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RESUME

Nous obtenons une estimation gaussienne supérieure des probabilités de transition d’'une
marche aléatoire hétérogéne dans le quadrant positif. Les ingrédients essentiels de notre
preuve sont des arguments de comparaison basés sur des variantes discrétes du principe
de Harnack et des estimations du type grandes déviations.
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Version francaise abrégée

On se place dans Z2 (la généralisation a Z? est immédiate) et on considére la chaine de Markov (Sj)jen définie par

P[Sjt1=(K.I)|Sj= kD] =7 (k. D; (K1), & D; (K,I')eZ?

w(k,D; (k+1,1) =
ol 7 : Z2 x Z? — [0, 1] est définie par § w((k,D); k,1£1))=p ot (k) € Z?
7 ((k,D); kD) =1 —=2(ar + B)

avec 1 ((k,1); (K',I')) =0 pour toute autre valeur de (k',l').
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On supposera que les probabilités (a)rez et (B)iez Vérifient la condition d’ellipticité suivante :

1—e¢
ag=>¢e, PBi=e, ak+ﬂz§T; k,leZ (1)

pour une constante & > 0.
Considérons maintenant (Z)? = {(k,]) € Z* | k > 0,1 > 0} le quadrant positif de Z? avec son bord 3(Z)? = {(k, 0),k >
13U {(0,]),l > 1} et désignons par

e 7 le temps de sortie de la marche de (Z,)% : T =inf{(j =0,1,--- | Sje A(Z4)2),
e m la fonction de Z? — R définie par m(k,l) = ii_/?;:

e V la fonction volume définie par V ((k,I);r) = Z(k,,,,)eBr(k,l)m(k/,I’), ou B,(k,1) désigne I'ensemble des points & coor-

données entiéres de la boule euclidienne centrée en (k,I) € Z2 et de rayon r > 0,
o qn((k,D); (K',I) le noyau de transition de la marche tuée au bord du quadrant

an(k, 1); (K, 1)) =Pp[Sn= (K. )it >n], n=1,2,---; kD), (K.I) € (Z4)
Notre résultat principal est le suivant.

Théoréme 0.1. Soient (S ;) jen comme ci-dessus vérifiant la condition (1). Alors il existe C, > 0 (dépendant uniquement de ¢) telle que
pour tout n > 1 et pour tous (k,1); (K',1') € (Z,)?:

oy CokkIl (k=k)? +(-1)?
(kD (1)) = L BV b v eXp( Cen )

(2)

Ce type d’estimation permet de déduire facilement une estimation supérieure du noyau de Green du quadrant pour cette
marche.

Cette majoration a été obtenue par le deuxiéme auteur pour les marches aléatoires hétérogénes sur le demi-espace
78 = {x= (X, xq) € 2471 x Z,x4 > 0} (voir [10]).

Les auteurs conjecturent que I'estimation (2) reste vraie sous une hypothése de contréle plus faible de la maniére dont
les probabilités (o) et (B;) s’approchent de 0. Une généralisation de (2) dans cette direction ouvrirait des perspectives
intéressantes pour I'étude des propriétés de transience et de récurrence en milieu hétérogéne.

La preuve repose essentiellement sur des arguments de comparaison et des estimations de type « grandes déviations » per-
mettant de controler la probabilité de fuite de la marche dans le milieu hétérogene.

Les détails seront publiés ultérieurement.

1. Introduction

Random walks conditioned on staying in orthants of Z¢ arise a great interest in the mathematical community, as they
appear in several distinct domains: probability theory, enumerative combinatorics (cf. [1-5,13,14]), etc.

The aim of this work is to study spatially nonhomogeneous random walks on the quarter plane. Homogeneous random
walks have been extensively studied by many authors via a systematic use of generating functions (cf. [1,4,5,13], etc.). Such
a tool is not of great help in the inhomogeneous case (cf. [6,8-10] and [15]) and alternative methods should be used. The
proof of the main result in this note is based on potential theory tools and large deviations inequalities.

Let us consider the Markov chain (S;)jcy defined by

P[Sj+1=(K.,I)|Sj= kD] =7 (k. D; (K1), & D;(K,I)eZ?
w(k,D; k+1,D) =0
with 7 : Z? x Z? — [0, 1] given by { Tk Dk, 1+£1) =8 where (k,I) € Z?
((k, D); (k, D) =1 —2(atr + B1)

and 7 ((k,1); (k',I')) =0 for all any other value (k',1’).

(Sj)jen is a spatially heterogeneous random walk with bounded symmetric increments that can visit at each step five
potential sites, moving left or right with probability oy, up or down with probability g;, or remaining in place with proba-
bility 1 — 2(otx + ;). The spatial heterogeneity results in a k-dependence (resp. I-dependence) of the probabilities transition
when the displacement is parallel to the k-axis (resp. [-axis).

