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In this Note, we solve the optimal constant problem in the L2-extension theorem with
negligible weight on Stein manifolds. As an application, we prove the Suita conjecture on
arbitrary open Riemann surfaces.
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r é s u m é

Dans cette Note, nous résolvons le problème de la détermination de la constante optimale
dans le théorème d’extension L2 avec poids négligeable sur les variétés de Stein. En
application, nous prouvons la conjecture de Suita sur des surfaces de Riemann arbitraires.

© 2012 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction and main results

In [16], Ohsawa and Takegoshi proved a famous L2 extension theorem. Several years later, Ohsawa [14] obtained the L2

extension theorem with so-called negligible weight ψ , which implies the original Ohsawa–Takegoshi L2 extension theorem
in [16] by taking ψ = 0. In the present paper, we solve the optimal constant problem in the L2 extension theorem on
Stein manifolds for arbitrary negligible weight. Our proof is based on the methods of [10] and [22]. The present paper is a
continuation of [10] and [22]. Our main result is as follows:

Theorem 1.1. Let X be a Stein manifold of dimension n. Let ϕ + ψ and ψ be plurisubharmonic functions on X. Assume that w is
a holomorphic function on X such that supX (ψ + 2 log |w|) � 0 and dw does not vanish identically on any branch of w−1(0). Put
H = w−1(0) and H0 = {x ∈ H: dw(x) �= 0}. Then there exists a uniform constant C = 1 such that, for any holomorphic (n − 1)-form

f on H0 satisfying cn−1
∫

H0
e−ϕ−ψ f ∧ f̄ < ∞, where ck = (−1)

k(k−1)
2 (

√−1)k for k ∈ Z, there exists a holomorphic n-form F on X

satisfying F = dw ∧ f̃ on H0 with ı∗ f̃ = f and cn
∫

X e−ϕ F ∧ F̄ � 2Cπcn−1
∫

H0
e−ϕ−ψ f ∧ f̄ , where ı : H0 → X is the inclusion map.

Finding the optimal constant C is one of the interesting issues. In the last two decades, a number of papers have
considered this problem, using various methods. For ψ = 0, Siu in [18] got an explicit constant C; Manivel in [11], Demailly
in [7] and McNeal–Varolin in [13] gave explicit constants on Stein manifolds. In [1], Berndtsson showed that the constant C
of Theorem 1.1 can be taken equal to 4 in the case ψ = 0. Somewhat later, Chen in [5] improved the constant C to 3.3155.
In our papers [10] and [22], by developing various techniques used in Berndtsson [1], Demailly [7,9], McNeal–Varolin [13],
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and Siu [18,17] and by reducing the optimal constant problem to an ODE, we obtained C � 1.954 in Theorem 1.1 for any
negligible weight on Stein manifolds. Blocki in [2] recently gave another proof of our theorem in the case of pseudoconvex
domains in C

n with a special negligible weight ψ = 2GΩ(zn,0)− 2 log |zn|. After that, Blocki in [3] gave an optimal constant
C = 1 in Theorem 1.1 on pseudoconvex domains in C

n with the same negligible weight.
One motivation to estimate the constant C in Theorem 1.1 comes from the Suita conjecture [20], stated below:
Let Ω be an open Riemann surface which admits a Green function, KΩ be the Bergman kernel for holomorphic (1,0) forms on Ω

and cΩ(z) be the logarithmic capacity of Ω with respect to z locally defined by cΩ(z) = exp limξ→z(GΩ(ξ, z) − log |ξ − z|), where
GΩ is the negative Green function on Ω . Then (cΩ(z))2|dz|2 � π KΩ(z) for any z ∈ Ω .

Suita conjecture was motivated to answer a question posed by Sario and Oikawa in their monograph “Capacity functions”
published in 1969 about the relation between the Bergman kernel and logarithmic capacity on any open Riemann surface
which admits Green function. The relationship between the Suita Conjecture and the extension theorem was observed and
explored by Ohsawa [15], and he proved the estimate with C = 750. Using Theorem 1.1, we get

Corollary 1.2. One has (cΩ(z))2|dz|2 � Cπ KΩ(z) with constant C = 1.

