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RESUME

Dans cette Note, nous résolvons le probléme de la détermination de la constante optimale
dans le théoréme d'extension L% avec poids négligeable sur les variétés de Stein. En
application, nous prouvons la conjecture de Suita sur des surfaces de Riemann arbitraires.

© 2012 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction and main results

In [16], Ohsawa and Takegoshi proved a famous L? extension theorem. Several years later, Ohsawa [14] obtained the L?
extension theorem with so-called negligible weight v, which implies the original Ohsawa-Takegoshi L? extension theorem
in [16] by taking y = 0. In the present paper, we solve the optimal constant problem in the L? extension theorem on
Stein manifolds for arbitrary negligible weight. Our proof is based on the methods of [10] and [22]. The present paper is a
continuation of [10] and [22]. Our main result is as follows:

Theorem 1.1. Let X be a Stein manifold of dimension n. Let ¢ + v and  be plurisubharmonic functions on X. Assume that w is
a holomorphic function on X such that supy (y + 2log|w|) < 0 and dw does not vanish identically on any branch of w='(0). Put

H=w~1(0) and Hy = {x € H: dw(x) # 0}. Then there exists a uniform constant C = 1 such that, for any holomorphic (n — 1)-form
f on Ho satisfying cn—1 [y, e ¢~V f A F < 00, where ¢y = (—1) S (=1)* for k € Z, there exists a holomorphic n-form F on X

satisfying F =dw A f on Hqy with z*]‘ = fandcy fx e YFAF <2Cmen_q fHo e~9~V f A f, where: : Hy — X is the inclusion map.

Finding the optimal constant C is one of the interesting issues. In the last two decades, a number of papers have
considered this problem, using various methods. For ¢ =0, Siu in [18] got an explicit constant C; Manivel in [11], Demailly
in [7] and McNeal-Varolin in [13] gave explicit constants on Stein manifolds. In [1], Berndtsson showed that the constant C
of Theorem 1.1 can be taken equal to 4 in the case ¥ = 0. Somewhat later, Chen in [5] improved the constant C to 3.3155.
In our papers [10] and [22], by developing various techniques used in Berndtsson [1], Demailly [7,9], McNeal-Varolin [13],
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and Siu [18,17] and by reducing the optimal constant problem to an ODE, we obtained C < 1.954 in Theorem 1.1 for any
negligible weight on Stein manifolds. Blocki in [2] recently gave another proof of our theorem in the case of pseudoconvex
domains in C" with a special negligible weight ¥ =2G, (z", 0) — 2log |z"|. After that, Blocki in [3] gave an optimal constant
C=1 in Theorem 1.1 on pseudoconvex domains in C" with the same negligible weight.

One motivation to estimate the constant C in Theorem 1.1 comes from the Suita conjecture [20], stated below:

Let §2 be an open Riemann surface which admits a Green function, K¢, be the Bergman kernel for holomorphic (1, 0) forms on §2
and c (2) be the logarithmic capacity of §2 with respect to z locally defined by c (z) = explimg_., (G (£, 2) — log|& — z|), where
G is the negative Green function on $2. Then (c (2))?|dz|? < wK o (2) forany z € £2.

Suita conjecture was motivated to answer a question posed by Sario and Oikawa in their monograph “Capacity functions”
published in 1969 about the relation between the Bergman kernel and logarithmic capacity on any open Riemann surface
which admits Green function. The relationship between the Suita Conjecture and the extension theorem was observed and
explored by Ohsawa [15], and he proved the estimate with C = 750. Using Theorem 1.1, we get

Corollary 1.2. One has (c (2))?|dz|? < C Ko (2) with constant C = 1.

Recently, for the case of £2 ccC C, this was proved by Blocki in [3].
2. Some lemmas used in the proof of Theorem 1.1
In this section, we give some lemmas which will be used in the proof of Theorem 1.1.

