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1. Introduction and preliminaries

This work is based mainly on Titchmarsh’s theorem (|8], Theorem 84) in the one-dimensional case. In [2], Abilov et al.
proved two useful estimates for the Fourier transform in the space of square integral multivariable functions on certain
classes of functions characterized by the generalized continuity modulus, and these estimates are proved by Abilov’s for
only two variables, using a translation operator.

In this paper, we prove the analog of Abilov’s results [2] in the Fourier transform for multivariable functions on R". For
this purpose, we use a spherical mean operator in the place of the translation operator.

Assume that L2(R") the space of integrable functions f with the norm:

1fll2= </|f(><)|2dx>1/2.

The Fourier transform for the function f € L'(R") is defined by:

fE© =@rn™? / Fx)e~*€ dx.
RH

The inverse Fourier transform is defined by the formula:

fo0 = @)™ / F()eis de.
RH

The Plancherel theorem provides an extension of the Fourier transform to LZ(RM), i.e.:
2 ~ 2
[1reofax= [[Ferf az.
R R

Let jp(2) be a normalized Bessel function of the first kind, i.e.:
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2 (p+1
jp(z)z%jp(z), VzeR™, 1)

where ],(2) is a Bessel function of the first kind.
Consider in L?(R") the spherical mean operator (see [4]):
1
Wn

Mp f(x) =

/ fx+hw)dw,

—1
sn

where S"~1 is the unit sphere in R", w,_1 its total surface measure with respect to the usual induced measure dw.
The finite differences of the first and higher orders are defined by:

Apf@) =Mpf(x) — f(x) = Mp =D f (),

k .
AkF00 = An(AETTF00) = My = DFF0 = D (=D (| )M} F 00,
i=0

where Mgf(x) = f(x), M;lf(x) = Mh(M;’]f(x)) fori=1,2,...,kand k=1,2,..., [ is the identity operator in L(R").
The kth order generalized modulus of continuity of function f € LZ(R") is defined as:

2(f.8) =|Akf®], 0<h<s.

Let ng; (D) denote the class of functions f € L%(R") such that D' f e L2(R"), i =1, 2,...,r (in the sense of Levi, see [6])
and

(D" f,8) = 0(9(5"),

where the operator D =Y"1_; 2 s the Laplace operator and x = (x1,X2,...,x,) DOf = f, Dif =D(DI"1f), i=1,2,...,r

E Xiz
and ¢(t) is an arbitrary function defined on [0, c0) i.e.:

WEK (D) = {f e L*(R"), D' f € L2(R"), such that (D" f.5) = 0((6¥)).i=1.2.....r}.

According to [4], we have:

M f 00 = @) "2 [ F@)in (iim)e ds
Rﬂ

and

f) = @)™ / T de,
Rn

ie.:

My f(x) — f(x) = (27T)_"/2/?($)(j%(|§|h) — 1)e™ dg.
Rn

By Parseval’s identity, we obtain:

Hth(X)—f(X)H§=/!T(E)!2(j#(lélh) —1)°de.
RTI

It is easy to show that any function f € W;"fb(D) implies:

|akorreol3 = [167 (1= jaa ) () e @
Rn

From [3], we have:
1— ju2(r) = min(1,r%), (3)
2

where the symbol < means that the left-hand side is bounded above and below by a positive constant times the right-hand
side.
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2. Main result

Taking into account what was said in Section 1 for some classes of functions characterized by the generalized modulus
of continuity, we can prove two estimates for the integral:

/ 7)) de.

[EI>N
Proposition 2.1. Letr e NU {0} andk e N. If f € Wg”l;(D) for some fixed ¢ defined on [0, co), then

| Fef a=ong2(v)
[EI=N

as N — oc.

