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to an associated graded (with a certain filtration) of the Hurewicz map. The algebraic
Presented by the Editorial Board version of the conjecture predicts that the s-th Lannes-Zarati homomorphism vanishes in
any positive stems for s > 2. In the article, we prove the conjecture for the fifth Lannes-
Zarati homomorphism.
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RESUME

La conjecture sur les classes sphériques affirme que les classes détectées par l'invariant
de Hopf et linvariant de Kervaire sont les seules dans H.(QoS®) dans I'image de
I'homomorphisme de Hurewicz. L’homomorphisme de Lannes-Zarati est I'application
correspondant au gradué (pour une certaine filtration) de ’homomorphisme de Hurewicz.
La version algébrique de la conjecture prédit que le s-iéme homomorphisme de Lannes-
Zarati s’annule en tout degré positif pour s > 2. Dans cette note, nous démontrons la
conjecture pour le cinquiéme homomorphisme de Lannes-Zarati.

© 2014 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction and statement of results

Let H:75(5%) = m,(QoS® — H.(QoS®) be the Hurewicz homomorphism of the basepoint component QS° in the
infinite loop space Q S® = lim, £2"S™. Here homology is taken with coefficients in [F,, the field of two elements. The long-
standing conjecture on spherical classes reads as follows.

Conjecture 1.1. The Hopf invariant one and the Kervaire invariant one classes are the only elements detected by the Hurewicz homo-
morphism.

(See Curtis [5], Snaith and Tornehave [18], and Wellington [19] for a discussion.)
An algebraic version of this problem goes as follows. Let P; = Fy[x1,...,Xs] be the polynomial algebra on s indetermi-
nates xq, ..., Xs, each of degree 1. Let the general linear group GL; = GL(s,F,) and the mod 2 Steenrod algebra .4 both act
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on Ps in the usual way. The Dickson algebra is the algebra of invariants, Ds := Fa[xq, .. ., Xs]%s, which inherits a structure
of module over the Steenrod algebra from Ps. In [16], Lannes and Zarati constructed a homomorphism:

@s: Exti;\”d(Fz, F2) — (F2 ®. 4 Ds)},

which corresponds to an associated graded of the Hurewicz map. The proof of this assertion was sketched by Lannes [15]
and by Goerss [8]. The Hopf invariant one and the Kervaire invariant one classes are respectively represented by certain
permanent cycles in Exth*(Fz,Fz) and Exti‘t*(IFz,IFz), on which ¢ and ¢, are non-zero (see Adams [1], Browder [3],
Lannes-Zarati [16]). Therefore, we are led to an algebraic version of the classical conjecture on spherical classes as follows.

Conjecture 1.2. (See [9].) ¢s = 0 in any positive stems, for s > 2.

We now summarize Singer’s invariant-theoretic description of the lambda algebra [17]. According to Dickson [6], one
has Ds =TF2[Qs,5—1,..., Qs,0], where Q; denotes the Dickson invariant of degree 25 — 2'. Singer set Iy = DS[QST[}], the

localization of Ds given by inverting Qs o, and defined I';" to be a certain “not too large” submodule of Is. He also equipped
I't =@, I;" with a differential 8 : I';" — I',"; and a coproduct. Then, he showed that the differential coalgebra I'* is dual

to the lambda algebra of the six authors of [2]. Thus, Hs(I'") = Tor;4(IF‘2, ).

Theorem 1.3. (See [11].) The inclusion Ds C Iy is a chain-level representation of the Lannes-Zarati dual homomorphism, ¢¥ :
Fy ® 4 Ds — Tor{A(Fy, Fy).

Conjecture 1.2 was established for s =3 and 4 respectively in [10] and [12]. That ¢s vanishes for s > 2 on the decom-
posable elements in Extf4(IF2,IF2) and on the Singer transfer’s image was respectively proved in [14] and [13].
The goal of this article is to prove the following.

Theorem 1.4. The fifth Lannes—Zarati homomorphism, ¢s : Exti"5+d (F2,F2) — (IF2 ® 4 Ds)}, vanishes in any positive stems.
2. Proof of the theorem

Let A be the (opposite) lambda algebra, in which the product in lambda symbols is written in the order opposite to that
used in [2]. (See Singer [17, p. 687] for a precise definition of A.) The lambda algebra is dual to Singer’s coalgebra I"*.

