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case when they are entire transcendental functions.
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RESUME

Dans ce travail nous étudions les fonctions hypergéométriques fractionnaires pour les corps
de fonctions, introduites par D.S. Thakur. Nous caractérisons celles de ces fonctions qui
sont algébriques, et nous démontrons la transcendance de valeurs spéciales en certains
arguments algébriques non nuls de celles qui sont des fonctions transcendantes entiéres.
© 2012 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version francaise abrégée

Soit p > 2 un nombre premier et g = p’ avec # > 1 un entier. Nous désignons par Fq le corps fini a q éléments, par
F4[T] I'anneau intégre des polyndmes en T a coefficients dans Fg, et par Fq(T) le corps de fractions de [F¢[T]. Pour tous
les P, Q € Fq[T] avec Q # 0, nous définissons |P/Q | = qdesP—degQ ot appelons | - |« la valeur absolue co-adique sur
Fq(T). Nous désignons par ]Fq((Tfl)) le complété topologique de Fq(T) pour |- |, et par Co le complété topologique d'une
cloture algébrique fixée de Fq((T”)).

Pour tout j € %Z (j = 0), posons

e -
Di=[] @ -1, et Lj=[] (19 -1).
k=0 k=0

ol [j] est la partie entiére de j, i.e. le plus petit entier > j.
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Fixons a %Z. Pour tous les entiers n > 0, définissons

qf(afl) .
nta—1 sia>0,
_ o .
(@n = (=1l 71" sin< —aeta<O0,
0 sin>—a>0.

Suivant D.S. Thakur [8, p. 226], Vr,s e N et Va;,bj %Z (1<i<r, 1<j<s) avec bj > 0 (de sorte qu'il n'existe pas de
dénominateurs nuls), définissons la fonction hypergéométrique fractionnaire ;Fs comme :

+00
@n---(@)n n
Fs(ay,...,ar;b1,...,bs; 2) := — TR A
A i B ;nna)l)nm(bs)n

et la désignons par ;Fs(z), quand les paramétres sont bien compris. Si i e N (1 <i <) tel que a; <0, alors (a;)), =0
pour tout n > —a;. Dans ce cas Fs est un polyndme en z. Pour éviter cette trivialité, nous supposerons dans la suite
O<a; <apy<---<ar, 0<by; <by<---<bs, et bg=1.

Par un calcul direct, nous obtenons tout de suite que le rayon de convergence R de ,Fs satisfait a

0 sir>s+1,
R=1{ g Zin(al-D+ (b= g 549

+00 sir<s+1.

Si R = 400, alors Fs est une fonction entiére mais pas un polyndme selon notre hypothése, elle est donc une fonction
transcendante (voir par exemple Théoréme 5 de [14]).

Vi,jeZ (0<1i,j<86), posons &(i, j)=1sii=j, et 0 sinon. Va € %Z (a > 0), notons (a) :=0[a] —6a.VieZ (0<i<¥0),
posons a;(0) = > t_; 8(i, (ar)), bi(0) = 3=4_ 8(i, (b)), ¢; (0) = max(0, b; (0) — a;(0)).

Voici les résultats principaux :

Théoreme 1. Soient r,s > 0 deux entiers tels quer =s+1,et 0 <ay <ay <---<ay, 0 < by <by <--- < by des rationnels dans
%Z. Alors ;Fs(z) est une fonction algébrique sur F, (T, z) si et seulement si (;Fs @)% e Fp[T][[z]], avec g = max([a;], [bs]).

Théoréme 2. Soient r, s > 0 deux entiers tels quer <s—+1,et0 <a; <ay <--- <ar, 0 < by <by <--- < b des rationnels dans %Z
telsqueq(s+1—r)>c:= ?;01 ¢; (0) (en particulier si (1 — %)(s + 1) > r). Alors Fs(y) est transcendant, pour tout y € Coo\{0}
algébrique tel que [Fq(T, y), Fq(T)Isep < q(s +1 —1)/c ou que Fq(T, y) posséde une seule place sur la place a l'infini de Fq(T).

1. Statements of main results

Classical hypergeometric functions are very important and have been studied by many authors. For example, F. Beukers
and G. Heckman determined in [2] (following H.A. Schwarz in the simplest case) all the algebraic hypergeometric functions
with rational parameters. For transcendental hypergeometric functions, there are many important results about the descrip-
tion, finiteness or infinitude of the set of algebraic arguments at which special values are also algebraic, for example, results
by C.L. Siegel, A.B. Shidlovsky, ]. Wolfart, P.B. Cohen, G. Wiistholz, W.D. Brownawell, F. Beukers. For more details and refer-
ences, see for example the excellent surveys given by F. Beukers and P. Tretkoff at Arizona Winter School 2008, available as
lecture notes at the website http://swc.math.arizona.edu/aws/2008/index.html.

