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RESUME

Dans cette Note, nous reconsidérons le test de symétrie de la loi du bruit dans une classe
de modéles hétéroscédastiques proposé par Ngatchou-Wandji (2009). Le cadre de notre
étude est celui o, aussi bien les observations que les erreurs, ne sont plus nécessairement
stationnaires, mais absolument réguliéres.

© 2010 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version francaise abrégée

Soit U; = {(Yi, X;), i € N} un processus absolument régulier, non nécessairement stationnaire. La moyenne et la variance
conditionnelles de Y; sachant Z; = (Y;_1,Yi—2,...,Yi_s, Xi, Xi—1,..., Xi—q) sont notées m(Z;;6) et 0%(Zi; p), ol m et o
sont des fonctions spécifiées, p et 6 des paramétres inconnus. Nous considérons la forme conditionnellement centrée et
réduite

Yi —m(Z;; p)

T oT\T 5 I
s = ,0 O x6CR xRP 1
o (Zi:0) V=(p07) cOxOCkx W

&) =
de Y; dont la fonction de répartition est notée F;.
Soient S = {G fonction de répartition continue: G(x) =1 — G(—x), x € R} et F la limite (en un sens précisé dans la
version anglaise ci-dessous) de la suite des fonctions F;. Notre but est de généraliser la procédure proposée dans Ngatchou-
Wandji [4] au test de I'hypothése nulle Ho : F € S contre I'alternative H; : F ¢ S.
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On note U la transposée d'un vecteur ou d’une matrice U. On définit les fonctions aléatoires suivantes :

~ 1<
FMU:;ZL&(%)@» teR,
i=1
, = 1
Su(t) =n'/2 / sin(E0 O dFa = - 3 sinftei ], (e, 2)

Supp(F) i=1

ou Supp(F) est le support de la loi associée a F, v, = (,onT,GnT)T un estimateur consistant du vrai paramétre g =
(Pg .03 )T, w(t) une fonction réelle positive continue telle que SUP;csuppr) [t (t)] < 0.

De I'étude des propriétés asymptotiques du processus Sy (t), plusieurs statistiques de test sont envisageables. Nous nous
limitons ici a celle du type Cramér-von Mises définie par

_ 2%y LN 2,
T, = / sn(r)an(t)_HZSH[SI(%)].
Supp(F) =1

D’aprés la proposition 1 et les théorémes 1 et 2 ci-dessous, pour tout i € N, &;(,) et €;(o) sont asymptotiquement égaux
en probabilité, le processus empirique ?n(t) des &i(1/n) converge uniformément en probabilité vers F(t), et sous Hy le
processus S, (t) converge en loi vers un processus gaussien centré S(t) de noyau de covariance Xy définie par (10) avec
u(t) =0. 1l en résulte que sous Hop, 7, converge en loi vers une somme pondérée de khi-deux indépendantes a un degré
de liberté, les poids intervenant dans cette somme étant les valeurs propres de l'opérateur intégral Vyx, défini pour toute
fonction g telle que fR g%(s)dF(s) < oo par :

V5,8@1) = f Zo(s, t)g(s)dF(s). (3)
R

En procédant comme dans Ngatchou-Wandji (2009), ces valeurs propres peuvent étre estimées et la convergence des esti-
mateurs établie. Les p-valeurs du test peuvent ensuite étre approximées en utilisant par exemple les résultats de Imhof [3].

1. Introduction

Let U; = {(Y;, Xi); i € N} be a sequence of absolutely regular nonnecessarily stationary random vectors. Denote the
conditional mean and variance of Y; given Z; = (Yi_1,Yi_2,...,Yis, Xi, Xi—1, ..., Xi—q) by m(Z;; p) and o (Z;; 6) where
the functions m(z; p) and o (z; ) have known forms and p and 6 are unknown parameters.