Lemma 2.1. Let (X, dsg() be a Kéhler manifold of dimension n with a Kdhler metric dsf(, 2 € X be a domain with C* boundary b2
and & € C'(£2) such that 9d® is a continuous form on 2. Let p be a C* defining function for §2 such that |dp| =1 on b$2. Assume
that H is a closed set in X such that the (2n — 1)-dimensional Hausdorff measure of H N §2 is zero. Let n be a real function in L}OC(X) N
CO(X \ H) such that 337 is a current of order zero on X. For any (n, 1)-form a = Z]”:n o dz! Adz/ € Domg (8%) N C(O';J)(ﬁ) one
has

/n|5(}§a| e ? de+/n|5a|ze_@ dvy
Q Q

n - _ - n _ —
-3y /ng”Vjot,jVioz”e_(p dvx+ Y /n(a,«ajp)a;alfe—‘p ds
J1=1i,j=1g Li=lpo

n — 1 - = = =
+> /n(aiéjq))a;a’fe_(p dvx+ Y /—(aiam)a;aue—q’ dVx 4+ 2Re(350r, L (3)7) , 4. 1)
ij=1g Li=lg

where (gij)nxn = (gﬁ);ln, and dV x is the volume form induced from dsf(.

We refer to [22] for a proof and more details about the notation. Let T be a current of order 0 on X, o be a differential
form on X, & be a C! function continuous on £2, £2 € X, then the inner product (T, a)o.¢ is well-defined (see [8]). In the
case of a twist factor n € C*°(£2) and a weight & e C2(£2), the identity (1) was already known to be true (see [18,19,1,12],
see also [4,6,21]).

Lemma 2.2. (See [1,22].) Let (X, dsi) be a Kéihler manifold of dimension n with a Kihler metric dsi, §2 € X be astrictly pseudoconvex
domain in X with C* boundary b$2 and ® € C1(£2). Let w be a holomorphic function on X, such that dw does not vanish identically,

and let  be the current 3 - A F, where F is a holomorphic n-form on X. Assume the inequality |(», &) 2.4 |* < C [, |5;§a|2% dvy,

where & is an integrable positive function on §2 and C is a constant, holds for all (n, 1)-form « € Domg (3*) N Ker(3) N Cé’rf ])(5).

Then there is a solution u to the equation du = A such that Jo lul2ue=?dvy < C.
3. Proof of Theorem 1.1

Since X is Stein, we can find a sequence of strictly pseudoconvex domains {Dy};2, with smooth boundaries satisfying
Dy € Dyyq for all v and |52, Dy = X. As ¢ + log|w|?> < 0, we can choose a sequence of numbers y‘f) € (0,1) which
satisfies limy_, o ¥ = 1, such that (¥ + yy log|w|?)|p, <0 for any y, € [y, 1).

Exactly as in the arguments of [16] and [14], we may assume that H = Ho and that both ¢ and i are smooth on X.
Since X is Stein, there is a holomorphic n-form F on X such that F =dw A f on H with :* f = f. Let dsi be a Kdhler metric
on X. The volume form with respect to the induced Kihler metric on H is denoted by dVy. Let n = s(—y — yy log|w|?)
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and ¢ = u(—y — yy log|w|?), where s € C*((0, +00)) satisfies s >0 and lim;_, ;.o 5'(t) = 1, and u € C*((0, +00)) satisfies
limg_ oo u(t) =0, lime_, 400 /' (t) =0, limg_, oo S(OU' () =0, u’s —s” >0,and s’ —u's > 0. Let @ =@ + ¢ + ¢.