D.S. Thakur introduced in 1995 two types of analogs ,Fs and s of hypergeometric functions for function fields. See [8,
9], and [10, §6.5], [5] (see also [6,7]) for motivation and various properties such as analogues of Gauss differential equa-
tions they satisfy, good specializations, contiguous relations, transformations, connections with tensor powers of the Carlitz
module, etc.

In this work we only discuss the first analog ,F;, or rather its generalization from integral to fractional parameters (for
the integral case, see [11] and [12]), which were suggested by D.S. Thakur in [8, p. 226] (but the detailed treatment was
not published) for some fractional parameters when q is not a prime so that there are more roots of unity available than in
the prime fields. Classically, special values of hypergeometric functions with fractional parameters are quite important. For
example, they occur naturally in the study of periods and p-adic periods of elliptic curves (see [3,4], and also [1, §L.3]). It is
conceivable, but not yet proved, that such a connection exists between the new function under consideration at half-integral
parameters (when q is a square) and periods of rank two Drinfeld modules, parallel to the classical case, and functions with
parameters having higher denominators connecting to higher rank, with no parallel to the classical case. Further, these
fractional hypergeometric functions have interesting specializations studied by L. Carlitz.

Now we introduce some notation and definitions.

Fix p > 2 a prime number and q = p? with 6 > 1 an integer. Let Fq be the finite field with g elements, A =[Fg[T]
be the ring of polynomials in T over Fg, and K =Fq(T) be the fraction field of A. For all P, Q € F¢[T] and Q #0, set
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[P/Q |oo :=qde8P~de2Q e denote by IF‘q((T‘1)) the topological completion of Fq(T) with respect to |- |, and by L = Cs
the topological completion of a fixed algebraic closure 2 of IFq((T‘l)). Let | - |0 be the normalized absolute value on C.
For all z € Co, set

l0g |z|oo
logg ’
Then degz is just the usual degree of z if z € Fgq[T]. We say that o € Cy, is algebraic (resp. transcendental) if « is algebraic

(resp. transcendental) over Fq(T).
For all rationals j e %Z (j > 0), define

and Vv (2) :=—degz.

degz:=log |z]oo :=

-1 -1

pj=[[ (17"~ 7). and Lj= [T@"" -1).

k=0 k=0

where [j] is the smallest integer > j. Vm € N, put [[m]] := T?" — T. Then for all integers n >0,

r21-1 ) r-1
Dy = ]_[ [ln—6kNT, and L= ]_[ [[n — OK]].
k=0 k=0

Fixae %Z. For all integers n > 0, define

—(@a-1)
z+a71 ifa>0,
@n =1 (—1yl~1-n.=9" " ifn< —qanda<0,
0 ifn>—-a>0.

Following D.S. Thakur [8, p. 226], for all integers r,s > 0 and for all a;,b; € %Z (1<i<gr, 1<j<s) with bj > 0 (to avoid
zero denominators), we define the fractional hypergeometric function ,F as follows:

+00

rFs(ahu-»aerLu«sbs;Z)IZZ
n=0

@)n---(@n q°
Dn(bl)n T (bs)n

)

and denote it by ;Fs(z), when the parameters are well understood. If there exists some integer i (1 <i <r) such that a; <0,
then for n > —a;, we have (a;);, = 0. In this case ,F;s is a polynomial in z. To avoid triviality, in the following we shall always
suppose 0 <ay <ay <---<ay, and 0 < by < by <--- < bg, then the radius of convergence R of ,F; satisfies

0 ifr>s+1,
R = q_ZL]([ai]_])“‘Zj‘:]([bﬂ—]) ifr=s+ 1,
+00 ifr<s+1.

If R = +o00, then ,Fs is entire but not a polynomial, so it is transcendental (see [14, Theorem 5]).
Set g = max([a;], [bs]). For all integers i, j (0 <1i,j < @), define (i, j) =1 if i = j, and O otherwise. For all a € %Z
(a>0), put (a) :==0[a] —0Oa. Then for all i, j € Z (0 <i < 0), set
T
ai()=y 8(i. (@) iffa11<j<la]—1,
t=k
N

bi(j) =) 8(i. (b)) if [beq1 < j< bl —1,

t=k
ci(j) =ai(j) — bi(j), ¢; (j) =max(0, —ci(j)) <s+1,
where by convention, bg =1, ag =b_1 = —o0, and a;4+1 = bsy1 = +o0. Then ¢;(j) =0if j > g.

The main results are the following:

Theorem 1. Let r, s > 0 be integers such thatr = s + 1, and let

O<a1<ay<---<a and O0<by<by<---<bs

be rationals in %Z. Then the following properties are equivalent:
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(i) Foralli, jeZ (0<i < #), we have c¢;(j) > 0;
(ii) (Fs(2)" € FplTllzll;
(iii) rFs(2) is an algebraic function over F, (T, 2).

