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RESUME

Dans le contexte d’'un modéle d’analyse de survie avec données censurées et en présence
d'une covariable explicative, on veut prédire la probabilité de survie au-dela de la plus
grande observation. Un modéle de Cox dont la fonction de risque de base est constante,
est ajusté sur la queue de la distribution de la durée de vie. Sous certaines conditions de
régularité, on démontre la convergence des estimateurs des paramétres du modéle.

© 2011 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version francaise abrégée

On utilise le modéle de Cox a hasard proportionnel ([7,6]) pour prédire la durée de vie a partir des temps d’observation
censurés tq,...,t,, lorsquelle est proche ou méme dépasse max{ty,...,t;}. Pour cela on propose d’ajuster la queue de la
distribution de la durée de vie par un modeéle de Cox. Cette approche est similaire a celle des références [2] et [3].

On considére une variable aléatoire (v.a.) X a valeur sur [xg, 00), Xo > 0, de fonction de répartition (f.r.) F, de densité
fr, de fonction de survie Sp(x) =1 — F(x), x > xo et de fonction de risque hr = fr/Sr. Les temps de censure a droite,
a valeur sur [xg, 00), sont notés C. Soient fc et Fc respectivement, les densité et f.r. de C. Soient Sc(x) =1 — Fc(x), X > Xo
et hc = fc/Sc. On note Pr(x,8), x>0, § € {0,1} la loi du vecteur (T, A), ot T =min{X,C} et A=1 (X < (). Soient
X1,..., Xy et Cq, ..., Cy deux échantillons indépendants de X et C et soient T; = min{Xj, C;} et A; =1 (X; < C;). On note
par Pr la loi des Y; = (T;, Aj), i=1,...,n et par Er 'espérance par rapport a Pr. On suppose que hr(-) = h(-|z) dépend de
la valeur z d’'une covariable Z dans {0, 1}. Par la suite on considérera une suite de réalisations z1,...,z, de Z et les calculs
se feront conditionnellement aux Z; = z;.
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Notons Ag ;= reP? > 0. Pour A > 0, B eR ett>xp, notons F; g(x|z) la fr. telle que :

SF(x), X € [xo, 1,

1-— F)L,ﬂ,t(xlz) = { SF(t) exp(—)\,eﬂz(x - t))7 x>t

Soit fiy; = ZT@{!Z[:Z Aj, z=0,1. Les estimateurs locaux du maximum de la quasi-vraisemblance pour Ago =X et Ag1 =
ref sont : dpe=Mze/ Y 1507, (Ti — 1), z=0,1 (avec 0/0=0).

Soit KC(A1,A) la divergence de Kullback-Leibler entre deux lois exponentielles de parameétres A > 0 et A > 0. Soit
x2(P, Pg) = f\{ c?TPO dP —1 Tentropie du x?2 entre les deux mesures de probabilité équivalentes P et Pg. On dit que la queue
de F appartient au domaine d’attraction du modéle de Cox si il existe A > 0 et 8 € R tels que lim;_ o x2(PF, Pr, ) =0
Alors il existe une suite 7, € [xg, o0) telle que :

2 Inn
X (PFa PFA.ﬂ,rn) =0 T . (Ol)
Si &, et n, sont des v.a. non négatives, la notation &, = Op, (1,) signifie qu'il existe ¢ > 0 tel que Pr(&;/nn <¢) — 1

+o0 _
lorsque n — oo (avec = 0).

Théoréme 0.1. Si F appartient au domaine d’attraction du modéle de Cox et T, est une suite satisfaisant (0.1), alors IC():Z,T,, JAg2) =
OPF(ﬁl“” ), pourz=0,1.
2,

Notons qc ¢ (t) = [ gg((’g gFF((’t‘; dxetn, =111 (Zi=2).

