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RESUME

Dans cette Note, on s'intéresse au probléme d’'insensibilisation pour le systéeme de Stokes
par un contrdle distribué unidirectionnel. On donne des résultats d'insensibilisation
approchée avec un contrdle scalaire pour différentes configurations géométriques. D’autre
part on donne un résultat négatif d'insensibilisation, par un controle scalaire, pour le
systéme de Stokes posé sur une certaine variété bidimensionelle sans bord.

© 2012 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version francaise abrégée

Soit £2 c R3 un ouvert connexe, w et @ deux ouverts non-vides inclus dans £2, {ej,i=1, 2,3} la base canonique de R3
et T > 0. On considéere le systéeme de Stokes (2) avec données initiales incomplétes et un contréle distribué vy, dans la

direction e € R3. On suppose que y° € H est connu, 3° € H est inconnu avec ||570||L2<9)3 =1 et T est un réel petit; ot H est
défini dans (1).

La notion de contrdle insensibilisant a été introduite dans [9] par ].-L. Lions, ainsi qu’'une multitude de problémes appa-
rentés. On se donne une fonctionnelle J, d’observation de I'état du systéme définie la plupart du temps par (3) et il s’agit
de trouver un contrble v tel que les perturbations sur la donnée initiale n’affectent pas, du moins au premier ordre, cette
observation. On parle alors de controle insensibilisant si on a (4) et de contréle e-insensibilisant si on a (5). En fait, dans le
cas de la fonctionnelle (3) on prouve que I'existence d’'un contrdle insensibilisant (resp. e-insensibilisant) est équivalente a
la controlabilité exacte (resp. approchée) a zéro du systéme en cascade (6), cf. [1] pour plus de détails.

L'existence de tels controles a été prouvée dans [7] pour la fonctionnelle (3). Plus récemment un résultat locale d’insen-
sibilisation a été prouvé pour le systéme de Navier-Stokes dans [8]. Auparavant, I'existence de contrdles e-insensibilisant
pour (3) avait été obtenue dans [11] avec deux controles scalaire, enfin lorsque les zones de controle et d’observation ne se
touchent pas, i.e. w N O =0, ceci est fait dans [4].
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Le résultat principal de cette Note est donné dans le théoréme suivant :

Théoréme 0.1. On suppose que w N O # (.

e Si2:=G x (0,L), oit G C R? est régulier et L > 0. Alors, génériquement par rapport a G, la continuation unique (10) est vraie
poure || es.
e Si2:=S x R, o1 S est un rectangle. Alors, la continuation unique (10) est encore vraie poure || e1 ou e | e3.

Autrement dit, sous les hypothéses ci-dessus, pour tout & > 0 et tout y° € H, il existe v € L*((0, T) x w)3, orienté dans la direction e;,
qui e-insensibilise la fonctionnelle (3).

La preuve est basée sur des résultats d’unicité désormais bien connus, cf. [6,10] et [12]. Soit i € {1, 2, 3}. Dans un premier
temps, on montre que ¢; =0 dans (0, T) x w implique que y; =0 dans Q, en utilisant le fait que Awr =0 dans O x (0,T)
et la propriété de prolongement unique parabolique (cf. [12]). Enfin, en utilisant [10] et [6], on en déduit que ¢ =0 dans
Q et, en particulier, ¥ (T, -) =0 dans £2.

Enfin, on s'intéresse a un exemple de donnée initiale qui ne peut étre insensibilisée par un contréle unidirectionnel pour
le systeme de Stokes (14) posé sur le tore T;. On montre le résultat suivant :

Théoréme 0.2. I existe y° € L2(T3)2, tel que, pour tout v = (v1, 0) € L2((0, T) x w)?, la fonctionnelle ], avec © = T3, ne peut étre
insensibilisée, méme si w = T>.

Comme précédemment l'existence d’un contrble insensibilisant est équivalente a la contr6labilité a zéro d'un systéme
en cascade. La preuve repose sur la structure particuliére du systéme en cascade (16) qui nous permet de faire des calculs
explicites.

1. Introduction

Let 2 c R? be a connected open set. We denote by {e;, i =1,2,3} the canonical basis of R3. For T > 0, we will use
the notation Q :=(0,T) x £2 and X :=(0,T) x d52. Let us recall the definition of some usual spaces in the context of
incompressible fluids:

Vi={yeH)(2)?: V-y=0in2} and H:={yel?(2)*: V.-y=0inf2, y-n=00n3}. (1)
e In the first part of this Note, we deal with the following Stokes control system with incomplete data:

Ye—Ay+Vp=v-exy, V-y=0 inQ,
y(0,) =y’ +y° in Q.

