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RESUM E

Le but de cette Note est de démontrer que deux méthodes d'éléments finis pour la
résolution du probléme des courants de Foucault, en principe différentes, sont compléte-
ment équivalentes. La premiére concerne une formulation qui a comme inconnues
principales le champ magnétique dans le conducteur et le potentiel scalaire magnétique
dans le diélectrique. La seconde résout une formulation qui inclut le champ magnétique
dans tout le domaine et un multiplicateur de Lagrange dans le diélectrique. On démontre
aussi que celle-ci est équivalente a une troisieme formulation avec deux multiplicateurs de
Lagrange, qui conduit a un systéme linéaire bien posé.
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Version francaise abrégée

Cette Note concerne la résolution par éléments finis du probléme des courants de Foucault (1) avec les conditions aux
limites (2). Ce probléme a été considéré dans [4] ou une formulation en champ magnétique dans le conducteur et en
potentiel scalaire magnétique dans le diélectrique a été analysée. Pour la résolution numérique de cette formulation on
y a proposé des éléments de Nédélec pour I'approximation du champ magnétique et des fonctions continues, linéaires par
élément fini, pour le potentiel scalaire magnétique (voir le Probléme 3). Des estimations d’erreur optimales ont été obtenues
et confirmées para les experiences numériques.

Cette méthodologie pour la résolution du probléme des courants de Foucault est intéressante du point de vue du temps
de calcul, dans la mesure ol on a seulement une inconnue scalaire dans le diélectrique. Cependant, trés souvant le diélec-
trique n’est pas simplemente connexe et I'implementation sur ordinateur a besoin de coupures dans le maillage (voir [2,4]),
ce qui est une difficulté d’ordre pratique.

Une possibilité pour I'éviter consiste a utiliser un multiplicateur de Lagrange pour imposer le caractére solenoidal du
champ magnétique dans le domaine diélectrique. Cette alternative a été analysée dans [1] aux niveaux continu et discret,
dans un cas avec des conditions aux limites différentes des (2).

Dans cette Note nous introduisons cette méthode au niveau discret. Plus précisément, nous considérons le Probléme 5 ol
le champ magnétique est approché par des éléments finis de Nédélec, a la fois dans le conducteur et dans le diélectrique,
tandis que le multiplicateur de Lagrange est pris dans I'espace des rotationnels des éléments de Nédélec. Le but principal
de cette Note est de montrer que ce probléme discret est complétement équivalent au Probléme 3, dans ce sens que les
champs magnétiques solutions des deux problémes sont exactement les mémes. Plus précisément on a le résultat suivant :

Proposition 0.1. Etant donné I € CN, un champ discret H, € N, (2) est solution du Probléme 2 (de facon équivalente, du Pro-
bléme 3) si, et seulement si, il existe Zy, € curl(N}(£2p)) tel que (H},, Zy,) est solution du Probléme 5.

La preuve de ce resultat est basée sur la vérification d'une condition inf-sup discréte qui est donnée dans la Proposi-
tion 3.1.

Finalement, puisque I'implementation de la seconde formulation conduit a un systéme a matrice singuliére, nous démon-
trons aussi I'équivalence avec une troiseme formulation qui nous ameéne a un systéme d’équations linéaires bien posé.

1. Introduction
We start introducing the time-harmonic eddy current problem:

curlH=], iwuH + curl E =0, div(uH) =0, J=0E, (1)

where E is the electric field, H the magnetic field, J the current density, @ the angular frequency, i the magnetic perme-
ability and o the electric conductivity. We are interested in solving these equations in a simply connected three-dimensional
bounded domain §2, which consists of two parts, £2¢ and £2p, occupied by conductors and dielectrics, respectively. The elec-
tric conductivity o vanishes in the dielectric domain. We denote 2}, ..., Qé\’ the connected components of 2¢. The domain
£2 is assumed to have a Lipschitz-continuous connected boundary 062, which splits into two parts: 92 = I'c U I'p, with
I'c:=082cNa2 and I'p :=92p N2 being the outer boundaries of the conducting and dielectric domains, respectively.
We denote I7:= 9£2¢ N d82p, the interface between dielectrics and conductors. We also denote by n and n¢ the outer unit
normal vectors to 92 and 9£2c, respectively. We assume that the outer boundary of each connected component, 3528 N 352
(n=1,...,N), has two connected components, both with non-zero measure: the current entrance, I, where it is con-

nected to a wire supplying alternating electric current, and the current free exit, I'g. Finally, we denote I'j := 1"} U---u F]N

and I'g := I} U---UTYN, and we assume that Iy N I'g = . (See a sketch of the domain in Fig. 1.)
According to [5], the following boundary conditions have been considered in [4]:

