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RESUME

Nous présentons le premier résultat d’existence globale pour I'équation de Boltzmann sans
troncature angulaire, dans le cadre des espaces de Sobolev a poids, dans un cadre proche
de I'équilibre, et pour des molécules maxwelliennes. Ces solutions devienent réguliéres
pour tout temps positif. Un point important de la preuve consiste en I'introduction d’'une
nouvelle norme adaptée a la singularité et aux propriétés de dissipation de I'opérateur de
collision linéarisé.

© 2010 Published by Elsevier Masson SAS on behalf of Académie des sciences.

Version francaise abrégée

Soit I'équation de Boltzmann f;+v-Vyf = Q(f, f), oit f = f(t,x, v) est la densité de particules, avec la position x € R3
et la vitesse v € R3 au temps t. L'opérateur de Boltzmann est donné par

Q. =//B(v — Vi, 0){g,f — g« f}dodv,,
R3 §?
ou f, = f(t,x,v,),..., et pour o € S2, les vitesses post et pré collisionnelles sont données par v/ = % + “’_2—”*'0 et
YV N 2
2 2 :
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On suppose que le noyau B est du type maxwellien

vV—Vv T
B(|v — v4l, cos@) = b(cos6), cos6 = * o), 0<0< =, (1)
[V — vyl 2
et
b(cosO) ~KO27%, 90", 0<s<1/2. (2)

_3 w2 _
En posant pu(v) = 2m) 2e” 2, f=p+ /g I'(gh) =pn 2Q(/mg. Jih), et Lg=L1g+ L2g = —T(JIX.8) —
I"(g, \/It), le probléme originel est réduit au probléme de Cauchy suivant

(3)

g+v-Vig+Lg=T(g, 8, t>0;
gle=0 = go.

Pour k, ¢ € R, on introduit HE(RS ) ={f € S'RS,); W' f € HK(RS )}, avec WE(v) = (v)f = (1 +|v|H)*/2.
Le résultat principal de cette Note est donné par le théoréme suivant :

Théoréme 0.1. Sous les hypothéses (1), (2), soit go € H’E(RG) aveck > 3,€ >3 et fo(x,v) = i + /ILgo(x, v) > 0. Alors il existe
&o > 0, tel que si ||g0||H;Z(R5) < &o, le probléme de Cauchy (3) admet une unique solution globale g € L°°([0, +o0[; HE(RG)) avec

ft,x,v)=p+ /g, x,v) = 0et g e C*(]0, +o00o x RS).
On pourra trouver plus de détails dans la version anglaise, les preuves compleétes faisant 'objet d'une prépublication [4].
1. Introduction

Consider the Boltzmann equation f; + v - Vyxf = Q(f, f), where f = f(t,x,v) is the distribution density of particles,
with position x € R? and velocity v € R? at time t. The right hand side is given by the Boltzmann bilinear collision operator

Q(g,f)=/fB(v—v*,o){g;f’—g*f}dodv*,

R3 §2

where f; = f(t,x,v,),..., and for o € S2, the post and pre collisional velocities are given by v/ = % + "’_2—"*‘0 and
v, = % — ""T"*‘a. We assume that B behaves like a non cut-off Maxwellian type cross section:

vV—v T
B(|v — v4l, cos@) = b(cosh), cos6 = * o), 00>, (4)
v — vy 2
and
b(cos®) ~ K622, 90", 0<s<1/2. (5)

v

Similarly to the cut-off studies, see for instance [5], setting w(v) = (Zn)*%e* 2, letting f = u + /g, introducing

r(g.hy=u""2Q(/mg. /mh), and
L&=L1g+ L28=—T(VIt, 8 — T'(g Ib),

we will study the following Cauchy problem

{gt+V-ng+£g=F(g,g), t>0, 6)

glt=0 = &o.
Let HKRS ) ={f € S'(RS,); W' f € HK(RS )} be the weighted Sobolev space, k,£ € R and W*(v) = (v)* = (1+ |v|>)¥/2.
The main result of this Note is given by the following:

Theorem 1.1. Assuming (4), (5), with0 <s < 1/2,let go € H’E(Rﬁ)for somek >3,€>3and fo(x,v) = i+ /1go(x, v) = 0. There
exists &9 > 0, such that if ”gO”H’g(RG) < &, the Cauchy problem (6) admits a unique global solution g € L*° ([0, +oo[; HQE (R®)) with

ft,x,v)=p+ /gt x,v) > 0and g € C*(]0, +oo[ x RS).