Theorem 2. Let r, s > 0 be integers such thatr < s + 1, and let

O<aj<ay<---<a and 0<by<by<---<bs

be rationals in %Z suchthatq(s+1—r)>c:= f 01 ¢; (0) (in particular if (1 — —)(s + 1) > r). Then (Fs(y) is transcendental, for

all algebraic y € Coo\{0} such that [Fg(T, y), Fq(T)lsep < q(s+1—1)/cor Fy(T, y) has only one place over the usual infinite place
of Fy(T).

The first generalizes Theorem 4 in [12] (see also [11, Theorem 3]), and gives an exact analog of the result of FR. Vil-
legas [13], based on a result of F. Beukers and G. Heckman [2] in the classical hypergeometric case; the second corrects,
improves, and generalizes Theorem 2 in [12] (see also [11, Theorem 1]). More precisely, the hypothesis that “Fg(T, ) has
less than q places above the infinite place of Fg[T]” in Theorem 2 in [12] (see also [11, Theorem 1]) (repeated in the ab-
stract and the introduction) should be replaced by “the degree D of Fg(T,y) over Fq(T) is less than q”. The corresponding
changes in the proof in [12] are replacing “v®” by “n;vD” in the 6-th displayed formula of page 146 and “d” by “D” in the
7-th displayed formula (here n; are local degrees of v normalized to extend the valuation at base).

2. Proofs (sketches)

For all integers n > 0, set u(n) =[], ]_[g+" g — ineid-—mpoern=+,

Proof of Theorem 1. (1) = (2) comes directly from the formula (;Fs(2)%* = 370 u(m)z®*"".

(2)= (1): Fix ig, jo € Z (0 <ip <0). If jo > g, then a;,(jo) = bi,(jo) =0, and thus c;j,(jo) = 0. So we need only consider
Jjo < g. Let f, e Fp[T] be monic and irreducible of degree n > 1. VP € Fy[T], put v,(P) = sup{k € N: f,f | P}. Then extend
the valuation v, over F,(T), and in turn over m. vm e N, we have that f, divides [[m]] in F,[T] if and only if n
divides m, and in the latter case v, ([[m]]) = 1. Now (+Fs(2))%° € Fp[T1[[z]], 50 O < Vgnr jo)—io (U (1)) = Ciy (jo) p? €10+ for
all integers n > g + 2|jo| + 1. By the way, we obtain ¢;(0) =0 (0 <i < 0) since ¢;j(0) >0 (0<i<6) and Zf;ol ¢i(0) =
r—(s+1)=0.

(2)= (3): Fix i€ Z (0 <i < 0). For all integers n,k (n >0, 1<k<n), we have ¢;(k —n) =c;(0) = 0. So the coefficient of

™ in (Fs(2))% equals M= ;f;ll(Tq“" — P60 which is a finite sum of +TM4* "+ with m, h > 0 bounded inte-

gers. Then (,Fs(2))?° is a finite F,[T]-linear combination of the formal power series of the form G, (2) = 2,728 Tmas*" 54"
However we have

Gm (Z) Z qug+n+1 qg+n+1 Z qug+n g+n _ G (Z) qugzqg’

hence G (2) is an algebralc function, and so is ;Fs(2).
(3) = (1): Since Fs(2) is an algebraic function, then by Theorem 4 in [16], the IF,(T)-vector space generated by the

sequences (ul/qk (n4+Kk)n>o (k € N) has finite dimension, thus we can find an integer t > 1 such that for all integers k > 0,
dAgm € Fp(T) (0 <m <t) such that

t
W k=Y Anu M (+m) (V0> 0).
m=0
By contradiction, assume that 3ig, jo € Z satisfying 0 < ip < 6, jo < g, and ¢;j,(jo) < 0. For all integers n > 1, let v, be
the valuation over F,(T) defined above. Fix k > t + g + 2| jol. As above, Yn € N, Vg ik jo)—ip UM + k) = i (Jo)p‘)(g Jo)tio,
and Vok+jo)—ip UM +m)) =0 (0 <m < t). For all integers m (0 <m < t), if Ag;, # 0, then Vouikq jo)—io (Ak,m) =0 for all
integers n large enough, so

. i . k . m
Cig (jo)p?E IR0 — g et ior—io (U9 (M +K)) > oI Vot jo)—ig (Akmu?" (n+m)) =0
Absurd. So we must have (rFs(z))qg eFp[TIz]]. O