Here, y: (0, T) x £2 — R3 is the velocity of the particle of the fluid, v stands for the control function, e is a given vector
of R? which is the direction of the control and ¥,, is the characteristic function of an open set @ C £2 where the control
acts. The data is incomplete in the following sense: y° € H is known, 3° € H is unknown with |\37°||Lz(m3 =1land 7 is a
small unknown real number.

To be more precise about the problem under consideration, let O be a nonempty open set of §2 (called observatory). We
introduce the following functional (called sentinel):

1
Jr(y) = 5// ly|* dxd. 3)
Ox(0,T)

We say that the functional [, is exactly insensitized if there exists a control v € LZ((0, T) x ®)3 such that

%]r(y) = 0 Vvy°el?(2)> suchthat ||y°||L2(m3 =1. (4)
=l

The existence of such a control is proved in [7], for controls having all their components. In [2], this is achieved for the

Navier-Stokes system with controls having one vanishing component. Here, we are interested in finding controls having

two vanishing components. In this framework, in [10] and [6] the authors prove the existence of Lipschitz connected open

subsets £2 C R3 such that, even with w = £2, the null controllability of the Stokes system does not hold with two vanishing

components for the control. Thus, as in [1] or [4] we are going to consider a relaxed version of the insensitivity property:

given & > 0, the control v € L%((0, T) x )3 is said to e-insensitize J; if

d
I <o viel?@) suchthat [°] o0 =1. (5)

=0
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In general, one can reformulate insensitivity conditions (4) and (5) in an equivalent way through a controllability problem
for a cascade system (see [1]). More precisely, it suffices to introduce a formal adjoint of the equation satisfied by the
derivative of y with respect to t at T =0 (which we call z):

we—Aw+Vpl=v.ex,, V-w=0 inQ,

—Z[_AZ+Vq=WX07 V.-z=0 in Q: (6)
W=z=0 on X,
w(0,) =y z(T,)=0 in$2.

Here, (w, p°) is the solution of system (2) for T = 0. In practice, we are led to prove partial-null (resp. partial-approximate)
controllability for system (6), i.e. find v (resp. v¢, Ve > 0) such that

2(0,) =0 in 2 (resp. [2(0, ) 553 <€) )

It is by now well known that the null (resp. approximate) controllability of a linear system is equivalent to an observability
(resp. unique continuation) property for the adjoint system:

—¢r—Ap+Vr =Y xo, V-¢=0 inQ,

Yi— AY+Vk =0, V- =0 inQ, "
o=y =0 on ¥,
(T, )=0, ¥(0,) =0 in £2.

More precisely, the partial-null controllability of system (6) is equivalent to the existence of C > 0 such that for all vy € H,
[¥(T. ) 2y < €l - elliz 0.7y xa?> 9)
and its partial-approximate controllability is equivalent to:
p-e=0 in(0,T)xw =— Y(T,)=0 ing2. (10)

e In the second part of this Note, we build an example where one cannot exactly insensitized the functional (3) for some
initial data in L?(£2). For the heat equation in 1 — D, the authors in [5] characterize the initial data for which J; can be
exactly insensitized.

2. Insensitizing controls by unidirectional forces

In this section we assume that £2 is a three-dimensional cylinder, i.e., £2 = G x (0, L) where G c R? and L > 0. The first
result we give here holds for a bounded smooth open subset G of R? and a control direction e which is parallel to the
cylinder generatrix (e || e3).

Theorem 2.1. Assume that w N O # (. Then, generically with respect to the cross section G, for all T > 0 and L > 0 the unique-
continuation property (10) holds for e || es, that is to say, |, can be approximately insensitized with controls of the form (0, 0, v3).

Remark 1. More precisely, given any bounded domain G of R? of class C¥, with k > 3, we can find another domain G
arbitrarily close to G in the C¥ topology such that the unique continuation property (10) holds in G for e | es.

Proof. Let H ={y € C®(2)3; V-y=0in £,y -n=0on d52}. Then, # is dense in H. Thus, we can suppose without
loss of generalities that vy lies in this space. Moreover, in virtue of the regularizing effect of Stokes like system (see, for
instance, [13]), ¥ and k are smooth. We divide the proof in two steps:

Step 1. First we prove that, for the solutions of (8),

¢»p3=0 inwx(0,T) = Y3=0 inQ. (11)
Using the fact that Aw =0 in (0, T) x O, Ags satisfies the following equation:

—(Ap3) — A(Ap3) =AYz in(0,T) x O.