Proof. In the terms of j,(z), we have (see [1]):

1-jp(=0Q), z>1, (4)
1-jp2=0(z%), 0<z<1, (5)
Vhz],(hz)=0(1), hz>0. (6)

Let fe WE’E(D). By Hélder inequality, we have:

[ Fela- [ Feligmend= [ - @e) el da

[E|=N [E|=N [EI=N
= [ (=i )Tl et e
[EI=N
e "
<( [ 7l dé) (/(1—anh|s|) Gk ds)
|EI=N |EI=N
A NB ;
<< / |f<s>|2ds) (/ e (1= Ju (i)™l INERG ds)
|EI=N |EI=N
2 %
<N‘%( / mswzds) (/(1—1,1z(h|s| &P F @) ds) .
|EIZN |E|=>N
From formula (2), we have the inequality:
[ (= dua e ¥ (7 de < | aforeoll.
[EI=N
Therefore
[ Fofes [ Folipmeaern( [ Fera)” s ol
[EI=N [EI=N [EI=N
Then

[ G-ipmenFera—o(ni( [ Fefda)” | rel)

[EI=N |§I=N
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Setting h = % in the last inequality and from inequality (3), we obtain:

2%-1 k
~ r ~ 2k 1
/\f(s)|2ds=o(w)< / !f(é)!2d$> ﬁ((ﬁ) )
|EI=N |EI=N
Therefore
[ F@F ds=o(n-g2v)
[EI=N

This completes the proof of Proposition 2.1. O

Theorem 2.1. Let ¢ (t) =t". Then

/ FEfde=0o(N" ) e fe wg:’;,(D)

IEI=N

wherer=0,1,...;k=1,2,...;0<v < 2.
Proof. We prove sufficiency by using Proposition 2.1 let f € Wg”lzu (D), then
1
T 2 2 —r—kv
|f®]°ds) =0(N )-

[EIZN

To prove necessity, let:

/ F@|*ds = o(NT7+)

[EIZN

i.e.
/ |/f(%-)|2ds — O(N—Zr—zkv).
[E1=ZN
It is easy to show that there exists a function f € LZ(R") such that D" f € L2(R") and

—_1)n ~ .
( )E / &]" f(&)e™* de.
@m)? )

D'f(x) =

From formula (7) and Parseval’s identity, we have:

|8k rel3 = [ (1= dua (g™ Feo) ds.
Rn
This integral is split into two:
[= [+ [ =n+n
R?  |§|<N  [EI=N
where N = [h~1]. We estimate them separately from (4); we have:

= [ TP (1 ua (i)™ ds

|EI=N

=0< / |?<s>|2|5|2’ds)

[EIZN

o (i / |s|2f|T(s)|2ds>

I=0N I [N+

(7)
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=O<Z(N+l+l)2r / |7<€>|2d5>

=0 N+ [E[SN+HAH

=0 (Z(N +1+ 1)”[ / G / |7(s>|2ds]>
1=0 €| =N+ [EIZN+1+1

-0 (Z(N . / [F©ds =Y (N+1+ 1) / |T(g)|2dg)
1=0 6| >N+ 1=0 [E[>N++1

-0 (sz / 7@ de + Y ((N+1+1D¥ — (N +D7) / Gk ds)

lE1=N =0 €1 >N-+
=0 (sz f F©de + > (v +p> / Gk dé)

lEI>N =1 €] >N+

oo
=0 (NZrN—2r—2kU) + 0 (Z(N + l)2r—1 (N + l)-2f-2kl)>
=1

_ O(N—Zkv) + O(N—Zkv) _ O(h2kv)
ie.:
I = 0 (h*).
Now, we estimate I, by virtue of (5):

2k

b= [ e (i) T ds

[EI<N

= 0(h*) [ E2 11 F o)) de

[EI<N

) / £ F e de
[E]<N
N—-1
—o(*) Y [T

=01 1g1<141

N-1
= 0(h%) Y14 12 / ‘?(g)}Z d
=0 I<[E]<l+1
N-1
=0(h%) Z(l+1>2f+‘“‘[ / 7)) ds - / |?<s>}2ds]
=0 l>1 I =141
B N-1
—o(n*)| 1+ Z((l+1)2r+4k_12r+4k) / }T(§)|2dg}

L =0 £

B N-1 R
— O(h4k) 1+ 212r+4k—1 / |f(é:)|2d€:|

- = §1>1

r N-1
=0 (h4k) 1 + Z 12T+4k—1l—21’—2k\):|
L =1

239
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N-1
— O(h4k) 1+ Z 14k—2kl)—1
1=0

-0 (h‘”‘)O (N4k—2kv) -0 (hzkv)
ie.
I1 = 0 (h*).
Combining the estimates for I; and I, gives:
|aRD"f G, = 0 (H).

The necessity is proved. 0O

Theorem 2.1 in the case r =0 and k =1 can be found in the works of Platonov [7] and Gioev [5].
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