Consider the random variables ¢;(¥)’s defined by (1), and denote by the F;’s their cumulative distribution functions.
Assume that the sequence {F;} converges in a sense to be made precise to a limiting distribution function F. Let S =
{G continuous distribution function: G(x) =1— G(—x), x € R}. Our main objective in this paper is to test Hp: F € S against
‘H1: F ¢ S. This testing problem generalizes the one in Bai and Ng [1], Pérez-Alonso [5] or Ngatchou-Wandji [4], in the
sense that if the g;’s are iid, then all the F;’s equal the distribution function F. Another relevent paper is Delgado and
Escanciano [2] where testing conditional symmetry in dynamical models has been considered for stationary observations
and nonnecessarily independent errors. However, many time series encountered in practice are not stationary. This can
justify the need of reconsidering the above testing problem in a nonstationary context.

2. Notations and general assumptions

In the sequel, we assume that the sequence {U;}icy is absolutely regular with a geometrical rate, that is
pm)=0(t"), 0<t<1, (4)
where

B(k) =sup max E[ sup ]P(AlA{))—P(A)”

neN 0<j<n—k ACAS,

with A{ standing for the o -algebra generated by Uj, ..., Uj, i, j € NU {oo}. We also assume that the distribution function
of U; is continuous, and converges for the norm of total variation ||.||7y, to a distribution function with positive density
marginals. Denoting H; j the distribution function of (U;, Uj), we furthermore assume that for any | > 1, there exists a
continuous distribution function ﬁl on R2T24 admitting a strictly positive density such that

||Hi,j—ﬁj—i||TV ZO(QB), i<j,i,jeN,0<pp<1 (5)

and there exists a sequence {(NJi =i, XD, i> 1} of stationary absolutely regular random vectors of rate (4) with ([71-, ﬁj)
having H;_; as distribution function (i < j+ 1).
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For z € R5+dq, 0Q (x;z) =0Q (x;z)/0x and 32Q(x; z)/ax2 denote respectively, the gradient and the Hessian of a function
Q (x; z) differentiated with respect to x € R! or x € RP. The notation 8" Q (x; z) stands for the transpose of this function. Let
k and kj, i > 1 be positive integers. For given b € R and vectors U = (U1, ...,Us) " and D= (D1,..., D) where the D;’s
are 1 x k; matrices, we denote bU = Ub = (bU,...,bU)" and DOU =U ® D = (D1Uq,...,DUc)T. We also denote by
V|l the Euclidean norm of a vector V. The interior set of a set £2 is denoted by int(£2) and its closure by £2. Henceforth,
we restrict to models (1) for which:

(A1) For all 6 € ® and z ¢ RSH4, lo(z;0)| > 7, for some positive real number t.

(A2) There exists 8 > 2 such that sup;> [ [x|*7% dF;(x) < oo.

(A3) The functions m(z; p) and o (z; 0) are each continuously differentiable with respect to p € int(®) and ¢ € int(@) re-
spectively, and there exist finite positive numbers rq, r, such that B(pg, 1) C int(®), B(6p, r2) C int(®) and a positive
function y (z) with sup;>q E[y?+2%(Z;)] < oo, such that

max{ sup  [am(z; p)||z. sup HBO(Z;O)HEIS)/(Z)-
pEB(po,r1) 6€B(6g,12)

(A4) The true parameter o = (0o, .6, )| € © x 6 has an estimator ¥ = (p, ,6, )" satisfying the Bahadur representation

"2 (Y — Yo) =n""2 Y (o3 Zi) © I'[ei(W0)] +0p(1)

i=1

where for z € RSP, [T(yro; 2) = (1] (Yo; 2); 1T, (Y03 2)) T, TTh (Y03 2) = (TT11 (Y05 2), - .., T (03 2) T € R, Mo (W3 2) =
(IT21 (Y0; 2). . ... TTap(0: 2)) T € RP such that sup;>q E[|I1T (Y0; Zi)[[572°] < 00, and for x € R, I'(x) = (I (x): [3(x)) " €
R such that sup;g [ 7 (0[5 dFi(x) < oo and [, I'(x)dFi(x) =0 € R?, Vi e N.