Recently, for the case of Ω ⊂⊂ C, this was proved by Blocki in [3].

2. Some lemmas used in the proof of Theorem 1.1

In this section, we give some lemmas which will be used in the proof of Theorem 1.1.

Lemma 2.1. Let (X,ds2
X ) be a Kähler manifold of dimension n with a Kähler metric ds2

X , Ω � X be a domain with C∞ boundary bΩ

and Φ ∈ C1(Ω) such that ∂∂̄Φ is a continuous form on Ω . Let ρ be a C∞ defining function for Ω such that |dρ| = 1 on bΩ . Assume
that H is a closed set in X such that the (2n − 1)-dimensional Hausdorff measure of H ∩Ω is zero. Let η be a real function in L1

loc(X)∩
C0(X \ H) such that ∂∂η is a current of order zero on X. For any (n,1)-form α = ∑′

|I|=n αI j̄ dzI ∧ dz̄ j ∈ DomΩ(∂̄∗) ∩ C∞
(n,1)(Ω) one

has ∫
Ω

η|∂̄∗
Φα|2e−Φ dV X +

∫
Ω

η|∂̄α|2e−Φ dV X

=
∑′

| J |=1

n∑
i, j=1

∫
Ω

ηgi j̄∇ jαI J̄ ∇ iα Ī J e−Φ dV X +
n∑

i, j=1

∫
bΩ

η(∂i ∂̄ jρ)αi
Iα

Ī je−Φ dS

+
n∑

i, j=1

∫
Ω

η(∂i ∂̄ jΦ)αi
Iα

Ī je−Φ dV X +
n∑

i, j=1

∫
Ω

−(∂i ∂̄ jη)αi
Iα

Ī je−Φ dV X + 2Re
(
∂̄∗
Φα,α�(∂̄η)�

)
Ω,Φ

, (1)

where (gi j̄)n×n = (gi j̄)
−1
n×n, and dV X is the volume form induced from ds2

X .

We refer to [22] for a proof and more details about the notation. Let T be a current of order 0 on X , α be a differential
form on X , Φ be a C1 function continuous on Ω , Ω � X , then the inner product (T ,α)Ω,Φ is well-defined (see [8]). In the
case of a twist factor η ∈ C∞(Ω) and a weight Φ ∈ C2(Ω), the identity (1) was already known to be true (see [18,19,1,12],
see also [4,6,21]).

Lemma 2.2. (See [1,22].) Let (X,ds2
X ) be a Kähler manifold of dimension n with a Kähler metric ds2

X , Ω � X be a strictly pseudoconvex
domain in X with C∞ boundary bΩ and Φ ∈ C1(Ω). Let w be a holomorphic function on X, such that dw does not vanish identically,

and let λ be the current ∂̄ 1
w ∧ F̃ , where F̃ is a holomorphic n-form on X. Assume the inequality |(λ,α)Ω,Φ |2 � C

∫
Ω

|∂̄∗
Φα|2 e−Φ

μ dV X ,

where 1
μ is an integrable positive function on Ω and C is a constant, holds for all (n,1)-form α ∈ DomΩ(∂̄∗) ∩ Ker(∂̄) ∩ C∞

(n,1)(Ω).

Then there is a solution u to the equation ∂̄u = λ such that
∫
Ω

|u|2μe−Φ dV X � C .

3. Proof of Theorem 1.1

Since X is Stein, we can find a sequence of strictly pseudoconvex domains {D v}∞v=1 with smooth boundaries satisfying
D v � D v+1 for all v and

⋃∞
v=1 D v = X . As ψ + log |w|2 < 0, we can choose a sequence of numbers γ 0

v ∈ (0,1) which
satisfies limv→∞ γ 0

v = 1, such that (ψ + γv log |w|2)|D v < 0 for any γv ∈ [γ 0
v ,1).

