (P, P*)-lower compact, whenever A is both lower bounded and
upper precompact; also, if A is bounded or symmetric precompact, then A® will be symmetric compact. In particular, for
every a € P, the closure a is upper compact and a* is symmetric compact.

(i) If A € P* is equicontinuous, the closure of A in the upper topology will be o (P*, P)-upper compact; for, A € v°
for some v € V [2, 2.5], hence by (i) and Proposition 3.1, A is o (P*,P)-lower precompact, since v° is o (P*, P)-lower
bounded. Thus, by Theorem 3.4, A is o (P*, P)-upper compact.
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