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Article history: In this Note, we show that a recent scheme introduced by Buet et al. (2011) [5] for the
Received 10 April 2012 nonlinear two moments M; model of linear transport and which captures correctly the
Accepted after revision 4 July 2012 diffusion limit on distorded meshes (AP scheme) also possesses the maximum principle.
Available online 19 July 2012 The main idea of the design of this scheme is to rewrite the model as a gas dynamics
Presented by Olivier Pironneau model and to use an Eulerian scheme, derived from a Lagrange + remap scheme. To

obtain the AP property we use the multidimensional extension, developed by Buet et al.
(2012) [6], of the Jin and Levermore (1996) procedure [9] for the hyperbolic heat equation.
We will show that this scheme is entropic which ensures the maximum principle of the M
model. More we present some numerical results, on distorted quadrangular and triangular
meshes which show that the scheme is second order in the diffusive regime.

© 2012 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

RESUME

Dans cette Note, nous montrons qu'un nouveau schéma introduit dans Buet et al. (2011)
[5] pour le modéle a deux moments non linéaire M; de I'équation de transport et qui
est compatible avec la limite de diffusion (schéma AP) sur maillage quelconque vérifie
aussi le principe du maximum. L'idée consiste a réécrire le modéle comme un systéme
de la dynamique des gaz, puis a utiliser un schéma Eulerien nodal, dérivé d'un schéma
Lagrange + projection couplé a une extension multidimensionnelle, developpée dans Buet
et al. (2012) [6], de la méthode de Jin et Levermore (1996) [9] pour I'équation de la
chaleur hyperbolique. Aprés la présentation du schéma on donne les preuves d’entropie
et de principe du maximum. Pour finir on présente des résultats numériques pour des
maillages déformés triangulaires et quadrangulaires qui montrent notamment I'ordre deux
dans le régime de diffusion.
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Version francaise abrégée

L'objectif de cette Note est de démontrer le principe du maximum pour une discrétisation AP du modéle M; sur
maillages quelconques. A notre connaissance ce schéma est le premier de ce type sur maillages quelconques. La méthode que
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nous présentons est basée sur une reformulation du modéle M; sous la forme d'un systéme proche des équations d’Euler
comme dans [1,4] et l'utilisation d’un schéma Lagrange-projection nodal pour I'hydrodynamique [7,11]. La prise en compte
du terme source dans le solveur de Riemann par une extension multidimensionnelle de la méthode de Jin-Levermore [9],
proposée dans [6] pour le modéle P; en 2D sur des maillages généraux, permet d’obtenir un schéma AP. Le schéma ainsi
obtenu est un schéma entropique, qui préserve le principe de maximum du modéle M; et est consistant et AP sur maillage
non structurés. Par une procédure de type MUSCL dans la phase de projection on obtient alors un schéma d’ordre 2 en
régime de diffusion.

1. Introduction

In this Note, we are interested in the discretization of the nonlinear M7 system which arises from an entropy closure of
the transfer equation for photons

%E+1V.F=0, EeR 0
F+1VP=-%F FeR’

where the unknowns are E the radiative energy, F the radiative flux. The M1 model is based on the entropy closure of [10]
for which one can parametrize the radiative energy E € R, flux Fe RY and pressure P € R4<4 by

3+ [ul? —4u ~ (1- 3 —1fef
_ 3+ ||23 4 po T :< X, 3x ®2) ’ @)
3(1 = [luf|?) 31— [luf|?) 2 2 |f)
+ d fg_F _di i iati _ o 3Han? -
where T e R™, u e RY, f= 1 is the non-dimensional radiation flux, x PYEW rmcTT is the Eddington factor and o (x) >0

is the material opacity. Here, ¢ € ]0, 1[ is a scaling parameter. For the M; model, the strictly concave entropy (as function
of E and F) is defined by

4 3_ <4>33,4 E4 — Jlu®)'/

S= —— —
3(1 = [luf|?)? G+ [[ul2)3/4

3 (3)

and we have the two thermodynamics relations, see [1,4]:

TdS =dE — (u, dF), (4a)
q=TS —E+ (u,F). (4b)

In this work we are interested by the solutions of this model which satisfy the following properties:
- The maximum principle:

2:={E>0, |f| <1} ={E >0, |F| <E} (5)

is an invariant domain for all €.

- The diffusion limit: at the limit when ¢ tends to zero, the radiative energy is solution of the diffusion equation
&E —V.5-VE =0.

- The entropy inequality: d;S + % V.uS >0 for all ¢.