Théoréme 0.2. Supposons qu'il existe deux constantes qo > 0 et k > 0 telles que qc, r(t) > qo, pourt > xop, et k <nz/n<1—k.Si
F appartient au domaine d’attraction du modéle de Cox et T, est une suite satlsfalsant (0.1) et nSc(ty)SE(Th) — 00 lorsque n— oo,
alors Effi; , > coknSc(tn)SF(Ty), pour une constante c¢o > 0, Pr(fz r, > IEan 7,) — 1 lorsque n — oo, et IC()LZ T Agz) =

Inn
Opr (iscmyysram)-

Soit A > 0, Amax > Amin > 0, Bmax > Bmin des constantes. Dans le cas particulier oli F appartient a la classe H(«) des
fonctions telles que h(x|z) = Ag, +1(X|2), |r(x|2)| < Aexp(—ax), avec & > 0, Apin <A < Amax, Pmin < B < Pmax, ON peut
donner la vitesse explicite en n. En effet, supposons la condition suivante concernant les censures :

he@) =y +rc®), |rC(X)| <SMx#, >0, Ymin <Y < Vmaxs (0.2)

oll M >0, ¥max > Vmin > 0 sont des constantes. Notons Ag = A max{1, efy.

Théoréme 0.3. Soit F € H () et la condition (0.2) réalisée. Supposons qu'il existe deux constantes qo > 0 et k > O telles que qc r(t) >

20
qo, pourt > xo, et k <ny/n<1—k.Alors, lorsquez=0, 1, onalC(Az o hpz) = O0p.(n 77 Inn), oil T, = % +0(1).

1. Introduction and main results

The non-parametric Cox proportional hazard model has become a common tool for predicting the time to event data in
various applied fields (see for example [7,6,1] and the references therein, among many others). However it is well known
that the estimated survival probabilities become very unstable when the life time is close to the right end of the observed
data range. In the present paper we propose a new approach for estimating the survival probabilities from the censored
failure time data tq, ..., t,, when the life time is close to or even exceeds max{ti, ..., ty}. Our idea consists in adjusting a
Cox model to the tail of the unknown lifetime distribution and is similar to that used in [2] and [3].

Assume that a random variable (r.v.) X with values in [xg, o0), X9 > 0, has the distribution function (d.f.) F, the density
function fr and the survival function Sg(x) =1 — F(X), x > xo. By hr = fr/SF we denote its hazard function. Consider a
right random censoring time C with values in [xg, c0) admitting the density fc. Denote by F¢ its d.f. and let Sc(x) =1 —
Fc(x), x> X0, and hc = fc/Sc. Let Pr(x,8), X > xo, § € {0, 1} be the law of the random vector (T, A), where T = min{X, C}
and A =1 (X < C). The density of Pf is given by

PE(x,8) = fEX)’SE®)° fe(0)0Sc(x)?, x>x0, 8 €{0,1}.

Let Xq,..., X, and Cq, ..., C, be two independent samples from X and C and let T; = min{X;, C;} and A; =1 (X; < Gj).
Denote by Pr the joint law of the sample Y; = (Tj, A;), i=1,...,n and by Ef the expectation w.r.t. Pr on Y", where
= [x0, 00) x {0, 1}.
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Assume that

SF(x) = exp(—/hF(v)dv>,
X0

where hp(v) = h(v|z) is supposed to depend on the values z of a covariate Z with values in the set {0, 1}. In the sequel
we consider that we are given a sequence of realizations z1, ..., z; of the covariate Z and that all the reasonings are made
conditionally w.r.t. these realizations.

Since the hazard function h(-|z) is not supposed to have a particular structure, the non-parametric estimator of the pro-
posed model does not provide reliable estimation for the survival probabilities Sg(x) for large values of x. In particular,
when x > max{tq,...,t,} for a given sample tq,...,t;, of Tq,..., T, these predictions are not meaningful. To ensure bet-
ter predictive properties, we shall assume the Cox model (see for instance [7]) h(X|z) = g, = ez >0, x>t, for some
unknown threshold level t > xg. For any A >0, 8 € R and t > xo, denote by F; g(x|z) the distribution function defined by

SF(x), X € [xo, t],

1— F,\,ﬂ,t(x|z) = { SE(D) exp(—)»eﬁz(x —t), x>t.