We suppose that the probabilities (ox)kez and (Bk)rez satisfy the following ellipticity condition:

1—¢
ag>¢e, Pi=e¢, oa<+ﬂ1§T: k,1eZ (3)

for some constant & > 0.
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The random walk (S;)jen has the advantage of not being a random walk with a Cartesian product structure and can
help to model the general case of inhomogeneous random walk in Z2 while deviating little from the simple random walk
model. It also offers the possibility to compute exact expressions for natural quantities controlling the transition probabilities
kernel.

Consider (Z,)?={(k,]) € Z?> |k >0,1> 0} the positive quadrant of Z> with its boundary 8(Z,)* = {(k,0),k > 1} U
{(0,1),1>1} and denote by

o 7 the exit time of the walk (Z4)%: T =inf{j=0,1,---|S; € 3(Z4)?},
e m the function Z> — R, defined by m(k,l) = ii_‘f;

e V the volume function defined by V ((k,1);r) = Z(k,,,,)esr(k’l)m(k/,l/), where B;(k,l) denotes the “discrete” Euclidean
ball centered at (k,I) € Z? with radius r > 0,

qn((k,D; (k',1")) the transition kernel corresponding to the walk killed at the boundary of the quadrant q,((k,]); (K',I)) =
PuplSn=K I);t>nl,n=1,2,--; (k,D, K, 1) e (Z1)2.

Precise estimates of the kernel g,((k,I); (k,I')) can be given in terms of the function m defining the above volume
function V and a geometric factor that controls the behavior of the walk as it approaches the boundary. Our main result is
the following:

Theorem 1.1. Let (S;) jen as above satisfying the condition (3). Then there exists C¢ > 0, depending uniquely only on &, such that for
alln >1; and (k,1); (K1) € (Z4)?

an (k. D); (K1) <

Cekk'Il ox (_ (k—Kk)?+ (- 1’)2>
= eV D 2 |

Cen
The following comments may be helpful in placing the above theorem in its proper perspective.

(i) It is worth mentioning that the constant C depends only on the ellipticity constant €, but in a very complicated way.
This is due to the use in the proof of various Harnack inequalities and the non-obvious dependence of the constants
involved in these inequalities on €.

(ii) In the case of a homogeneous random walk, the function m =1 and the volume induced by m is the standard one.

(iii) It is clear that, under the ellipticity condition, the volume function V satisfies V ((k,I);r) ~r? and the main estimate
can be rewritten as

LI N2 N2
an((k, D; (K, 1)) < C‘:’;’; t exp(— k—k )C:;l(l —D ) (4)
Summing over n varying from 1 to infinity and using a dyadic decomposition then comparing with continuous integrals,
we obtain the following upper bound of the Green kernel of the quadrant for the random walk:
c. kK’ .

((k —k)2+ (1 -1)2)2
This result can be compared with the Green functions estimates obtained by Raschel [11] in the homogeneous case.

(iv) In the same way, summing over (k',I') € (Z)?, one can also deduce from the estimate (4) that the survival time of the
random walk in the quadrant satisfies:

kl
IED(k,l) [T>n]<C; F

G(k,D; (K, 1) <

(v) In the case of an orthant (Z+)d, the estimate (4) generalizes as follows:

CeX1.y1Xa-Ya (_ |x — ylz)

n((X1, -+, Xa); (Y1, -+, Ya)) < 34/ Con (5)

with obvious notation.
2. Sketch of the proof

In what follows, we give an overview of the proof of the main estimate. This proof is based on a systematic use of
potential theory tools and large deviations inequalities. We follow the approach adopted in the case of a half-space (cf. [10]).

We first establish analogues of the discrete parabolic and boundary Harnack principles obtained in the case of half-space
(cf. [10]). In fact these results are valid for general spatially inhomogeneous random walks on Z¢ (d > 2), having bounded
symmetric increments and satisfying an ellipticity condition.
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The large deviation estimate used to control the mass escape for (Sj)jen is a generalization of a well-known estimate
for a simple random walk (see [7]).

Theorem 2.1. For all a > 0, there exists a positive constant Cq such that for alln,t > 0 and (k, l) € Z?
Pgen[|Sn — k. 1)| > atv/n] < Caexp(—t?).

We note that the ellipticity condition is not necessary for the proof of Theorem 2.1. We also need a variant of Theo-
rem 2.1, which allows us to control the mass escape at the boundary.

Theorem 2.2. For all a > 0, there exists a positive constant Cq ¢ such that foralin,t > 0 and (k,1) € (Z1)?
kl
P [|Sn — k. 1)| > atv/n, T>n] < CMF exp(—t?).

The proof of Theorem 2.2 is based on the boundary Harnack principle and requires the use of the ellipticity condition.