Proof of Theorem 2. Let y € C,\{0} be algebraic over [Fg(T) with separability degree x. Let £ > 1 be an integer such that
yq[ is separable over Fg(T). Set K=Fq(T, yqz). Denote by Ok the integral closure of Fy[T] in K. Put o := (rFs(y))qw =
:28 u(n)qkyq““n. For all integers m > 0, define wy, = u(m)quqgﬁm, Om =Y ntoWn, and 8, = |0 — | oc-
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Fix t > 1 an integer, and Ao, A1, ..., Ar € Fq[T] not all zero. We denote by p the least integer such that A, # 0. To
simplify the notation, we suppose without loss of generality p = 0. The general case can be proved similarly and directly
but with much more complicated notation.

vmeN (m>1), set =Y, A]-agj_j. Since Y0 ~) ¢i(0) =7 — (s+1) <0, thus Jig € Z (0 < ip < #) such that c;,(0) < 0.
But cj,(j) =0 for all integers j > g, so we can find a greatest integer jo such that 0 < jo < g, ¢j;(jo) <0, and cj,(j) >0
for all integers j > jo. For all integers n > 1, let f; € F4[T] be monic and irreducible of degree n. As above, it can induce a
valuation v, over Fq(T), which we extend over K. Choose N >t + g + £ + maxog j<: deg Aj such that for all integers n > N,
vn(y) =0. Fix m > N an integer. For all integers n (0 < n < m), from the definition of w, and the fact that m > g, and
ci(j—n)=0if j—n> g, one checks at once

Voo-+m)—iop (Wn) = Cig (jo +m — n) p? EFEHN=Jo=m+lo,

If 0 <n<m, then jo+m —n> jo, and cj;(jo+m —n) > 0. So for all integers k (0 < k < m), we have vg(j,+m)—i, (0k) =
MiNg<n<k Vo(jo+m)—io (Wn) = 0. Now for all integers n (0 <n <m), we have
Vo(jo+m)—ip(Wn) = 0> ¢j (jo)p?&tt-iotio — Vo (jo+m)—io(Wm),

hence Vo jo+m)—io (@m) = Vo(jorm)—io (> meo Wn) = Ciy (jo)p? @T¢—Jo)+i0 < 0, Consequently we obtain

t
j
Vo (jo+m)—io (Bm) = Va(jo+m)—io (Z Ajotfn_j) = Vg (jot+m)—io (A00m) = Vo (jo+m)—io (®m) < 0.
j=0

So Bm # 0. Let E € Fg[T1\{0} be such that Ey € Ok. Set

g+e+m ol m . . - 0(g+0+m—j)+i g+m7] . . 0(g+0+t)+i
Hu=EC" " TT( [[tei —ins ©» - [ tuej—instor :

i=0 \ j=1 j=1

Then deg Hy, < g8t¢tM(deg E + cm + (s 4+ 1)g&1t). Note that for all integers m > N, we have

,Bm _ i Ak rn24< qu+g+z+n ) el:[] ( ﬁ[[@] _ i]]ci(o)pe(k+g+é+n—j)+i ) gﬁ [[9 (Tl n j) B i]]ci(j)pe(l<+g+ij)+i> .
k=0 n=0

i=0 \ j=1 j=1

S0 Hmfm € Ok \ {0}. By Theorem 2-4-6 and Proposition 2-5-1 in [15], we can find integers x; > 1 and valuations v®
(1 <i<d) over K which extend the usual oo-adic valuation over Fy(T) such that

d d
Y xi=x. and ) xiv? () =veo(N®), VxeK,

i=1 i=1
where N(x) is the norm of x for the field extension K/F¢(T), so N(Hmfm) € Fq[T1\ {0}. But v®(By) (1 <i<d)is bounded
below independently of m, thus 3C > 0 such that for sufficiently large integers m,

d
Voo (Bm) = —Voo (N(Hm)) + Voo (N(Hmfm)) + (voowm) -3 xiv“)(ﬂm)) < x degHp + C.

i=1
Note that for all sufficiently large integers m, we have

Sm < sup |wp| < gt @S DAY (a1 = 1) =Y ([bj1-1)+degy)

n>m+1

hence for all integers j (0 < j <t), we have, for m — +o0,

Voo(Bm) + 47 10gg 8m—j X —q ™ (q(s + 1 —1) — xc)m — —o0.

So (rFs(y))ng (and thus Fs(y)) is transcendental by virtue of Theorem 1 in [12].
Moreover if d =1, then for all integers m > 0, we have X Voo(HmfBm) = Voo (N(HmBm)) < 0, S0 Voo(Bm) < —Voo(Hp) =

deg Hy,. Then for all integers j (0 < j <t), we have, for m — o0,

Voo(Bm) + ' 10gg 8m—j % —q* ™ (q(s +1—1) — )m — —c0.

So ;Fs(y) is transcendental again as above by virtue of Theorem 1 in [12]. O
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