It is well known that there exists an open neighborhood U of H in X and a holomorphic retraction r: U — H. Since
dw|y does not vanish, for any point x € D, N H, there exists a local coordinate system (Ux,z}(,z)z( .,zg‘l, w) of x in X
such that Uy € U and UxN H ={y € Uy: w(y) = 0}. Define Vy = r~1(Uyx N H) N Uy. There exist X1, Xz, ..., Xn € Dy N H such
that D, N H C U’l“1 Vy;. We denote (Vy;,z }( , ,2( R Qi T w) simply by (V,,zl, l,...,zf’_l w). Choose an open set V41
in X such that D,NHC X\ V1 € U, ;1 Vi. Define V = X'\ Ving1. Let { {&i}i m+1 be a partition of unity subordinate to the
open covering {V; }m“ Then supp& € Vi fori=1,2,...,mand Y |" ;& =1on V. Now let ¢ = Zm:n 21:1 o5 dz' ndzi e

Domp, (3*) NKer(d) N C® ey 1)(D,,). As ¢ + ¢ is a plurisubharmonic function, then by Lemma 2.1 and the Cauchy-Schwarz
inequality, we get [, (1+g “Dlopele®dVx =Y, Y ey b, (—9j0kn + Ndjdked — g(Bjn)ékn)a{aike*d’ dVy, where g
is a nonnegative continuous function on Dy, which is positive on Dy \ H.

We need some calculations to determine g. Let d, := aiw and 9 := ()"7 where 1 <k <n — 1. By the Poincaré-Lelong
formula, we have 9,0n1) = —S( ¥ — yy log|[w|?) yy 7T Sw=0) —s( ¥ — Yy log |w[*)dndnyr +s/’( ¥ — yylog|w|? Do —
yv log |w[?)n (=¥ — v log |w/|?) and 800 = —'(—y — yy log|w[*)d; 0k +5" (=¥ — v log [w[?); (= — py log |w|?) o (— v —
yylog|w?), for any (j,k) # (n,n), where Stw=0} is a (n,n) current of order 0, such that (§jw=0}, v—1dw Adw A V) =
wa —oV for any test (n —1,n—1) form v on X. Since lim¢_ 4 t'(t) =0, we have 9;dk¢ = —u'(— — py log|w|2)8j3k1// +

u" (= — yy log|wl|? )i (= — Yy log |W|?)d(—y — v log|w| ) for any j, k which satisfies 1 < j, k <n. Note that o] a’”—
| (dW)F|2. As v is a plurisubharmonic function, s’ —su’ > 0 and lim;_, ;. s'(t) = 1, we have Z1<]J<<n( 8]8kn+n8]8k¢> —

g@m el > v, 78—y e @W)F 2 + (s — 5") — g5'2) o (—¥ — Yy og|WI?) Y1 rcn i (—¥ — Y log [ W) (— —

Vv log|w|2)a,ja7’<. Let g = s 5 o (=¥ —yylog|w|). We have n + g~ 1= (s + #ﬁs,,)o(—w — yvlog|w]), and
N Ex 12— _ w12
/(n+g BIEIRG ¢dvx>/yvn8{wzo}|om(dw)ﬁ| e ?dvy, (2)
Dy Dy

where 7+ g —1 js assumed to be locally L! integrable on D, this will be satisfied for some given s and u.

Let A = 3 A F. By inequality (2) and the Cauchy-Schwarz inequality, we can see that |(A,«)p,, ol? < |(n8{W:0}F R

aL(dw)ﬁ)DmP 2[5, Sw=0vy ' IE2e™® dVx [ vviw=0)lac(dW)?Pe=® dVx < 7 [, Sw=0yyy IFPe=® dVx [, (0 +

g DIdal?e~? dVx. Note that I, Siw=0) [F|2e=® dVy =2 /b0 |f|2e=® dVy. By Lemma 2.2, we have (n, 0)-form u, on
D, satisfying du, = A, such that

-1 120 — 21 —o—
[+ e e ava < [ smooiFRe Pavi= | i, 3)
Dy Y DyNH
where ¢|(w—o) = 0. Let puy = eV 1181w ) — ;169 Assume we can choose ;) and ¢ such that u < C(n+g~")~", where
C is just the constant in Theorem 1.1. Define F, = wu,. Since d(u, — —) =0, uy — % is a holomorphic n-form. Since

F,=w(u, — %) +F, F, is a holomorphic n-form in D, satisfying F, =dw A f on Dy, N H with z*f = f. We obtain