Around the functions m and u : (Z.,_)2 — R4, (k, ) = kl. Let us introduce the generator corresponding to the chain (),
that is the difference operator L acting on functions f : Z?> — R defined by:

Lf Gk, D) = o (fk+1,D + fk—1,D) + Bi(fk, I+ 1D + f k= 1)) = 2(cn + B) f K, D),

and its adjoint:

gk, D) =opq18k+1,D) + Bry1gtk, 1+ 1) +og_1gk —1,D) + B_1gk, 1 — 1) — 2(ax + B gk, D).

An immediate computation shows that L*m(k,]) =0, (k) € Z2 and Lu(k,]) =0, (k,]) € (Z4)2.
These two functions that appear in the main estimate satisfy also the following fundamental uniqueness property.

Lemma 2.3. The function m is the unique positive function (up to a multiplicative constant) satisfying
*mk, 1) =0, (k1) eZ>
The previous lemma is an immediate consequence of [9, Theorem 8].

Lemma 2.4. The function u is the unique positive function (up to a multiplicative constant) satisfying
Lutk,) =0, (k.)e(Zp)*  ulyg,p=0.

This lemma is valid as soon as the random walk satisfies symmetry and ellipticity conditions. Its proof follows essentially
the same line as that of Theorem 9 of [10] and is based on the elliptic version of the boundary Harnack principle.

Before giving an idea on the proof of Theorem 1.1, we need to introduce a final ingredient that will play a key role in
the proof, that is the notion of caloric function.

Definition 2.1. A function v : (Z,)? x N — R is said caloric on (Z,)? x N* if

v(kDin+1) = v(kDin)= Y w(k.D: (K1) (v((K.I):n) = v(k.D:n)),  ((k.D):n) € (Z4)* x N*.

(k' I'ez2

The concept of caloric function is a space-time generalization of the notion of harmonic function. Caloric functions
share with harmonic functions their fundamental properties: maximum principle, Harnack principle, and boundary Harnack
principle. The techniques of potential theory therefore apply very well to caloric functions. The main difference lies in the
fact that when using Harnack inequalities, we must let the time flow. We observe that for fixed (k’,I") € (Z,)?, the function
((k, Iy; ) = qn((k,1); (K', 1)) is caloric on (Z)? x N*,

Idea on the proof of Theorem 1.1. Three cases should be distinguished:

Case I. Both points (k,I) and (k',I') are at a distance > /n away from the boundary. We consider the function
(k' U);n) — ap Brpn((k, ); (', 1)) /o By where (k, 1) is fixed and pn((k,D); (k',l')) denotes the global transition kernel of
the walk. An immediate computation shows that this function is caloric. Applying the parabolic Harnack principle, combin-
ing with Theorem 2.1 and using the obvious inequality p,((k,); (K',1')) > gn((k,D); (K',1")), we deduce the main estimate in
this case.
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Case I. One of the two points is close to the boundary and the other is far, say dist((k’,l'); 3(Z,)?) > /n and
dist((k, I); 8(Z4)%) < 4/n. In this case, the boundary Harnack principle allows us to compare the two positive caloric func-
tions g, (.; (k',1)) and u(.) near the boundary, and then the large deviation estimate of Theorem 2.2 is used essentially to
bring up the Gaussian factor.

Case IlI. Both points (k,I) and (k’,l') are at a distance < /n from the boundary. We consider the caloric function
(K", 1;n) = o Bran((k,D); (K', 1)) /oy B vanishing on the boundary and use the boundary Harnack principle to compare
it with the function u(.) and Theorem 2.2 to incorporate the Gaussian factor. O

Remarks.

(i) The exponent 32—d which appears in (5) can be decomposed as 32—d = % +d. The term n9/2 corresponds to the vol-
ume of the ball of radius /n. The term n¢ fits very well with the homogeneity of the function u : (Z,)? — Ry,

X=(X1,...,X4) > X1...Xq4 since we can rewrite the quotient

X1~Y1~-><d-w=u<x_1 X_d>u<y_1 ﬁ)
~ T (T

for points with suitable coordinates and for adequate times. This reflects the fact that, despite the heterogeneity of
the environment, the global space-time homogeneity still governs the behavior of the walk. This homogeneity is also
reflected by the Gaussian factor and by the square root in the volume factor.

In contrast with this behavior, an interesting case to study is the one considered by Raschel (cf. [13, Figure 7, p. 20] and
[12]). In this case, the analogue of our function u is not homogeneous.

(ii) The authors conjecture that the main estimate remains true under a much weaker hypothesis than the elliptic-
ity condition (3), provided that a lower control on how the probabilities (o) and (B¢) approach 0 is imposed.
On the other hand, the proof of the main estimate uses in an essential way the symmetry of the random walk
(ie. w((k,D; (k+1,D) =m((k,1); (k —1,1) and 7 ((k,]); (k,1+ 1)) =7 ((k,]); (k,] — 1))). It would be interesting to relax
this assumption to include the case of walks with a drift in the spirit of the work [6].
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