Exn=0 onlgUIYy, /curlH~n=I,1 onF}’,nzl,...,N, UH-n=0 onods2, (2)

ry
where the only data are the current intensities I, through each wire.

In this Note we consider two different formulations of the above problem. The first one uses the magnetic field in the
conductor and a magnetic scalar potential in the dielectric. The second one involves the magnetic field in the whole domain,
and a vector Lagrange multiplier in the dielectric. We prove that two well-known finite element discretizations, one of each
formulation, are actually equivalent. Moreover, since the direct implementation of the second formulation leads to a linear
system with a singular matrix, we also show the equivalence with a third one which leads to a well-posed system of linear
equations.



A. Bermiidez et al. / C. R. Acad. Sci. Paris, Ser. 1 348 (2010) 769-774 771

I

I

Fig. 1. Sketch of the domain (left) and zoom around the current entrance (right).

2. The magnetic field/magnetic scalar potential formulation

Let X :={G € H(curl, £2): curlG =0 in £2p} and a : H(curl, £2) x H(curl, £2) —> C be the sesquilinear continuous form
defined by

_ 1 _
a(H, G) :=iw/,uH-G+/—curlH-curlG.
o
Q 2c

Given I := (I,) € CN, we introduce the closed linear manifold of X defined as follows:
V) :={G e X: (curlG -n, D=1l n= 1,....,N}L

The following weak formulation of the above eddy current problem has been obtained in [4]:
Problem 1. Given I € CV, find H € V(I) such that a(H, G) =0 VG € V(0).

For the numerical solution let us assume that 2, £2¢ and £2p are Lipschitz polyhedra and consider regular tetra-
hedral meshes 7; of £2, such that each element K € 7 is contained either in £2¢ or in £2p (h stands as usual for
the corresponding mesh-size). We employ “edge” finite elements to approximate the magnetic field. More precisely, the
lowest-order Nédélec finite element space N;,(£2) (see, for instance [7]). We introduce the finite-dimensional space
X :={Gy € Nn(£2): curlG, =0 in 2p} C X and the linear manifolds V,(I) := V(I) N X}, I € CN. Then, the discrete
problem reads as follows.

Problem 2. Given I € CV, find H, € V;,(I) such that a(Hy, G,) =0 VG, € Vi (0).

In [4] it is proved that this problem has a unique solution which is an optimal order approximation of the solution to
Problem 1. In what follows we recall how to impose efficiently the curl-free condition in the definition of X, by introducing
a discrete multivalued magnetic potential in the dielectric domain.

Assume that for each connected component of the conducting domain, ¢, there exists a connected “cut” surface X, C
£2p such that 8%, C 982p and 2p := 2p \ U,’Ll X is pseudo-Lipschitz and simply connected (see, for instance, [2]). Also
assume that ¥, N X, =@ for n % m and that the boundary of each current entrance surface, I'7, is a simple closed curve,
that we denote y;.

We denote the two faces of each X, by ¥ and X", and fix a unit normal n, on X, as the “outer” normal to £2p \ Xy
along X;. We choose an orientation for each y;, by taking its initial and end points on X, and X, respectively. We denote
by t, the unit vector tangent to y;. (See Fig. 1.)