To our knowledge numerical methods which satisfy these requirements have been proposed in [2-4] only on 1D or 2D
Cartesian meshes: this is made possible using the Jin-Levermore procedure [9] or the Gosse-Toscani method [8], which was
recently adapted to unstructured meshes [6] for linear systems. The present work is a multidimensional extension of the
scheme presented for the nonlinear reformulation of the M; model as a gas dynamic system [1,4]. The formulation as a gas
dynamics system comes from the following rewriting of the M model:

1 1 o
F+-V.(u®F)+ -Vqg= __2F’

& £ £ 6

1 (6)

OtE + — V.(uE 4+ qu) =0,
&

with q = ]*TXE and one finds, from (2), u = 3"%# = ﬁf. In this system, the radiative pressure is splitted into a
convective part and an isotropic part. The proposed numerical scheme discretizes the isotropic part with Lagrangian nodal
fluxes, [7,11], and the convective part with nodal remap fluxes. We will show that the entropy inequality is sufficient to
ensure the maximum principle.
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Fig. 1. Notation for the nodal formulation. Notice that [;;nj, is equal to the half of the vector that starts at X,_; and finishes at X, 1.

2. The Eulerian scheme

Let us consider an unstructured mesh in dimension 2 (Fig. 1). The mesh is defined by a finite number of vertices x; and
cells £2;. We denote X; an arbitrary point chosen inside §2;. For simplicity we will call this point the center of the cell.
By convention the vertices are listed locally counterclockwise X;_1, X;, Xr+1 with coordinates x; = (X;, ¥;). We also define
a corner length [; = %”Xr+] —Xr—1| and a corner normal vector nj = %ﬁ(—yrq + Yra1, X—1 — Xr+1)". To discretize the
Lagrangian fluxes we use nodal schemes like [7,11] which localize the fluxes at the vertices. As in [9,6], the fluxes take into
account the source term in order to give an AP scheme. We obtain the following semi-discrete scheme

1 1
|$2;10¢E; + g(ler(ur’ njr)Ej + ler(ura njr)Ek(r)> + E Z(ura Gjr) =0
R+ R— r

(7)
1 1 1 —~
2i|0F; + — li-(uy, nj)F; lir(uy, ni)F - Gir=—— orkyBiruy,
| ]| t ]+8<; jr( r jr) 1+R2_:]r( T jr) k(r))‘i‘ng: jr 822 r rﬂ]r T
with
~ Or, -

Gjr = ljrqjnjr + crojr(uj —ur) — ;krﬂjr“r,

(8)

o~ o -~ o~
(Zcrajr + ?rerﬂjr>ur = leernjr +Cr Z(Xjrujs
J J j J

with the nodal quantities oy ~ o (Xy), kr =Y ; w; m the speed of sound ¢ =} ; Wj%yrfﬁ. Er=);wj;E;. The
weights w; are positive and satisfy jwj=1.1In (7) the upwinded terms in parentheses for both equations correspond
to the projection stage of a fully discrete Lagrange + projection scheme, the rest of the fluxes are equal to the Lagrange
stage. This scheme is the limit as a time splitting step tends to O of the classical Lagrange-projection scheme for gas
dynamic equations. The matrix &j is called the acoustic tensor in the context of Lagrangian fluid dynamics which can be

@jr =ljnj ®@nj, see [7], or &jr = 2(111‘“])‘ ®n; —Hj'r }‘;@n*) see [11], with l]r, ~ normals and length associated to the

edges [X;_1,Xr] and [X;, X;1]. We set also a; = Zj ojr. The tensor ﬁ]r is ﬂjr = ”‘ﬂr with ﬂr Zj ljrmjr ® (Xr —X;) where
V; is the control volume and Vj, the part of the control volume associated to the cell j defined in [6]. The terms in (7)
associated to the projection fluxes are: RT = {r/ljr(ur,mj;) > 0}, R~ ={r/lj;(u;,nj) <0} and

Zj/lj,(ur,nj,)>o lir(ur, mjr) g

Zj/ljr(ur,nj,)>0 ljr(ar, mjr)

8kr) = (9)

where g =F or E. As in [6], we assume that the meshes are non-degenerate that is @, is definite positive and such that

Bry,y) = BIVellyl? B>0 (10)

which is almost always the case for the meshes used, see [6] for more details.
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3. Diffusion limit of the Eulerian scheme

A previous study in [6] and an asymptotic analysis based on a Hilbert expansion show that u, is homogeneous to —%

when ¢ tends to 0. Therefore, in the diffusion regime, the scheme (7) reduces to the nonlinear positive diffusion scheme
with the diffusion coefficient 5-:

1 ~ . 1 uy 1 uy
Ej(t) + Xr: TCH((lerjnjr — Bjrtr), E_r) + ; 4—arljr<E—r,njr>Ej + RX_: 4—arljr<E—r,njr>Ek(r) =0,

(11)
Brur = lerEjnjrv
J

where Ej- and Ei( are defined by the advection scheme. In [6] we prove that @, is consistent with —VE(x;). The positivity
of this scheme comes from (10).

