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RESUME

Dans cette note, nous annongons des résultats récents montrant qu'une variante isotrope
de la norme de type BMO introduite dans [3] peut étre reliée par une formule exacte au
périmeétre d’ensembles.

© 2014 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

In a very recent paper [3], the second and third author, in collaboration with P. Mironescu, introduced a new function
space B C L! inspired by the celebrated BMO space of John-Nirenberg [5]. This space allowed them to show that a large class
of Z-valued functions must be constant. The analysis in [3] suggests the existence of a connection between the BMO-type
seminorm and isoperimetric inequalities. We prove that indeed the relationship can be made very precise.

Since the concept of perimeter is isotropic, it is natural to introduce an isotropic version of the norm considered in [3]
by defining, for every f e Ll (RM),

loc

le(f):=€"""sup »° ][Q,‘f(X)—][Q/f

dx, (1.1)

Fe Q'eF

where F, denotes a collection of disjoint €-cubes Q’  R" with arbitrary orientation and cardinality not exceeding ¢!~";
the supremum is taken over all such collections.
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2. The principal theorem
Our main result is the following:
Theorem 2.1. For any measurable set A C R", n > 1, one has
1
lim I (14) = = min{1, P(A)}. (2.1)
€e—0 2
In particular, lime I (14) < 1/2 implies that A has finite perimeter and P(A) = 2lime le (14).

A few words about the strategy of proof when n > 2. Using the canonical decomposition in cubes, it is not too difficult
to show the existence of dimensional constants &, 17, > 0 satisfying

limsuple(14) <& = P(A) <nplimsuple(14) (2.2)
€l0 €0

for any measurable set A € (0, 1)". This idea can be very much refined, leading to the proof of the inequality liminfe lc(14) >
1/2 whenever P(A) = +4o0. It is easy to see that I (14) < 1/2, and this proves our main result for sets of infinite perimeter.
For sets of finite perimeter, the inequality < in (2.1) relies on a kind of relative isoperimetric inequality in the cube with
sharp constant, see [4] and [2], while the inequality > relies on fine properties of sets of finite perimeter and a blow-up
argument.

Using an obvious scaling argument, one may modify the bound on the cardinality and deduce that

lim sup ™! Z 2][ lA(x)—][ 1,4
Q’ Q’

0
€t Fem Q'eFem
where F¢ y denotes a collection of e-cubes with arbitrary orientation and cardinality not exceeding Me'~".
A byproduct of our result is the following characterization of the perimeter:

limsupe™! Z 2][ 1A(x)—][ 1,4
Q' Q'

0
€10 74, =
where now H, denotes a collection of disjoint e-cubes Q' C R" with arbitrary orientation but no constraint on cardinality.
The above theorem can also be localized in Lipschitz domains, see [1, Section 4.1]: if A is a measurable subset of a
Lipschitz domain £2, then

dx=min{M,P(A)} VM >0,

dx=P(A), (2.3)

1
limO le(14, 2) = 5min{l, P(A, )}, (2.4)
€E—

where l¢ (14, £2) is a localized version of (1.1) in which one restricts the supremum over cubes contained in £2, and P(A, £2)
denotes the perimeter of A inside £2.
The detailed proofs are presented in [1].

Acknowledgements

The first author (L.A.) was partially supported by the ERC ADG project GeMeThNES, the second author (]J.B.) was partially
supported by NSF grant DMS-1301619, the third author (H.B.) was partially supported by NSF grant DMS-1207793 and by
grant number 238702 of the European Commission (ITN, project FIRST), the fourth author (A.F.) was partially supported by
NSF grant DMS-1262411.

The authors thank B. Kawohl and F. Barthe for very useful informations about relative isoperimetric inequalities.

References

[1] L. Ambrosio, H. Brezis, ]. Bourgain, A. Figalli, BMO-type norms related to the perimeter of sets. Preprint, 2014.

[2] F. Barthe, B. Maurey, Some remarks on isoperimetry of Gaussian type, Ann. Inst. Henri Poincaré B, Probab. Stat. 36 (2000) 419-434.
[3] J. Bourgain, H. Brezis, P. Mironescu, A new function space and applications. Preprint, 2014.

[4] H. Hadwiger, Gitterperiodische Punktmengen und Isoperimetrie, Monatsh. Math. 76 (1972) 410-418.

[5] F. John, L. Nirenberg, On functions of bounded mean oscillation, Comm. Pure Appl. Math. 14 (1961) 415-426.


http://refhub.elsevier.com/S1631-073X(14)00147-2/bib626Ds1
http://refhub.elsevier.com/S1631-073X(14)00147-2/bib4861s1
http://refhub.elsevier.com/S1631-073X(14)00147-2/bib4A4Es1

	Perimeter of sets and BMO-type norms
	1 Introduction
	2 The principal theorem
	Acknowledgements
	References