-
2,—¢ _ 2 M€
[irevave= [iRe_ 2 v
Dy

<Ay / luyPpre?e V0 dvy = Avfluvlzue‘“’“”“" dvyx, (4)
by b,

where A, are positive numbers which satisfy limy_, - Ay =1 when we choose y, near enough to 1. By inequalities (3)
and (4), we obtain that [} [Fy|2e~?dVyx < 2C£VV” Jo,nH |fI?e=#=¥ dVy, under the assumption p < C(n + g~ 1)~! where
®liw=0; = 0. It suffices to find n and ¢ such that (p +g~ ') < Ce VW loglw?e—¢ — €.~ on X. Let t— —¢ — py log w2
As n=s(—y — yylog|wP) and ¢ = u(—y — yy log |w?), we have (5 + g~ VeV 7 ioswled — (5 4 5% ye—teu o (—y —
vy log|w|?). We get an ODE:

5/2 .
u—t _
(s+ ey ) =c (5)
where t € [0, +00), and C=1. When u = 0, the equation is exactly the ODE that we considered in our articles [10] and [22].
Note that s’ —su’ =e (se‘“) and u”s —s"” + s'u" = —(e*(se™")’)’, one can simply solve the ODE (5) to get u =

—log(1 —e™") and s = — 1. Note that ¢ is in C1(DV) and 3d¢ is continuous on D,. Then & is in C'(D,) and

1- e“
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99® is continuous on D,. We can also see that_85n is of order 0. One can check that s" —su’ > 0 and lim¢_, 1o S(OU/'(t) =0
holds, and 1+ g~! is locally L! integrable on D,.

Now we have proved that there exists holomorphic n-form F, on D, satisfying F, =dw A f on D, NH with 1*f = f
and [, |Fy|*e~?dVx < ZAVVVC” Jp,ou 1 f12e7¢7V dVy < 2’;& [y | f12e=¥~V dVy. Define F, =0 on X\Dy. As limy_.o0 Yy =
limy, o Ay = 1, then the weak limit of some weakly convergent subsequence of {F,};°, gives us a holomorphic n-

form F on X satisfying F =dw A f on H with :*f = f and ¢, Jxe“FAF=[|F?edVyx <2Cr [, |f[Pe= ¥~V dVy =
2Cmcp—q fH e~V f A f. In conclusion, we have proved Theorem 1.1 with constant C=1.

4. Proof of Corollary 1.2

It is well known that the Bergman kernel Ky on a complex manifold Y can be defined by holomorphic (n,0) forms,
ie, Ky :=) ;e; ® e;, where {e;}i—1», . are holomorphic (n,0) forms on Y satisfying c, fy % A \an = 5{. First we prove a
special case of the corollary, and then, we prove the general case.

For the special case, we assume that for any given point zp € £2, there exists a holomorphic function w on £2, which
satisfies w(zg) =0, dw|;, # 0, and w|p\z, # 0. Take w as the local coordinate on a neighborhood of zg. Then the Suita
conjecture becomes (cg (z0))?|dw|?> < Ko (z0). Let X =2, ¢ =0 and ¥ (z) = 2G(z, zg) — 2log|w| in Theorem 1.1. This
theorem tells us that there exists a holomorphic (1,0) form F on §2, such that F|,, =dw and fg J=1F AF K (mz(c#

2f®fz
N=TN

Now we prove the general case. Note that £2 is Stein. It is then known that for any given point zg € §2, one can choose
a holomorphic function w on £ such that w(zg) =0 and dw|;, # 0. As {w =0} is discrete in §2, the capacities of the
Riemann surface 2’ := 2\ ({(w =0} \ z9) and £2 are the same, and so are their Bergman kernels. The special case already
proved applied to §2' > zo implies Corollary 1.2.

Since K (z0) > for any nonzero holomorphic (1,0) form f on §2, Corollary 1.2 is proved in that case.
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