The details of the proof will appear in the full version, [4], and here we only sketch the main steps.
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2. Main arguments
2.1. Functional properties of the collision operator
It was proven in [1] the following coercivity estimate:

Cg“f”HsGR?; X (_Q(gv f)’ f)LZ(]Ra) + C”g”I_](R?,)”f”iz(R:‘} ’ (7)

forany g >0, ge L1 ﬂLlogL(R3) and f € HS(R3) where cg > 0 depending only on ||g||L1 and | gl 1ogr- And in [3] the
following upper bound estimate was proven: for any m, « € R, there exists C > 0 such that

” Q(f. 8 H HI(R3) < C||f||L;++ZS(R§) ||g||H(ma++2255)+ ®3) (8)

For the linearized operators, it is well known that £ is an unbounded symmetric positive operator on LZ(]R?,), and that
(L8, 823y =0 iff Pg=g, where Pg=(a+b-v+ clv|?) /i, with a,c € R,b € R?, P being the L?-orthogonal projection

onto the null space Ker(£) = Span{,/it, vi,/IL, V2/It, V3 /1L, |v|2ﬂ}. From [6], there exists a constant C > 0 such that
(L8, )23 > Cll(@ —PYIT; 3 - Furthermore, (£12, 8123 > 7(L8. 812z
We define a non-isotropic norm associated to the cross-section b(cos#) with respect to the velocity variable as follows

|||g|||2=// b(cos@)u*(g’_g)2+// b(COSQ)gf(W—ﬁ)Z, o)

where the triple integral is over R3 x R3 x SZ. This is a non-isotropic norm as it involves both a derivative of order s and
a weight of order s with respect to the velocity variables due to the singularity of cross-section b(cosf), and some kind of
mixing between these two effects. A crucial result in our proofs is given by

Lemma 2.1. There exists C > 0 such that, for any g € H} (R%)
Ci(ligls +l1glE2) < Ngh® < Cligligs. (10)
(I (f. o). h)Lz(R3)| SC(IA N2 gh+ gl F )R- (11)
Sketch of the proof. One can show that, for general functions f and g,

[[[ e - <@t 2 2)1+ | [ [ 22057 - 12)|

The upper bound in estimate (10) is then a direct consequence of estimate (8), together from the cancellation Lemma
from [1], taking g = ,//t. For the lower bound in (10), denote by A and B the two terms that appear in the non-isotropic
norm given in (9). By using the proof of Proposition 2 from [1], one can show that

2 2
AZ=ciliglys —callglipe-

Still using the arguments from [1], B ~ B + B2, where

By ~ // (|§| )g2<0)\u1/2(s+> W26 do dé.

P2~ // (ISI )gz“’) Reg2(5 7)) (&)l /2(6) do de,

with &+ = é + ma and 7 designates the Fourier transformation. It follows that

2 2 2
Bi>csliglizs B2 >callglly; —csliglis

which by adapting the constants yields the lower bound in (10). Again by the methods of [1] and in particular the use of
Fourier transform, one can show that

[[[ peosorsi(e - o <curizyuen?

for some constant C and test funtions f and g. The proof of the estimate (11) follows.