For any t > xo define quasi-likelihood by L, (F; g¢) = Z?:] Inpg, ,,(Ti, Aj). For z=0, 1, denote figr = ZT@[!ZFZ Aj. Max-
imizing L, (F; g¢) in Ago=A and in Ag1 = reP gives the local quasi-likelihood estimators (with 0/0 = 0)
izt

5\2,[ = , z=0,1.
Zri>t,z,~=z(Ti —b

Let KC(Aq,2) be Kullback-Leibler divergence between two exponential laws with parameters A1 > 0 and A > 0 re-
spectively. It is easy to verify that (A1, A) = G(% — 1), where G(x) =x — In(x + 1) for x > —1. By continuity we set

K(0, 1) = 4+00. Consider the x?2 entropy between two equivalent probability measures P and Po:

dP
2
P,Py)= [ —dP —1.
X (P, Pg) fdPo
%

We say that the tail of the distribution function F belongs to the domain of attraction of Cox model if there exist A > 0 and
B € R such that lim;_, o XZ(PF, Ppwm) =0. It is easy to see that if the tail of the distribution function F belongs to the
domain of attraction of Cox model then there is a sequence t, such that the following condition is satisfied

2 Inn
X“(Pr, P ) =0 - ) (11)
Now we are in position to formulate our main results. For non-negative r.v.’s & and 1, the notation &, = Op; () means
that there exists ¢ > 0 such that Pr(&,/n, <c) —> 1 as n — oo (with % =0).

Theorem 1.1. If the distribution function F belongs to the domain of attraction of Cox model and t, is a sequence satisfying (1.1), then,
forz=0,1,

N Inn
’C(A'Z,Tna)LlB,Z)ZOPF ﬁ— .

Z,Tn

Denote qc r(t) = jtoo i’.gg‘)) ?;(8 dx. Remark that qc r(t) is the proportion of the non-censored survival times among all

survival times exceeding the threshold t. Denote n, = Z?:ll (Zi = z). Then nz/n is the proportion of observed times
associated to the value z of the covariate Z. The following theorem is a consequence of Theorem 1.1.

Theorem 1.2. Assume there exist constants qo > 0 and « > 0 such that qc r(t) > qo, fort > Xo, and k <nz/n <1 — k. If the distri-
bution function F belongs to the domain of attraction of Cox model and the sequence t, is satisfying (1.1) and nSc(tp) S (tn) — 00
asn — oo, then Epfiz 7, > coknSc(tn)SF(Tn), for some constant co > 0, Pr(fz 7, > %EFﬁz,Tn) — 1asn— oo, and

KGopr hps)=0 Inn
2o A2 = IR S c(t) SE () )

Remark that the condition qc r(t) > qo, for t > xo, implies the identifiability of the model, for any fixed t > xp.
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2. Explicit rate of convergence

Let A >0, Amax > Amin > 0, Bmax > PBmin be some constants. We shall give the rate of convergence in the case when
F belongs to the class of distribution functions H(«) with hazard function of the form h(x|z) = Ag, + r(x]2), [r(x|2)] <
Aexp(—ax), where o > 0, Amin <A < Amax> Bmin < B < Bmax. This class is similar to the class of functions studied in [4]
and [5] for the extreme values models. To do so we shall impose the following condition on the censoring variable C:

he®) =y +rc(x), ‘rC(X)’ <SMx#, >0, Ymin < ¥ < Vmaxs (21)

where M > 0, Ymax > Ymin > 0 are some given constants. Denote Ag = A max({1, eﬁ}.

Theorem 2.1. Assume F € H (o) and condition (2.1). Suppose that there exist constants qo > 0 and k > 0 such that qc (t) > qo, for
t >Xp, and k <nz/n<1—«.Then, forz=0,1,

~ _ 2a
K(Azz, Ag,z) = Opg (Tl gyt lnn),

_ Inn
where Th = m + 0(1).
A consistent estimator of the parameter 8 = In L; is given by Brn =In il—’" A rate of convergence result for Bfn is
0,7n
straightforward.

