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the pressure. The velocity is approximated with curl conforming finite elements and
Presented by Olivier Pironneau the pressure with standard continuous elements. Next, we establish optimal a posteriori
estimates.
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RESUME

Dans cette Note, nous établissons des estimations d'erreur a posteriori pour le probléme
de Stokes avec certaines conditions aux limites non standards en dimension trois. La
formulation variationnelle est découplée en un probléme pour la vitesse et une équation de
Poisson pour la pression. La vitesse est approchée par les éléments finis rot et la pression
par les éléments continus standards. Nous établirons par la suite les estimations a posteriori
optimales.

© 2011 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version francaise abrégée

On consiére le probléme formé par 'équation (1) avec la condition aux limites (2) (ou (3)) ol £2 est un domaine borné
polyhédrique et convexe de R> de bord I = 3£2. On note n le vecteur normal sortant sur I", u la vitesse et p la pression.

Habituellement, pour le probléme de Stokes, nous utilisons la condition inf-sup pour établir I'existence et I'unicité de la
solution théorique; et pour la discrétisation de la pression et de la vitesse, nous utilisons des ensembles d’éléments finis
qui vérifient aussi la condition inf-sup discréte.

Dans notre travail, les conditions aux limites non standard (2) et (3) nous permettent de découpler le systéme varia-
tionnel en une équation de Poisson pour la pression et une autre équation pour la vitesse ol I'existence et I'unicité de
la solution découlent directement sans la condition inf-sup. Nous utilisons la méthode des éléments finis non-conformes
H(rot) pour la vitesse et les éléments finis P! pour la pression.
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Les estimations d’erreur a priori peuvent étre classiquement établies. Concernant les etimations d’erreur a posteriori,
nous commencons par établir celles relatives a la pression par les méthodes usuelles. Celles de la vitesse se basent sur la
décomposition suivante ;

u—u,=Vi+w

ou A€ H}J(Q) et w e Vg (pour la condition aux limites (2)). Ainsi, nous obtenons le systéme suivant vérifié uniquement
par A :

1 1

f ViV ==23" ( > /[uh.n](u - w)), Vi€ Ho($2), Vit € Qon
2 KETh “e€&k

et le systeme vérifié seulement par w

v/curlwcurlv: Z </(f—fh)(v—vh) +/(fh —Vpp)(Vv—vp) —%
2 K

KETh Ny

> /([curlu,1 x n])(v—Vh)>,

ecec,

Vv e Vg, Vv, € V.
1. Introduction, description and analysis of the model

Let £2 be a bounded convex domain of R3 with a polyhedral boundary 352 = I". Consider the following Stokes equations
for an incompressible fluid, with the velocity u and the pressure p:

—vAu+Vp=f in$2, divu=0 in $2, (1)
and the boundary conditions:

uxn=0, p=0 onds, (2)
or

u.n=0, curlu xn=0 onas. 3)

We denote by (Prob1) the system of Eqgs. (1) and (2), and by (Prob2) the system of Eqs. (1) and (3). We suppose that
fe 12(2)3 and we denote by C a generic positive constant. We introduce the spaces:

H(div, 2)={ve 12(2)°, divve [*(2)};  Ho(div, 2) ={ve H(div,2),v-n=00nT};
H(curl, 2)={ve LZ(Q)a, curlv e LZ(.Q)B}; Ho(curl, 2) = {ve H(curl, ), vxn=0onI"};

normed respectively by

2 oun2 1172 2 2 172
VIl Hediv.2) = {IIVIIG. + IdivVI[G o} and ||Vl Hcurt,2) = {IIVlg.o + llcurlvij§ o} '~

Theorem 1. (Prob1) and (Prob2) have respectively the following weak variational formulations:
Find u € Ho(curl, £2) and p € H}(£2) such that
v(curlu, curlv) + (Vp,v) = (f,v), Vve Hgy(curl, £2), (4)
(Vg.u) =0, ¥qeHy), (5)
and
Findue H(curl, 2) and p € H! (£2)/R such that
v(curlu, curlv) + (Vp,v) = (f,v), Vve H(curl, £2), (6)
(Vq,u)=0, VqeH'(2). (7)

Let us introduce the spaces:
Vo= {ve Ho(eurl, 2); (Vq,v) =0, Vq e H}(2)}
and
U={veH(curl, 2); (Vq,v)=0, Yge H'(2)}.