870 R. Alexandre et al. / C. R. Acad. Sci. Paris, Ser. 1 348 (2010) 867-871

Next, for m € N, £ € R, we introduce the following space with respect to all variables, where || - || is the norm in (9) and
recall that WE(v) = (v)f = (1 + |v|?)¥/2

By (RY,) = {geS( V) N8l sy = D / H|wfa;fvg(x,.>}||2dx<+oo}.

jl<m gy

Similarly to Lemma 2.1 and its proof, a number of results follows, as for example the following concerned with the control
of weighted derivatives: for any £ >3, and N >3, N € N, we have, for all 8 € N®, |8| <N,

(WAL, T, @) 1) aas | < ClL i s, 1€y sy Il s -

Similar bounds are available for commutators of the linear and non-linear operators with the weight W!. Finally, it is
important to note that for any g € Ker(£)+, it follows that (Lg, g);2 is equivalent to ligl?. o

2.2. Energy method

Let N >3,N € N, ¢ > 3. Then on can show the existence of a local solution: for some €; >0 and 0 < T < +o0, if gg €
HY(R®) and Igoll v zs) < €1, then the Cauchy problem (6) admits a solution g € L([0, T; HY (R®)) N L2([0, T1; BY (RY)).

Furthermore, if j¢+u!/2go > 0, then g € L°([0, T]; HY (R)) is a solution of Cauchy problem (6) satisfying s+ u!/2g >0
on [0, T] x R®. Moreover, by applying the uncertainty principle established in [3,2], g € C*(]0, T[ x R®).

To get the global existence, using the arguments from [5], we introduce the macro-micro decomposition g = Pg +
(I-P)g=g1+8, Pg=gi=(@+b-v+clvP)u'/2

The next lemma is similar to the corresponding results in [5].

Lemma 2.2 (Macro-energy estimate). For |a| < N — 1,

2 d

” Vxd*(a,b,c) ”L,Z( < —a{(aar, Vxd%(a, b, C))L)z( + (30[17, Vxd%a ) } + C”g2”HN(L2 +D1és. (12)
r denotes the previous quantities in term of a,b,c as in [5], D1 = ||Vx(a, b, C)||2N + ”gZHHN(LZ) 1= ||(a,b,c)||?_l,\H +
HgZHHN 12y = ”g”HN 112y

For1 < || < NandN>3 we have

d 2 2 2 2

= ||8>(<1g||Lf(R6) + |H8>(<1g|H3?(RG) <&3D3+ |37 g2 ”LZ(RG) + [ Vx(@,b, o HY-1
where Dy = |V(@,b. ©)12yy + g2l ey €2 = 1817 ) = 1@ b O + 182020 o €5 = 1@ DOy + 18202 e,

D3 = [Vxl@.b.0)[2 , + |||gz|||BN )

The control of g, is then provided by the following lemma, using the complete functional estimates provided in the previous
section.

Lemma 2.3. Letting |B| = |a + Y| < N, |e| <N —1,|y| > 1, N > 3, one has

d 2 2
1% el 2oy + 1€ &2l 5o s,

<E&3D3 + “gZHH"g‘(RG) + |||g2|”23|£a\+\y\—1(R5) + ”Vx(a b,c) ”HN 1+ g2 ”HN(LZ (13)
To conclude the proof of the global existence, we define the instant energy functional
&= Z H 3ngi2<R6) + Z Haf,vgz Hif(RG)’ (14)
la|<N [Bl=la+y <N, la|<N-1,]y|>1
and setting, for suitable constants CJ,
D= Y &IV @bofz+ Y & lof gl B0, + ) Coy ok veall o).

lo|<N-1 lo|<N [Bl=la+y <N, |a|<N-1,|y[>1

we get the following a priori estimate, from which one deduces the global existence.
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Proposition 2.4. Let N, ¢ > 3. Let T > 0 and suppose that g is a classical solution to the Cauchy problem on [0, T]. There exist
constants Mo, M1 > 0 such that if maxog<1 €() < Mo, then g enjoys the estimate

t
£(t) +/@(r)dr < Mi£(0),
0
foranyt [0, T].
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