Theorem 2.1. (See [4, Thm. 1.3].) The following classes form an F»-basis for the indecomposable elements in Extf4 (Fy, Fy):

(1) Phy = [A723h2 + (A2Aah2 + Mihadoht + Aaddro)ia] € Exty H (F2, o),
(2) Phy = [A723ha + (A3hs + A2hahz + AiAarodt + Aardh2)As + A7A2haks + A7horaAira] € Exty ©(Fa, Fa),
(3) i = [(Sq) 02Ash3he + A7hasharohs + Arishirsia)] € Bt 27 8y, Fy) fori > 0,
(4) X = [(S4) Ou1sh2raha + 22hataz + A2 + hsh2hahs + Ash2a2 4 22ura)] € ExiSE T 2742 @y, Fy) fori > 0,
(5) D1(i) =[(Sq%) (A2snnrzrg)] € x4 @y po) fori > 0,
(6) le () = [(5¢°) (A2 h11A7h14 + A2522, A0 + A5A31A701 A8 + A15A31A3h76 + A15A31A7A5A4)] € Extizi+6+2i+l+2i (Fy, Fy)
ori >0,
(7) Qa(D) = [(Sq%) (a7 O220%s + (3hg + 29AD)As + Aadorshs + A2h1123) + 22 A Aaara)] € EXCE 27 By, Fy) for i > 0,
(8) Ki=[(Sq%) (he3r15ha7A3 + A63ha7(A3h9 + AoAd) + A3, A11h21)] € EXtiZMHM (2, ) fori >0,
(9) Ji =1(5¢°) (ho5(A2219 + A19A2) A0 + A3, A23h43h0 + A63h15A31 19M0)] € EXti’\ZWHHZHi (2, F2) fori >0,
(10) Ti = [(Sq) (3279 + 27932 A% + 32, (A3hg + 2o22)] € ExtS T 27427 1y, 1)) fori > 0,
(11) Vi =[(S8") (estasharisiro)] € ExCE 242 (s ) for i > 0,
(12) V! =1(5¢°) (M191A31A7A23h0 + A63Ah127A15A4740)] € EXti{ZHSHi (F2, ) fori >0,
(13) Ui = [(5q°) (h191 (A35A30 + A39A35) Ao + AZ3ha7)87h0 + A127A31A6323900)] € EXti'lZHSJrZMHi (2, ) fori > 0.

Let Q (ig, ..., i4) denote Q;?OQ?JQ?QQ;%Q?“ for abbreviation.

Theorem 2.2. (See [7, Thm. 5.7].) The following elements form a basis for the IF,-vector space F,® 4 Ds:

(1) Q(0,0,0,0,24°1) for 1 <d,
(2) Q(0,0,1,2° 1,241 —2¢ — 1) for 1 < c <,
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(3) Q(0,2,2b —1,2¢t1 _2b _1 2 —1)for2<b<c

(4) 0(0,2,2b — ,2C+1 20 1,20+ 21 _ 1) for2<b<c<d,

(5) Q(112b 1,201 —2b _1,2¢ — 1) for1 < b <o,

(6) Q(1,1,2b —1,26t1 —2b 1 2d+1 _2c+1 _ 1) for1 <b<c<d,

(7) Q@3, 20 _ 1,2b41 — 20 1, 2041 _pb+1 _q pd+1 _gel Dfor2<a<b<c<d,

(8) Q3,20 —1,2b+1 —20 _ 1 2641 _2b+1 _ 1 2¢_Dfor2<a<b <g,

(9) 03,20 —1,2b+1 —20 1,20 — 1,242 _32b _ 1) for2 <a< b <d.

They are respectively of the following degrees: (1) 2474 — 16, (2) 29+5 42643 12, (3) 2b+2 4 2¢+6 _ g (4)2b+2 4 c+4 4 2d+5 _ g
(5) 2b+2 +2C+6_7' (6) 2b+2+26+4+2d+5_7,(7) Za+l +2b+3 +26+4—|—2d+5—5,(8) za+1 +2b+3 +2£+6_5’ and(g) 2a+1 +
2b+5+2d+6_5.

Proof of Theorem 1.4. In [14], F. Peterson and the first-named author proved that ¢s vanishes on any decomposable ele-
ments for s > 2 by showing that ¢, = @, ¢s is a homomorphism of algebras and, more importantly, that the product of the
algebra ), (F, ® 4 Ds)* is trivial, except for the case (F2 ® 4 D1)* ® (F2 ® 4 D1)* — (F2 ® 4 D2)*. Therefore, we need only
to show ¢s5 vanishing on any indecomposable elements.

According to Chen’s Theorem 2.1, the indecomposable generators of Extil(IFz, F,) form the 13 Sq°-families initiated by
the following classes:

Phy, Phy, mng, Xo, Di(0), Hi(0), Q3(0), Ko, Jo. To, Vo, Vg U

Let ap denote one of the above 13 classes. Furthermore, set a; = (Sq°)i(ag), for i > 0. From theorem [12, Thm. 3.1], we
have:

s(ai) = ¢s(5¢°)' (a0) = (5¢°)' @5 (a).