Remark 1. For all i e N, let Zi(¥o) be the random variable obtained by substituting 7,- and Z = (?i,1,7,~,2,...,?,-,s,
Xi, Xi-1, ..., Xi—q) for Y;, Z; on the right-hand side of (1). Then the sequence {&;(y)}icy is stationary with stationary
cumulative distribution function F. Denoting F; j the distribution function of (&;, £;), one can show that for all k > 1, there
exists a continuous distribution function Fk defined on R?, with marginals F such that

IFij—Fi—ilty =0(0"), i<j, i,jeN, (6)

for some g, 0 <o <0 <1, and Fj,i is the distribution function of (&;(y0), €;(¥0)).

Remark 2. Assumptions (A1) and (A3) are verified by a large class of common models. Assumption (A2) is a weak assump-
tion on the distribution of the error. It is satisfied by most of the common distributions. Assumption (A4) is satisfied by
least-squares and likelihood estimators. Under this assumption, one can show that n'/2(y, — ) converges in distribution
to a Gaussian random vector with mean 0 € R"*P and covariance matrix

(E[nk(wo; Zo)I] (Yo: Zo)] / D) Tj(x) dF (x)

R

+2)  E{M(po: Zo) 1] (Yo; Zo) I [Eo (o) | Tj[Ei (o)} 1<k, j < 2>.
i=1

3. The test statistic

Proposition 1. Assume that (A1)-(A2) hold. Then for alli e N,
gi(Ym) =& (Yo) +Tin

where maxq gign [Fin| =0p(1).
Recall that F(t) is the common distribution function of the g;(y)’s and define the following function:

u(t) = E(sin[t&; (Y0)]) = / sin(tx) dF(x), teR.

R

Remark 3. The distribution of €y(1g) is symmetric around 0 if and only if the function u(t) is identically nil on R.



1024 J. Ngatchou-Wandji et al. / C. R. Acad. Sci. Paris, Ser. 1 348 (2010) 1021-1026

Denote by Supp(F) C R the support of the distribution associated with F(t). Let w(t) be a real-valued nonnegative
continuous function such that sup;csuppe [t@w(t)| < oo. For all t € R, define the following random functions:

- 1¢
Fa =~ Y Aewn<o @
i=1
Su(t) =n'/? / sin(E0w(0) dFy(x) = —= 3 sin[te; (¥n) o (©) (8)
Supp(F) M=

where 14 denotes the indicator function of A.

Remark 4. One can prove easily that the random function un(t) = (1/n) Y I sin[tg;(yy)] defined on R converges uniformly
in probability to u(t).

From Remark 3, a test for symmetry can be based on suitable normalized sample versions of the function u(t), as for
example, n~1/2 >°%  sin[tei(¥o)]. But since the &;(¥o)’s are not observable, Remark 4 indicates that a more suitable sample
version may be n'/2u,(t). However, since the weight function w(t) allows for some flexibility, we instead consider the
random function S,(t) given by (8), and study the following Cramér-von Mises statistic:

_ 2 dF () — LS 2T
Ty = / sn(t)an(t)_ngsn[sz(wn)].

Supp(F)
4. Some theoretical results

Denote by C(Supp(F)) the set of all real-valued continuous functions on Supp(F) endowed with the usual sup-norm

Il flloo = SUPtesupp(r) |.f (O, f € C(Supp(F)).
Make the following assumptions:

(B1) The set Supp(F) is bounded and the function w(t) is constant on it.

(B2) There exist a positive constant C and a positive real-valued function ¢ (x) defined on R with sup;> jR ¢2(x)dF;i(x) < o0
such that for all s, t € Supp(F),
(i) ItA® @) —sAS)w(S) |l < Clt — s,
(ii) |sin(tx)w(t) — sin(sx)w(s)| < Ppx)[t —s|, x e R.

Remark 5. One can check that the assumption (B2) will generally hold for the functions w(t) for which the derivative of the
functions t > sin(tz)w(t) and t — t A(t)w(t) are bounded on Supp(F).