3. Proofs of the main results

Proposition 3.1. Forany A, A1 >0, 8,81 € Randany x>0

IP’F<ZIH p;m (Y >x+ny (PF,PFW)><e§.
i=1 A8t

The proof of the proposition is similar to that of Proposition 7.1 in [3] and therefore will be not detailed here.

Proposition 3.2. Forany A > 0, 8 € R, t > x¢ and any x > 0 it holds

Pr (fiz. Kz Ap.2) = x+nx(PF. Pr, ) +2Inn) <272,

where z=0, 1.

The assertion of Theorem 1.1 follows immediately from Proposition 3.2 if we set x =2Inn.
3.1. Proof of Proposition 3.2

Note that

LN ApePri
Zln LA (Y =) Ailn = — P = > (meP1 — nePa)(T; — ).

PEs e Ti>t Ti>t

Stratifying w.r.t. values of Z; we get

PF o ~
Zl —LPL () = fo. Ao (1. Ap.0) + A1 A1 (MeP' Ag1).
i=1 PFipe

_Yy

In -
where A;(M, 1) =In2 G - =1 —, z=0,1. Denote for brevity y = x + nx2(PF, Pr, ;) >0 and g(u,k) = u)fszk .
zr Py )

Let At (k) =arg maxy>;,, g, k) and A~ (k) =argminyg,,, g(u, k). It is easy to see that

g()\ztynzt) )\zt, kzt )hﬁz}

Az AzOzt Mp2) > ¥, Az = hpz) =

C{g(A T (Az0). fze) > Azt Aze > Ap.z)
{
{

flztAz()L (fz,0), )\ﬁz)/y, )hzt )\ﬁz}
C {fiz Az ()L Nz, Aﬂz)))’}-
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In the same way we get

{ﬁZ,IAZ(}:‘Z,tv rpz) 2 Y, iz,t < )\ﬁ,z} - {ﬁz,tAz(A_(ﬁz,t), )L/j,z) = .V}-
These inclusions imply
{ﬁz,t’C()ALz,t, Agz) 2 .V} = {ﬁz,tAz()Ahz,t, Agz) 2 .V}
C{fzeAz(AT Bz hpz) = ¥} U {fizeAz (A7 (Az0). Ap.2) > v}

From (3.1) we get

Pr (flz,tK(iz,t’ )\,B,z) = .V) < Pr (ﬁz,tAz()\Jr(ﬁz,t), )\ﬂ,z) > .V) + Pr (ﬁz,tAz()\i(ﬁz,t)» )Lﬂ,z) = .V)

n n
< ZPF (ﬁz,tAz()\-i_(k), )\ﬂ,z) = .V) + ZPF (ﬁz,tAz()\_(k)» )\ﬁ,z) = y)-

k=1 k=1

Suppose z = 0. Choosing f; such that A;eft = xef, from Proposition 3.1, it follows

Pr(fo,c Ao(h1, Ap0) > y) <e”2,
for any Aq > 0. Then, by (3.2) and (3.3),

Pr (fz, K(hot. hp.0) > y) < 2ne /2 = 2e=*/2FInn,

The proposition is proved for z=0. The proof in the case z=1 is similar.

3.2. Sketch of the proof of Theorem 2.1

811

(3.1)

(3.3)

Theorem 2.1 is a consequence of Theorem 1.1 if we show condition (1.1). Consider the distance p;(h1,hy) =

SUDPx>¢ |h1(x) —ha(x)|, where hy, h, are two positive functions on [xg, o0) and t > xg. By Lemma 8.5 in [3],

dPr

In —
dPr, 40

5 drr \?
X“(Pr, P, 5.,) < PPl In————) exp .
A dPF»\,ﬂ,rn
Using the fact that F € H(«) and condition (2.1) we obtain
x*(PE. P, 5...) = O(Sc(ta) Sk (tn) 7,
A —aT —M
=0\ exp —(y+}»,3,z+2a)rn+ae "4+ Mt, ,

where pr, = max,e(0.1} P, (h(-|2), AeP?). This implies that (1.1) holds with 7, = Aﬁl“ﬁ +0().
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