For all ve Vo or U, we have |lcurlv||;25y3 < ClIV||H(curt,2)-
Each variational formulation is split into a system for the velocity and a Poisson equation for the pressure.
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Theorem 2. The problem (4)-(5) is equivalent to the problem:

Findu € Vg such that v(curlu, curlv) = (f,v), Vve V. (8)
Find p € H)(£2) such that (Vp,Vq) = (f, Vq), ¥qe Hy(R2). 9)

The problem (6)-(7) is equivalent to the problem:

Find u € U such that v(curlu, curlv) = (f,v), VveU. (10)
Find p € H'(£2)/R such that (Vp,Vq) =(f, Vq), VYqe HY(2). (11)

In both cases, there exists a unique solution and we have the following bounds:
Cq Ca
Iph,e < lfllo,e: lcurlullo.e < 7||f||o,9 and lully,e < 7llf||o,9.

For the details of the previous two theorems, we can refer to V. Girault [4], p. 206.
2. Finite element discretization

Let h > 0 be a discretization parameter and for each h, let 7, be a corresponding regular (or non-degenerate) family of
triangulations of £2, consisting of tetrahedra such that any two tetrahedra are either disjoint or share a vertex or an entire
edge or face. For an arbitrary x € t;, we denote by 7, the diameter of x and by p, the diameter of the sphere inscribed
in «. Then 7 denotes the maximum of 7, and we assume that 7, is regular in the sense of Ciarlet [2]: there exists a
constant o independent of 7 such that

suprl—'(:a,(ga. (12)
kety Pi

For each « in 13, we introduce the spaces Pg (k) of the restrictions to x of constant functions on R3, P;(«) of the restrictions
to « of affine function on R and the space Pk (k) of the restrictions to x of polynomials v of the form:

vx)=a+bxx, acR3 beR3.

The space Pk (x) and the corresponding finite elements are studied in [5]. Their degrees of freedom are the average flux
along the edges f,(v.t)dl, for the six edges | of «, t is the direction vector of I.

Hence, we associate the operator r, where r(u) is the unique polynomial of Px that has the same flux along the edges
as u. We define also the operator I, where I, (q) is the unique polynomial of IP; (k) that has the same values on the vertex
of K as q. Next, let us introduce the discrete spaces:

My, = {u, € H(eurl, 2); uy, € Pg(k), Yk € T4}, Mgn = My N Ho(curl, £2), (13)

Qn=1{an € C%2); anlc €P1(k), Vk €T},  Qon= QnNHJ(£2). (14)
With these spaces, the finite-dimensional analogues of Vo and U are

Von = {vi € Mon; (Vqn,Vh) =0, Yan € Qon}. Up = {vi € Mp; (Van,vi) =0, Yqu € Qp}.
We define the interpolation operators r, from H'(§2)3 onto My, I, from H2(§2) onto Qj by

rhiu=r.(u) onk, Yk €ty (similarly for I).
We discretize (Prob1) by: Find u € Vo, and pp € Qo such that

v(curluy, curlvy) + (Vpp,vp) = (£, v), Vv, € Mop. (15)
Similarly, we discretize (Prob2) by: Find u;, € U, and pj, € Qp/R such that

v(curuy, curlvy) + (Vpp,vp) = £, vy), Vv, € Mp. (16)
As in the continuous way, the discrete form of (Prob1) and (Prob2) can be respectively split into

Find u;, € Vg, such that  v(curluy, curlvy) = (f,vy), Vv, € Vop, (17)
Find p; € Qop such that (Vpp, Vgr) = (£, Vqn), Vqn € Qon- (18)
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And

Find u, € Uy such that v(curluy, curlvy) = (f, v,), Vv, e Uy, (19)
Find p, € Qp/R such that (Vpp, Vqn) = (£, Var), Vqn € Qp. (20)

These two last discrete problems have unique solutions (see Girault [4], p. 216). The pressure is entirely dissociated from
the velocity, i.e. can be computed without knowing the velocity. We have also for both discrete problems the following
bounds:

C
lcurluy o, < —IIfllorz and |ppl1,e < |Ifllo,e-

For the a priori error estimates, we can refer to [4]. If the solution of the problem (8)-(9) (resp. (10)-(11)) is sufficiently
smooth we have

Ip — pnl1.2 <Chlplae and |curl(u—wp)llo.e < Ch(|pl2.e + lul2.2). (21)
3. A posteriori error analysis

We now intend to prove a posteriori error estimates between the exact solution (u, p) of the problem (8)-(9) and the
numerical solution (uy, py) of the problem (17)-(18). By the same way, we can prove a posteriori error estimates between
the solution (u, p) of the exact problem (10)-(11) and (uy, py) of the numerical problem (19)-(20). In all the rest of the
paper, we suppose that f € H(div, £2).

We introduce for an element k of 7, the bubble function v, (resp. ¥, of the face e) which is equal to the product of
the d 4+ 1 barycentric coordinates associated with the vertices of k (resp. of e) and L, the lifting operator from polynomials
defined on e into polynomials defined on the elements x and «’ containing e, which is constructed by affine transformations
from a fixed operator on the reference element.