For all i € N, define the following matrices:

2111 = E{IT (o3 Zo)IT{ (o3 Zi) 1 [Bo (o) | 11 [Ei ()]},

$2i12 = E{IT1 (Wo: Zo) T3 (Wo: Zi) I [Go(Wo) | 12 [Ei(V0)] )

2122 = E{ Tl (Wo; Z0) Ty (05 Zi) I3[0 (o) | 12[€i (¥0)]}. 9
911(%)=E[U1(¢0;zo)nr(lﬁo;fo)]/ﬂz(x) dF(X)‘f‘ZZ-Qi,l]»

R i=1

212(Y0) = E[ITy (Yro: Zo) 15 (r0; Zo)] / N REAFE +2) 212,
R i=1

222(0) = E[IT2 (Y03 Zo) Ty (Yo: Zo)] / IFOdF(x) +2) 22,
R i=1

_ [ 211(0) $212(Y0)
200 = (9&(%) sz(%)) :

Also, for all s,t € R, define the following functions:
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pt) = / cos(tx) dF (x),
R

T .7 T .7 T
A(t)Z((p(t)E[a m(pO’ZO)];E[a G(HO’ZO)}/xcos(tx)dF(x)> ,
R

o (60; Zo) a (60; Zo)

P1(5, ) =@(s —t) +2 Z / cos(sx — ty) dF;(x, y),
i=1p)

©2(s,t) :go(s—i—t)+22/cos(sx+ty)dfi(x, v),

i=1p

E(s,t) = —E[IT" (Yo; Zo)] {t(/[sin(sx) —u(s)] I x) dF(x)> O A(t)
R
+5</[sin(tx) - u(t)]F(x)dF(x)) 0 A(s)}
R

— Y E[IT T (Yo: Z))(sin[s80(¥0) | I [E;(¥0)]) © A®)]t

j=1

{gol (s,) —@a(s,t) — 2u(t)u(s)} + E(s,t) + stAT(t).Q(wo)A(s)]w(s)a)(t). (10)

Theorem 1. Assume that (A1)-(A4), the conditions (4), (5) and (6) hold and F(t) is continuous. Then for ?n(t) defined by (7), in
probability,

sup [Fn(t) — F(t)| = 0, asn— co.
teR

Theorem 2. Assume that the conditions of Theorem 1 hold.

(i) Under Ho, if either (B1) or (B2) holds, then S, (t) converges in distribution to a zero-mean Gaussian process S € C(Supp(F)) with
covariance kernel Xy(s, t) defined by (10) for u(t) =0.

(ii) Under H;, if either (B1) or (B2) holds with sin[teq (¥o)] substituted for sin[te1 (wo)] — u(t), then Sy (t) —n'/2u(t)w(t) converges
in distribution to a zero-mean Gaussian process S1 € C(Supp(F)) with covariance kernel X, (s, t) given by (10).

Sketch of the proof. For Part (i), it suffices to study the tightness and the finite-dimensional distributions of S, (t). Part (ii)
can be handled in the same way. O

Theorem 3. Assume that the assumptions (A1)-(A4) hold.

(i) If the assumptions in Part (i) of Theorem 2 hold and if under Hq the eigenvalues ¢x’s of the integral operator Vx, given by (3) are
positive, then under Ho, for all x € R,

P(Tn<x)—>P<Z§kxk2<X>, (11)

k>1

where )(12, )(22, ... are iid chi-squared random variables with one degree of freedom.
(ii) If the assumptions in Part (ii) of Theorem 2 hold and ifj]'R w?(t)dF(t) < oo, then, under Hy, forall x >0, P(T, > x) — 1,asn
tends to infinity.

Sketch of the proof. Part (i) hinges on the Karhumen-Loéve expansion of S(t), the application of Theorem 1 and the con-
tinuous mapping theorem. Part (ii) can be established in the same spirit. O

Remark 6. Proceeding as in Ngatchou-Wandji [4], it is possible to obtain estimates of the ¢’s and establish their consistency.
The p-values of our test can be approximated by making use of Imhof’s results [3].
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