In particular, we have that A¥3=01in (0,T) x O Nw.
We turn to the equation satisfied by A3 in Q. Using now the fact that Ak =0 in Q, we obtain

(AY3) — A(AY3)=0 inQ. (12)

From the parabolic unique continuation property (see [12]) we deduce that Ay3 =0 in Q. This, together with the fact that
Y3 =0 on X gives us (11).
Step 2. We prove that

Y3=0 inOx(0,T) = ¢¥=0 inQ, (13)
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generically with respect to G. This result has been proved in [10, Theorem 1]. Indeed, they prove that (13) can be reduced
to show that, generically with respect to the cross-section G, there is no eigenfunction of the Stokes system with third
component identically zero. This is equivalent to prove that the eigenvalues of the Laplacian in H(l)(G) are simple. This

property is well-known to be generically true with respect to G as long as G is regular, of class C¥ (k > 3); this last
property can be found in [14]. As a conclusion, ¥ (T,-) =0 in £2 generically with respect to G. O

Remark 2. Observe that from the proof of Theorem 2.1 one can also establish that ¢ =0 in Q. Indeed, since ¢3 =0 in
w x (0, T) we have that 93t =0 in w x (0, T) (recall that ¥ =0 in Q). Therefore, by elliptic unique continuation d37 =0
in Q, so that

—@3:—Ap3=0 inQ.
Then, the parabolic unique continuation property and regularizing effect for Stokes like system yield that ¢3 =0 in Q. From
step 2 above, we have again that ¢ =0 in Q generically with respect to G.
The second result we give holds in an unbounded open set:
2:=(xR)cR>,
where S is a rectangle. This result is a direct consequence of [6].
Theorem 2.2. Assume that w N O # (. Then, for any rectangular cross-section S and for any T > 0 the unique continuation prop-

erty (10) holds for e || e;, where i € {1, 2}. Consequently | can be approximately insensitized with controls of the form (v1,0, 0) or
(0, v2,0).

Proof. The proof is very similar to the one of Theorem 2.1. Let i € {1, 2}. In a first step we prove that ¢; =0 in @ x (0, T)
implies that ¢; =0 in Q, using again the fact that Aw =0 in O x (0, T) and the parabolic unique continuation property
(see [12]). Then, it is proved in [6, Theorem 2] that ¥ =0in Q. O

3. Example of initial data which cannot be insensitized

Let L1 >0 and L, > 0 and let T, be the flat torus (R/L1Z) x (R/LyZ). Let @ be an open subset of T,. Set Q :=
(0, T) x T,. Here, we consider the Stokes system with one distributed scalar control:

Ye—Ay+Vp=x0(v1,0) inQ,
V.y=0 inQ, (14)
y(0,) =y +73° in T,.
This system is far from being null controllable. Indeed, consider the closed linear subspace of H:
HO::{yEH:/yzzo}. (15)
H

Then, Hy is invariant i.e., for every y(0, -) € Hy and vi € L%(Q), the solution of (14) is such that y(t, -) € Hy for all t € [0, T].
Straightforward computations show that (14) is not null controllable in Hp. Note that this invariance remains true for the
Navier-Stokes system, see [3] for more details.

Our goal is to prove the following non-controllability result:

Theorem 3.1. There exists y° € L2(T2)2, such that for any v1 € L%((0, T) x w) the functional ], with © = T, cannot be insensitized
evenif w =T,.

Proof. Without loss of generalities, y° can be taken in Hg. Consider the functional given by (3) with @ := T,. Then, the

insensitivity condition (4) is equivalent to z(0, -) =0 in T,, where z together with w solves the following cascade system:

wi—Aw +Vp® = x,(v1,0), V-w=0 inQ,
-z —Az+Vqg=w, V.-z=0 inQ, (16)
w(0,) =% z(T,)=0 inT,.

Let n € Z, (A1, A2) € R? and let ¢ € C®°(T,) be defined by

2nmwx 2nmwx
£(X1,X2) := A sin( I ]>+k2cos< I l), V(x1,x2) € To. (17)
1 1
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Multiplying the second equations of (16) by ¢, integrating on T, and integrating by parts leads to

2.2
ifz(xmz(x, odv=-"70 [ coomaodr (18)
dr R
T, 2

Multiplying the fourth equation of (16) by ¢, integrating on T, and integrating by parts we obtain

4 2.2
_%/“")22("’ 2 d"=—nL—2nf;(x)zz(x, t)dx+/§(X)W2(x, t) dx. (19)
T, 1 T, T,

Taking into account that z(-, T) =0 in T, and w(-,0) = y° in T, we can explicitly integrate (18) and (19) to obtain

L2 _8n2n2T
/ £(X)z2(x,0)dx = W(l —e H) / £(0)y9(x) dx.
T, T

2

In particular, this proves that

</§(x)y(2)(x)dx;é0> = 22,0040 inR. O
T,
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