4. Entropy condition and maximum principle

We first give bounds on the nodal velocities.

Proposition 1. We assume that the computational domain is a torus. If the numerical solution lies in 9, defined by (5), then with the
above assumptions on the meshes, the nodal velocities u, are bounded.

Proof. Multiplying the definition (8) for the nodal velocities by u,, using the above assumptions on the meshes, and the
Cauchy-Schwartz inequality one obtains

(of
(crxr + ;fkrmw)nurn <D Lirlgjl+ ¢ ) Lirllug]
j j

with A, the minimal eigenvalue of the symmetric and definite positive matrix &;. Using the definition of ¢; and the fact
that Ej > 0 and [|fj]| <1 so that ||uj|| <1 we obtain that

Er<c<4E’ 0« -<1E- E, <k <4E
«/§\ r\3ﬁ, \Qj\3]: rhrx r

3
agEi . . . .
and so |uy| < % b’_rE’_ with positive constants aj and bj- which depend on the meshes, o and ¢. Thus |u,|| < max; Zl
jPirkj ir

This result is far from optimal but it is sufficient for our needs thereafter. O
Now we give the main result:

Lemma 2. We assume that the computational domain is a torus. If the initial data lies in &, defined by (5), then with the above
assumptions on the meshes, the semi-discrete scheme (7)-(9) is entropic

1
0:Sj+ e (ler(urv n;)S;+ ler(“rs njr)sk(r)> =0 (12)
R+ R-
and the solution lies in & for all time t > 0. Therefore the maximum principle is preserved.

Proof. First, we remark that ||F;(t)|| < E;(t) & \|uj||2 < 1. Using (4a) we have ;5 = Tij(atE,- — (uj, 3F;)) and easy calcula-
tions give

1
aSity (Z’fr(“n n;pr)S;+ ) Lir(ur, nfr)5k<r>> =L+P, (13)
R+ R-
with
1 2 O ~
L=— (Z Cr(ljrnjn (uj — ur)) + _r(lsrura “r))
Tie \~< &

which is non-negative using the assumptions on the meshes, and

1 1
P= Te E lir(ar, mj)(T;S; — Ej+ (uj, Fj)) —q;) + Te E Lir(ur, ) (T Skry — Exery + (U, Fegr) — q5).
J R+ J R—

Using (4b) the first term of P is equal to zero. Also with (4b), the second term of P can be recast as
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Fig. 2. Examples of meshes, random mesh and Kershaw mesh and contour plot of E for the test case for the diffusion limit regime, with ¢ =0.001 and the
Kershaw mesh.

1 1
T > lir(ur,njp) <5k(r) = Si— By — E) g+ (), Figry — Fj)) (14)
j€ & j

which is positive using the concavity of the entropy. That ends the proof of (12).

Now we prove that the scheme verifies the maximum principle for all time. The semi-discrete scheme is a dynamical
system X'(t) = F(X(t)) defined at least on Int(2) and F(X) is a piecewise C! function. The Cauchy-Lipschitz theorem
ensures the existence of a maximal solution X(t) on [0, T[.

If E; >0 and |luj|l <1 on [0,7[, T < Ty, the previous proposition shows that |u,|| is bounded. Using (12), the en-

AW

tropy S; is bounded on [0, 7[ from below by S;(t) > e~%%S;(0) with a; = > p+lj;(ur, mj). It is obvious that % =

11123/4
(%)3_3/4% > 3. Using the lower bound of the entropy we obtain E; > (%SJ(O)e*“!")%. Now by the conserva-
J
. . s E© . .
tivity of the scheme for the E;’s and their positivity we have E; < % IEO)]I 1 = Zj |£2|Ej(0). Using the definition

of the entropy and the upper bound for E; we obtain (1 — [lu;||?) > (%)ﬂﬂ%:ﬂ )35(0)%e~44T_ Consequently on [0, [, the
L

quantities E; and F; remain in a compact strictly included in & i.e. the solution cannot reach 9% in finite time. Thus we

have proved that these quantities lie in & for all time 7 < Ty and using classical results for dynamical system necessarily