We first introduce the space Z, = {g, € L?(£2)3; Vk € w4, gule € Po(k)}, and we fix an approximation f, of the data

f in Zj,. Let us begin with a posteriori error for the pressure. We define the error indicator by n, = ZEESK 1/2||[(fh
Vpn) |2

Proposition 3. The following a posteriori estimate holds between the solution p of (9) and the solution py, of (18):

24 1 1/2
p= o < ¢ 30 (2 et + (X AP1A - fallg ) )]

KETH ecey
The error indicators verify the following optimality conditions:

s C<|p — Phlucag) + helldivEllza, + Y he'*|[[(f—f).n] ||L2(e>>' (22)

ecey

Proof. Using Egs. (9) and (18), the error function p — p, belongs to H})(.Q) and satisfies:

(V(p—pn).Vq) = (/(f f) V(g — qh)+f(fh — Vppn)V(q — qh)> (23)

KETh
By integrating by part and taking g, = Ryq (the image of g by the Clément type regularization operator [3]), we obtain the
upper bound. For the lower bounds, we integrate by part Eq. (23), and take g, =0 and q = L.([(f; — Vpp).n]¥e). O

Now, let us establish a posteriori error for the velocity. The error function u — uy belongs to Ho(curl, £2), there exists a
function A € Hé (£2) solution of the problem:

Vi e Hy(), /VAVM:/(u—uh)V,u:—fuhVu,. (24)
2 2 2

Then the function w = (u — u;) — VA belongs to Vy and we have curlw = curl(u — uy). We obtain

10— 113 curt.2) = IVAIG. @ + W1 curt.2)- (25)

In order to find the upper and lower bounds of ||u — uh||f1(mﬂ’ @) We start by finding those of the terms in the left-hand
side of (25).
We introduce the indicator & = ZEESK hg/2||[uh.n]||0_e.
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Theorem 4. The following bounds hold:

1/2
mmsc(Zs,?) and & < CIAl1.a,- (26)

KET

Proof. Using Eq. (24), we have for any i, € Qqp,

1
/V)\V,LL = —/uhV(,u — Up) = -3 ( /[“h nj(u — H«h))
o o KETh Ne€ey

First we take © = A and up = Ry to obtain the upper bound. Second, we take p© = L.([u;.n]y,) to obtain the lower
bounds. O

We introduce the indicator ¥, = h||fy — Vpnllox + %ZeesK h;/zll[curluh x n]oe-

Theorem 5. The following bounds hold:

1/2

W eurt, 2) < c( > (h2IE—fullf  + y&)) : (27)
KETH

Ye < G(llcurlw(io A, + (he +he)(If — fullo,ac + 1P — Phlo,a,))- (28)

Proof. Using Egs. (8) and (17), we have for all v e Vg,

v/curl(u—uh)curlv=/fv— vfcurluh curlv.
Q 2 Q

We replace u — u, by w+ VA, integrate by part and remark that fg V(p — pp)v=0 to obtain

KET eesK

v/curlwcurlv_ [/(f f)(v— vh)—l—/(fh —VpR)(V—vp) — = Z/ [curlu xn])(v vh)] (29)
Q2

We take v, = Ryv (Ry is the Raviart-Thomas operator [6]) and v =w to obtain the upper bound. For the lower bound, we
take v, =0 and v = (f; — Vpp) ¥, to obtain the first inequality

£ — Vprllox < C(he leurlwllo e + |p — pnl1.c + If — fulloc),

and v = L. (([curlu x n])v.) to obtain the second one

| (curluy x nf, , < C{he " llcurlwiio cue +he’* (1P — Pal1cue + I = fulloseue + Ifx — VPrllocue) }-

Using the definition of y, we obtain the relation (28). O

Corollary 6. The optimal a posteriori estimate holds:

1t — Wyl g curt,2) + 1P — Prl1.e < { Yo+ &+ mi +h (I —fullg ) + IdivElT, )

KeTy
2,172
+(Zh;/2|}[<f—fh>.n]||Lz(e)>} , (30)
ecey

where yy, & and n, are given by the formulas (22), (26) and (28).
4. Conclusion

We observe that the estimate (30) is optimal: up to the terms involving the data, the full error is bounded by a constant
times the sum of all indicators. Estimates (22), (26) and (28) are local, i.e., only involve the error in a neighborhood of «
or e. The indicators 7, & and ¥, can be viewed as a measure for the error of the space discretization and can be used to
adapt the mesh-size in space. For all details of the proofs, we refer to [1].
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