Exactly as in the arguments of [16] and [14], we may assume that H = H0 and that both ϕ and ψ are smooth on X .
Since X is Stein, there is a holomorphic n-form F̃ on X such that F̃ = dw ∧ f̃ on H with ı∗ f̃ = f . Let ds2

X be a Kähler metric
on X . The volume form with respect to the induced Kähler metric on H is denoted by dV H . Let η = s(−ψ − γv log |w|2)
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and φ = u(−ψ − γv log |w|2), where s ∈ C∞((0,+∞)) satisfies s � 0 and limt→+∞ s′(t) = 1, and u ∈ C∞((0,+∞)) satisfies
limt→+∞ u(t) = 0, limt→+∞ u′(t) = 0, limt→+∞ s(t)u′(t) = 0, u′′s − s′′ > 0, and s′ − u′s � 0. Let Φ = ϕ + ψ + φ.

It is well known that there exists an open neighborhood U of H in X and a holomorphic retraction r : U → H . Since
dw|H does not vanish, for any point x ∈ D v ∩ H , there exists a local coordinate system (Ux, z1

x , z2
x , . . . , zn−1

x , w) of x in X
such that Ux � U and Ux ∩ H = {y ∈ Ux: w(y) = 0}. Define V x = r−1(Ux ∩ H) ∩ Ux . There exist x1, x2, . . . , xm ∈ D v ∩ H such
that D v ∩ H ⊂ ⋃m

i=1 V xi . We denote (V xi , z1
xi
, z2

xi
, . . . , zn−1

xi
, w) simply by (V i, z1

i , z2
i , . . . , zn−1

i , w). Choose an open set Vm+1

in X such that D v ∩ H ⊂ X \ Vm+1 �
⋃m

i=1 V i . Define V = X \ Vm+1. Let {ξi}m+1
i=1 be a partition of unity subordinate to the

open covering {V i}m+1
i=1 . Then supp ξi � V i for i = 1,2, . . . ,m and

∑m
i=1 ξi = 1 on V . Now let α = ∑′

|I|=n

∑n
j=1 αI j̄ dzI ∧ dz̄ j ∈

DomD v (∂̄
∗) ∩ Ker(∂̄) ∩ C∞

(n,1)(D v ). As ϕ + ψ is a plurisubharmonic function, then by Lemma 2.1 and the Cauchy–Schwarz

inequality, we get
∫

D v
(η + g−1)|∂̄∗

Φα|2e−Φ dV X �
∑′

|I|=n

∑n
j,k=1

∫
D v

(−∂ j ∂̄kη + η∂ j ∂̄kφ − g(∂ jη)∂̄kη)α
j
I α

Īke−Φ dV X , where g
is a nonnegative continuous function on D v , which is positive on D v \ H .

We need some calculations to determine g . Let ∂n := ∂
∂ w and ∂k := ∂

∂zk where 1 � k � n − 1. By the Poincaré–Lelong

formula, we have ∂n∂̄nη = −s′(−ψ − γv log |w|2)γvπδ{w=0} − s′(−ψ − γv log |w|2)∂n∂̄nψ + s′′(−ψ − γv log |w|2)∂n(−ψ −
γv log |w|2)∂̄n(−ψ −γv log |w|2) and ∂ j ∂̄kη = −s′(−ψ −γv log |w|2)∂ j ∂̄kψ +s′′(−ψ −γv log |w|2)∂ j(−ψ −γv log |w|2)∂̄k(−ψ −
γv log |w|2), for any ( j,k) �= (n,n), where δ{w=0} is a (n,n) current of order 0, such that 〈δ{w=0},