So, in order to prove that ¢s(a;) =0 for any i, it suffices to show @s(ag) = 0.
The proof is divided into two steps.

Step 1: Let ag be one of the first 12 indecomposable classes in Exth(]Fz,IF‘z) given above: Phy, Phy, ng, xo, D1(0), H1(0),
Q3(0), Ko, Jo, To, Vo, V(’). We show ¢s5(ap) = 0 by checking that the stem of ag is different from degrees of all the generators
of F, ® 4 D5 given by Theorem 2.2. We check this fact case by case. To have a pattern for the routine computation, we give
here the record just for one case.

Case ap = Ty of stem 141. We combine the stem of Ty with the degree of each of the generators in F; ® 4 Ds:

(1) 294 =164+ 141 =27 + 2%+ 23 + 22 + 1, no solution;

(2) 2945 4 2¢+3 =12 + 141 =27 + 2% + 23 + 1, no solution;

(3) 2b+2 4 2¢+6 =8 4+ 141 =27 + 24 + 22 1 1, no solution;

(4) 2b+2 4 pc+4 4 2d+5 — 8 4 141 =27 4+ 2% + 22 4 1, no solution;

(5) 2b+2 4 2646 =7 4 141 =27 + 24 + 22, no solution;

(6) 2b+2 4 et 4 2045 —7 4141 =27 4+ 2%+ 22 d=2,c=0, b=0, it does not satisfy b > 0, no solution;
(7) 201 4 2b+3 4 pct4 4 2d+5 — 54 141 =27 4+ 2% + 2, no solution;

(8) 2041 4 2b+3 4 2c+6 =54 141 =27 4+24+2,c=1,b=1, a=0, it does not satisfy b < c, no solution;
(9) 2041 4 2b+5 4 2d+6 — 54 141 =27 4+ 2% 4+ 2, no solution.

Step 2: Consider ag = Ug of stem 260. We combine the stem of Uy with the degree of each of the generators in F, ® 4 Ds:
The unique solution is given by the equation:

2045 4 243 = 124260=28+2% = d=3,c=1.

More precisely, Qs52Q53 Q51,34 is the only generator in F, ® 4 D5, whose degree equals the stem of Uy.
Let (-, -) be the usual dual paring Tor;4 ®Exti4 — ;. We then have:

([Q5.2Q53 Q;i;], @5[2191(Af5A39 + A39A%5) Ao + Ad3ha7hs7ho + A127A31A63A39 00 )
= (§0§[Q5,2 Qs.3 Q51,34], [?»191 ()»%5139 + 139)»%5)?»0 + )»ég)»47)~87)»o + A127A31 }»63)»39)»0])
=([Q5.2Q53 Q;i], [A91 ()»%5)»39 + )»39)»%5))»0 + A&3ha7A87A0 + 127431 A63A39A0])
by Theorem 1.3. On the other hand, we obviously observe:
Q52 = (vi*vivivi + vitvBvivi + vivivivs + vitviviva + viBviviva + viBvEviva)vs

14,842 16,6 4.2 | 16 8,22 16,8 4
+ VTV VaV VTV V3V VT VRV v 4 VT Vo VS,
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12,6.3,2 , 12,6 4 12,82 16,42 126,42
Qs,3 = (vi°v3v3vs + viZvoviva + vi*viviva 4+ vi®viviva)vs 4+ vitvovivy

FVIU8V202 4 v IBp40202 4 12808 1 16 0 4 16,8

Q54 = V§V§V§V4V5 + v?v%v%vi + v?vgvg + v?vg + V%G,
where vi = Vq, vy = Vi/Vy--- Vi1 (k> 2), with Vy = chele (c1x1 + -+ + ck—1Xk—1 + Xx). So, all the exponents of v
occurring in the expression of Q52Q53 Q51,34 in terms of vq, vy, v3, v4, V5 are even. Since the dual pairing Tor;4 ®ExtsA —

IF, is induced in homology by the dual pairing I';" ® A® — F, that allows us to identify I';" with the dual of AS (see [17,
Sections 7-8]), we get

([Q52Qs3 Q51,34], [A101 (7»%5)»39 + )»39)~%5)}~0 + A&3ha7hg7Ao + M27A31A63A30M0])
=(Q5.2Q53 Q51,34, A191 ()»%5?»39 + )\39)%))»0 + )»%3)»47?»87)»0 + A127431A63A3920)
=0.

In other words, ¢5(Ug) = 0.

Combining Step 1 and Step 2, we get a complete proof for the theorem. O
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