Ty = +oo otherwise the solution can be extended on some interval [Ty, Ty + u[ which is not possible since [0, T¢] is the

maximal interval of existence of the solution. O

5. Second order extension and numerical results

Numerical results show that the part of the limit diffusion scheme associated to the Lagrangian fluxes converge with
the second order, but the part of the limit diffusion scheme associated to the advection fluxes converges only with the first
order. Usually good diffusion schemes converge with the second order. Consequently we propose to add a MUSCL procedure
in the advection (projection) fluxes to obtain a second order scheme in diffusive regime. The originality of the MUSCL
procedure used here is in the reconstruction of the gradient of any quantities at the nodes: it provides formal second order
accuracy unlike what is done in [7]. As usual any quantity f is reconstructed at the nodes as fj = fj — ¢ (M) (Xr — X;, &)
which is formally second order if ¢(m) >~ 1 and g, = V f (X;) + O (h). This is true if one uses the formula Egr = Zjljrfjnjr,
see [6] for details. In our numerical tests, the limiter is defined by:

:min(f,-)—fj m :maX(fi)—fj
min(fp— f;° ° max(f)— f;’
¢ (m) = min(o, 1 — &) max(0, min(1, m)). (15)

m = min(my, my), my

The coefficient min(o, 1 —¢) is introduced in the limiter so that the MUSCL procedure is effective only when ¢ is small that
is in diffusive regime, in order to avoid breaking of the maximum principle. In practice we use this procedure to reconstruct
nodal values of E an F which are plugged in the projection part of the scheme (7) in place of their cell centered values.
Two examples of meshes used for the numerical results are given in Fig. 2.

5.1. Test case for the diffusion limit regime

To validate the limit diffusion scheme (11) we propose the following test: the initial condition is the fundamental solu-
tion of the heat equation at t = 0.001. The final time is Ty =0.011. We compare the numerical solution of M1 model for
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Table 1
Diffusion test case: order of convergence for ¢ =0.001 left and ¢ = 0.0001 right.
Mesh/order 80 160 320 Nb negative coef. Mesh/order 80 160 320 Nb negative coef.
Cartesian mesh 179 191 1.90 0 Cartesian mesh 179 194 1.98 0
Rand. quad mesh 1.85 192 1.92 0 Rand. quad mesh 185 194 2. 0
Cartesian trig. mesh 1.90 1.95 1.92 0 Cartesian trig. mesh 1.90 1.96 2.05 0
Rand trig. mesh 1.92 1.95 1.92 0 Rand trig. mesh 192 1.96 1.94 0
Kershaw mesh 1.68 1.67 1.87 0 Kershaw mesh 1.69 1.67 1.89 0
Table 2
Transport test case: order of convergence.
Mesh 40-80 80-160 160-320 Nb coef. E <0 Nb coef. ||f|| > 1
Cartesian mesh 0475 0.49 0.496 0 0
Rand. quad mesh 0.475 0.494 0.496 0 0
Kershaw mesh 0.42 0.465 0.493 0 0
Cartesian trig. mesh 0.474 0.491 0.496 0 0
Rand trig. mesh 0.477 0.492 0.496 0 0

some small values of & and the exact solution of the diffusion equation: see Table 1 for orders of convergence and contour
plot for E right picture of Fig. 2. We use a semi implicit time discretization, only the source term is treated in implicit. In
Table 1 we can see that the limit diffusion scheme converges with the second order for all meshes.

5.2. Transport test case

To verify the respect of the maximum principle by our scheme, we propose a transport test case, 0 =0, E(0) = Fx(0) =
1xef0.4:0.6) and Fy(0) = 0. The solution is E(t) = Fx(t) = Ixe[0.4+t:0.6+t] and Fy(t) = 0. The final time is Ty = 0.2 and we use
an explicit time discretization.

Table 2 shows that the scheme preserves the maximum principle and converges, for E, with the usual order 0.5 for
discontinuous solutions (for sufficiently smooth solutions order 1 is recovered), see [12] in the case of nonlinear scalar
conservation laws.

6. Conclusion

In this study, we have proposed an AP scheme for the nonlinear M1 model which preserves the maximum principle.
These properties have been obtained using a reformulation of the M; system as gas dynamic equations. Nodal hydrodynamic
schemes seems to be useful to define AP schemes on 2D distorded meshes. Moreover for the M; model, their entropic
property gives the maximum principle. In future works, we will address implicit time discretizations and the interaction
with the matter.
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