√−1 dw ∧ dw̄ ∧ v〉 =
2
∫
{w=0} v for any test (n − 1,n − 1) form v on X . Since limt→+∞ u′(t) = 0, we have ∂ j ∂̄kφ = −u′(−ψ − γv log |w|2)∂ j ∂̄kψ +

u′′(−ψ − γv log |w|2)∂ j(−ψ − γv log |w|2)∂̄k(−ψ − γv log |w|2) for any j, k which satisfies 1 � j, k � n. Note that αn
I aĪ,n =

|α�(dw̄)�|2. As ψ is a plurisubharmonic function, s′ − su′ � 0 and limt→+∞ s′(t) = 1, we have
∑

1� j,k�n(−∂ j ∂̄kη+η∂ j ∂̄kφ −
g(∂ jη)∂̄kη)α

j
I α

Īk � γvπδ{w=0}|α�(dw̄)�|2 + ((u′′s − s′′) − gs′ 2) ◦ (−ψ − γv log |w|2)∑
1� j,k�n ∂ j(−ψ − γv log |w|2)∂̄k(−ψ −

γv log |w|2)α j
I α

Īk . Let g = u′′s−s′′
s′ 2 ◦ (−ψ − γv log |w|). We have η + g−1 = (s + s′ 2

u′′s−s′′ ) ◦ (−ψ − γv log |w|), and
∫

D v

(
η + g−1)∣∣∂̄∗

Φα
∣∣2

e−Φ dV X �
∫

D v

γvπδ{w=0}
∣∣α�(dw̄)�

∣∣2
e−Φ dV X , (2)

where η + g−1 is assumed to be locally L1 integrable on D v , this will be satisfied for some given s and u.
Let λ = ∂̄ 1

w ∧ F̃ . By inequality (2) and the Cauchy–Schwarz inequality, we can see that |(λ,α)D v ,Φ |2 � |(πδ{w=0} F̃ ,

α�(dw̄)�)D v ,Φ |2 � π2
∫

D v
δ{w=0}γ −1

v | F̃ |2e−Φ dV X
∫

D v
γvδ{w=0}|α�(dw̄)�|2e−Φ dV X � π

∫
D v

δ{w=0}γ −1
v | F̃ |2e−Φ dV X

∫
D v

(η +
g−1)|∂̄∗

Φα|2e−Φ dV X . Note that
∫

D v
δ{w=0}| F̃ |2e−Φ dV X = 2

∫
D v ∩H | f |2e−Φ dV H . By Lemma 2.2, we have (n,0)-form uv on

D v satisfying ∂̄uv = λ, such that∫
D v

|uv |2(η + g−1)−1
e−Φ dV X � π

∫
D v

δ{w=0}γ −1
v | F̃ |2e−Φ dV X = 2π

γv

∫
D v∩H

| f |2e−ϕ−ψ dV H , (3)

where φ|{w=0} ≡ 0. Let μ1 = eψ+γv log |w|2 , μ = μ1eφ . Assume we can choose η and φ such that μ � C(η + g−1)−1, where

C is just the constant in Theorem 1.1. Define F v = wuv . Since ∂̄(uv − F̃
w ) = 0, uv − F̃

w is a holomorphic n-form. Since

F v = w(uv − F̃
w ) + F̃ , F v is a holomorphic n-form in D v satisfying F v = dw ∧ f̃ on D v ∩ H with ı∗ f̃ = f . We obtain

∫
D v

|F v |2e−ϕ dV X =
∫

D v

|F v |2 μ1e−ϕ

eψ+γv log |w|2 dV X

� Av

∫
D v

|uv |2μ1eφe−ϕ−ψ−φ dV X = Av

∫
D v

|uv |2μe−ϕ−ψ−φ dV X , (4)

where Av are positive numbers which satisfy limv→∞ Av = 1 when we choose γv near enough to 1. By inequalities (3)
and (4), we obtain that

∫
D v

|F v |2e−ϕ dV X � 2CAvπ
γv

∫
D v ∩H | f |2e−ϕ−ψ dV H , under the assumption μ � C(η + g−1)−1 where

φ|{w=0} ≡ 0. It suffices to find η and φ such that (η + g−1) � Ce−ψ−γv log |w|2 e−φ = Cμ−1 on X . Let t = −ψ − γv log |w|2.