For any function ¥ e H'(2p), we denote by [[l17]]2n = ‘17|):,; — $|Zn+ the jump of 1 through X, along n,. The gradient

of ¥ in D'(3p) can be extended to [2(2p)3 and will be denoted by grad .
Assume that the cut surfaces X, are polyhedral and the meshes are compatible with them, in the sense that each X, is
a union of faces of tetrahedra K € 7j. Therefore, ThQD :={K € 7: K C £2p} can also be seen as a mesh of £2p.
Let us introduce the following discrete spaces:
Ln(2p) := | e H'(2p): ilk € P1(K) VK € T,7°},

Op = {l;h € Ly($2p): [Ph1ls, = constant, n = 1,...N}
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and

Vi = {(Gh, Th) € N'n(R20) x (@h/C): Gp, x nc =grad &, x nc on I3}
Let

Wh(D) = {(Gp, &) € Yp: [Wlls, =In. n=1,....N},
IeCN, and

~ ~ ~ . S~ = — 1 =
a((Hh, dp), (G, lPh)) =iw | pngraddy -grad¥, + 1w/,uHh - Gp +/ gcurth -curl G,
2p 2¢ 2c

(Hp, 5,,), (Gp, lf/h) € Y. Now, consider the following discrete problem:
Problem 3. Given I € CV, find (Hy,, ®;) € Wh(I) such that G((Hp, ), (G, $)) = 0 V(Gp, ¥) € Wh(0).
The next theorem, proved in [4], shows that Problems 2 and 3 are equivalent.

Theorem 4. Given I € CN, Hy, is a solution of Problem 2 if and only if there exists 5h € Oy such that Hp|g, = g/r\a?ld?h and
(Hplgc, ) is a solution of Problem 3.

Problem 3 leads to an important saving in computational effort, since it involves a scalar instead of a vector field in the
dielectric. However, its implementation requires imposing the following constraints:

- Gy xnc= g/r\.ﬁ@h x nc on I7, which arises in the definition of Yy;
- [¥hll5, =constant, n=1,..., N, which arise in the definition of ®j.

A procedure to impose these constraints was proposed in [3], where numerical experiments which exhibit the perfor-
mance of the method were also reported.

3. A discrete mixed formulation

Solving Problem 3 is a good alternative to obtain an approximate solution of the eddy current model. The only drawback
is that it needs finite element meshes involving cuts, which sometimes can be difficult to build. In what follows we will
introduce a mixed discrete formulation of the same eddy current model given above, which does not need any cut, and we
will show that it is completely equivalent to Problem 2.

This mixed formulation has been previously analyzed in [1] for other boundary conditions, without establishing any
relation with a magnetic field/magnetic scalar potential discretization as that of Problem 2 and, consequently, without taking
advantage of the equivalence between such discrete problems. The formulation is based on using a Lagrange multiplier to
impose the curl-free constraint in the dielectric instead of introducing the scalar potential in £2p, so that cuts are not
required in the mesh.

Let Uy (I) :={G, e N (2): ]F; curlGy, -n=1I,, n=1,...,N}, I e CN. The discrete mixed problem reads as follows.

Problem 5. Given I € CV, find H, € U, (I) and Zj, € curl(N},(£2p)) such that

a(Hp, Gp) + / Zp-curlG, =0 VG, € Up(0), (3)
£2p

/curl Hy Fp=0 YFj e curl(Ny(2p)). (4)

2p

Since {Gy € UR(0): fﬂu curlGy - F, =0 VF}, € curl(M,(£22p))} = UL (0) N X and a is coercive on X, we only need the
following inf-sup condition to conclude that Problem 5 has a unique solution:

Proposition 3.1. There exist a constant By, > 0 such that
| [ Fn - curl Gyl

s > BullFrllizoy VFn € curl(N;(2p)).
Gretdn(0): G20 IGhllH(curl, 2)
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Proof. Since dimi4,(0) < oo, it is enough to prove that for all non-vanishing Fj, € curl(N;(2p)) there exists Gj, € U (0)
such that ng Fy - curl G, # 0. Let U, € N, (22) be such that F, = curlUy, in £2p. In general Uy, ¢ Uy (0), but if we are
able to find Y, € N (£2) satisfying curl Y, =0 in £2p and fyn Yy th = _fyn Up-t,, n=1,...,N, it is straightforward
to check that Gy := Up + Yy, satisfies the above requirements (recall y, := 81‘}1). Such a Y, can be defined as follows:

Yy i=— Z,ﬁ:](fym Up-ty)Y]', where Y} € N (£2) is such that Yitlap =§‘3&5m, with 5,’1“ € O, satisfying [[5,’1"]]% = Sum,
nm=1,...,N. O