As η = s(−ψ − γv log |w|2) and φ = u(−ψ − γv log |w|2), we have (η + g−1)eψ+γv log |w|2 eφ = (s + s′ 2

u′′s−s′′ )e−teu ◦ (−ψ −
γv log |w|2). We get an ODE:

(
s + s′2

u′′s − s′′

)
eu−t = C, (5)

where t ∈ [0,+∞), and C = 1. When u = 0, the equation is exactly the ODE that we considered in our articles [10] and [22].
Note that s′ − su′ = eu(se−u)′ and u′′s − s′′ + s′u′ = −(eu(se−u)′)′ , one can simply solve the ODE (5) to get u =

− log(1 − e−t) and s = t
−t − 1. Note that φ is in C1(D v) and ∂∂̄φ is continuous on D v . Then Φ is in C1(D v ) and
1−e
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∂∂̄Φ is continuous on D v . We can also see that ∂∂̄η is of order 0. One can check that s′ − su′ � 0 and limt→+∞ s(t)u′(t) = 0
holds, and η + g−1 is locally L1 integrable on D v .

Now we have proved that there exists holomorphic n-form F v on D v satisfying F v = dw ∧ f̃ on D v ∩ H with ı∗ f̃ = f
and

∫
D v

|F v |2e−ϕ dV X � 2Av Cπ
γv

∫
D v ∩H | f |2e−ϕ−ψ dV H � 2Av Cπ

γv

∫
H | f |2e−ϕ−ψ dV H . Define F v = 0 on X\D v . As limv→∞ γv =

limv→∞ Av = 1, then the weak limit of some weakly convergent subsequence of {F v}∞v=1 gives us a holomorphic n-

form F on X satisfying F = dw ∧ f̃ on H with ı∗ f̃ = f and cn
∫

X e−ϕ F ∧ F̄ = ∫
X |F |2e−ϕ dV X � 2Cπ

∫
H | f |2e−ϕ−ψ dV H =

2Cπcn−1
∫

H e−ϕ−ψ f ∧ f̄ . In conclusion, we have proved Theorem 1.1 with constant C = 1.

4. Proof of Corollary 1.2

It is well known that the Bergman kernel KY on a complex manifold Y can be defined by holomorphic (n,0) forms,

i.e., KY := ∑
i ei ⊗ ēi , where {ei}i=1,2,... are holomorphic (n,0) forms on Y satisfying cn

∫
Y

ei√
2n ∧ ē j√

2n = δ
j
i . First we prove a

special case of the corollary, and then, we prove the general case.
For the special case, we assume that for any given point z0 ∈ Ω , there exists a holomorphic function w on Ω , which

satisfies w(z0) = 0, dw|z0 �= 0, and w|Ω\z0 �= 0. Take w as the local coordinate on a neighborhood of z0. Then the Suita
conjecture becomes (cΩ(z0))

2|dw|2 � π KΩ(z0). Let X = Ω , ϕ = 0 and ψ(z) = 2GΩ(z, z0) − 2 log |w| in Theorem 1.1. This
theorem tells us that there exists a holomorphic (1,0) form F on Ω , such that F |z0 = dw and

∫
Ω

√−1F ∧ F̄ � 2Cπ
(cΩ(z0))2 .

Since KΩ(z0) � 2 f ⊗ f̄ |z0√−1
∫
Ω f ∧ f̄

for any nonzero holomorphic (1,0) form f on Ω , Corollary 1.2 is proved in that case.

Now we prove the general case. Note that Ω is Stein. It is then known that for any given point z0 ∈ Ω , one can choose
a holomorphic function w on Ω such that w(z0) = 0 and dw|z0 �= 0. As {w = 0} is discrete in Ω , the capacities of the
Riemann surface Ω ′ := Ω \ ({w = 0} \ z0) and Ω are the same, and so are their Bergman kernels. The special case already
proved applied to Ω ′ � z0 implies Corollary 1.2.
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