An inf-sup condition analogous to that in Proposition 3.1 has been proved to hold uniformly in h in the proof of The-
orem 5.2 from [1] for the problem considered in that paper. However, this is not necessary, at least in our case, since we
will obtain error estimates for the component Hj of the solution to Problem 5 as a direct consequence of the following
equivalence result:

Proposition 3.2. Given I € CN, a discrete field Hj, € Ny (§2) is solution of Problem 2 (equivalently, of Problem 3) if and only if there
exists Zy, € curl(N,(2p)) such that (Hy, Zy) solves Problem 5.

Proof. Since each problem has a unique solution, it is enough to prove that if (Hy, Zj) solves Problem 5, then Hj, solves
Problem 2. For this purpose, let us take F, = curl H, as test function in (4). We deduce curl H, =0 in £2p and then
Hp, € Vi (I). Finally, we complete the proof by testing (3) with G, € V,(0). O

Although Problem 5 has a unique solution, its direct implementation leads to a singular linear system. Indeed, when the
functions Fj, € curl(N;(£2p)) are written as F, = curl Uy, with U, € N (£2p), such Uy, is clearly not unique and this leads
to a singular matrix. However, as stated in [1, Remark 5.1], since the kernel of this matrix is well separated from the rest of
the spectrum, a conjugate gradient type method will work for its numerical solution.

An alternative leading to a system with a non-singular matrix, was also proposed in [1]. Let Qp be the space of piecewise
constant functions in ThQD and C’RE(QD) the space of lowest-order 3D Crouzeix-Raviart elements (see [1], for instance) that
vanish at the mid-points of faces lying on 9£2p (for simplicity, we assume d§2p connected).

The functions in CR?I(QD) are piecewise linear in ’Z];QD and continuous at the mid-points of each face. For g, €
C’Rg(.QD), let ﬁqh denote the vector field in Qﬁ defined by (g/rﬁqh)lK :=grad(qy|k), K € ’]719‘3. The following result
has been proved in [6, Theorem 4.9] (see also [1, Lemma 5.4] for d£2p non connected):

Lemma 3.1. O} = curl(NV},(2p)) & g/ra\d(C’Rg(QD)) and the decomposition is orthogonal in L% (£2p)3.
Consider the following discrete problem:

Problem 6. Given I € CV, find H, eUn(I), Zj € Qﬁ and pp € C’Rg(QD) such that

a(Hh,Gh)+/Zh-curlCh:O VG € Up(0), (5)
2p

/curth-Fh+/g/ra\dph-Fh:0 VFhEQﬁ, (6)

2p 2p

/zh.g/rﬁqFo Vap € CRY(2p). 7)

£2p

The next result shows that Problem 6 is equivalent to Problem 5 and, hence, to Problems 2 and 3 too.

Proposition 3.3. Let I € CN. If (Hy, Z},) is solution of Problem 5, then (Hp, Zj,, 0) solves Problem 6. Conversely, if (Hp, Zy,, pr) solves
Problem 6, then pp, = 0 and (Hy, Zy,) is solution of Problem 5.

Proof. Let (Hy, Zp,) be solution of Problem 5. Then (Hy, Zj, 0) satisfies (5) and (6), the latter by virtue of Lemma 3.1. On
the other hand, (7) follows from the fact that Z, e curl(AM;(£2p)) and Lemma 3.1 again. Conversely, let (Hy, Zy, py) be
solution of Problem 6. By testing (6) with Fp = aph. it follows from Lemma 3.1 that py = 0. The same lemma and (7)
imply that Z;, € curl(N};,(£2p)). Hence, for py =0, (5) and (6) shows that (Hj, Zy,) solves Problem 5. O

As a consequence of the above proposition and the well-posedness of Problem 5, it follows that Problem 6 has also
a unique solution. Thus, using standard basis for the finite element spaces leads to a linear system with a non-singular
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matrix. On the other hand, the approximation properties proved in [4] for Problem 2, automatically lead to optimal order
error estimates for the component Hy of the solution to Problem 6.
We have implemented the numerical methods described above and the numerical tests confirm all the theoretical results.
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