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Available online 19 February 2010 elgenfunctlons of the Laplace operator acting on the space L“(D%) .of square-summable
functions on the unit ball D¢ = {x e RY; r = |x| < 1} of R%. We generalize a result of Ayache
Presented by Gilles Lebeau and Tzvetkov and compute in the general case the critical exponent of the sequence (cn)n>1,
i.e. the infimum of the p’s, p > 2, such that the random series }_ &, (w)cnen 4 converges
almost surely in LP([0, 11, r%!c dr), where (g,) denotes a sequence of independent random
choices of signs on a probability space (£2, F, P).
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RESUME

Soit (cp)p>1 une suite de nombres complexes de carré sommable, d > 2 un entier, et
(en,d)n>1 la base orthonormée de I'espace L2([0,1],r9'dr) formée par les fonctions
propres radiales de l'opérateur de Laplace agissant sur 'espace L%(DY) des fonctions de
carré intégrable sur la boule unité D¢ = {x e R%; r =|x| < 1} de R%. Nous généralisons un
résultat d’Ayache et Tzvetkov en calculant dans le cas général I'exposant critique de la suite
(Cn)n>1, C'est-a-dire I'infimum des p > 2 tels que la série aléatoire ) &, (w)cnen g converge
presque siirement dans LP([0,1],r%1dr), oli (e;) désigne une suite de choix de signes
indépendants sur un espace de probabilité (2, F, P).

© 2010 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version francaise abrégée

Soit (Y, M, n) un espace mesuré de mesure finie, et (e;),>1 une base orthonormée de I'espace L2(Y, M, i) ayant
la propriété suivante : pour tout p > 2 et tout n > 1, e, appartient a LP(Y, M, u). Nous étudions dans cette Note les
propriétés de convergence de certaines séries aléatoires de la forme 2@1 en(w)Cpen, ol (Cp)n>1 €st une suite de nombres
complexes de carré sommable et (¢;)p>1 est une suite de variables aléatoires de Rademacher (c’est-a-dire de choix de
signes) indépendantes sur un espace de probabilité (§2, F,P). Le cas le plus étudié d’une telle situation est celui ol Y
est le tore de dimension d, T¢ = RY/(27Z)¢, muni de la mesure de Haar, et (en)peza st le systéme trigonométrique
dans L2(T%) : pour tout multi-indice n = (n1, ...,ng), en(X1, ..., xqg) = e!MX1++1aXa) Dans ce cas la série Y nezd En(w)Cren
converge presque stirement dans LP(T%) pour tout p > 2. Mais la situation peut étre complétement différente lorsque I'on
considére d’autres bases orthonormées. Il est tout a fait possible que la série 2@1 en(w)cpe, diverge presque siirement
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dans LP(Y, M, ) pour un certain p > 2. Un exemple d’'une telle situation est présenté par Ayache et Tzvetkov dans I'article
[1], ol la définition suivante est introduite :

Définition 0.1. Soit ¢ = (cy)n>1 une suite de £2(N). L'exposant critique de la suite ¢ relativement i la base orthonormée
(en)n>1 est défini comme

Der(C) = sup{p > 2; la série Z en(w)cpe, converge presque stirement dans LP (Y, M, ) }
n>1

Cet exposant critique est calculé dans [1] pour certaines suites ¢ de carré sommable dans le cas ol pour un certain
entier d > 2, (epq)n>1 est la base orthonormée formée par les fonctions propres radiales de I'opérateur de Laplace agissant
sur L2(DY). Nous calculons I'exposant critique p¢(c) pour toute suite ¢ € £2(N) :

Théoréme 0.2. Soit c = (cp)n>1 une suite non identiquement nulle arbitraire de £2(N), et soit

N
1
oy (c) = inf{a > 0; limsup N anfl |Cn|2 <0o0r.

N—+o00 n—1

Alors I'exposant critique de c relativement a la base orthonormée (e ¢)n>1 est

2d
o (C) .

Per(C) =

Si au lieu de considérer des séries aléatoires de Rademacher Z@] &n(w)cpe, on considére des séries aléatoires gaus-
siennes Zn>1 gn(w)cnen, ol (gn)n>1 est une suite de variables aléatoires gaussiennes standard complexes indépendantes
sur (§2, F,P), le résultat reste le méme : ceci s’ensuit du fait que LP(Y, M, ) est de cotype fini dans le cas (p > 2) que
nous considérons, et d'un résultat de Maurey et Pisier [4].

1. Introduction

Let (Y, M, ) be a finite measure space. Suppose that (e;)n>1 is an orthonormal basis of the space L2(Y, M, ) which
has the property that for every p > 2, e, belongs to LP(Y, M, u) for every n > 1. Our aim in this Note is to investigate the
convergence properties of random series of the form

> en(@)cnen

n>1

where (cp)n>1 is a sequence of £2(N) and (én)n>1 is a sequence of independent Rademacher variables on some probability
space (£2, F,P), i.e. random choices of signs: P(e, =1) =P(ep =—-1) = % A very well-known instance of this situation is
the case where Y is the d-dimensional torus T¢ = Rd/(ZHZ)d endowed with the Haar measure, and (ey),,cz¢ is the trigono-
metric system in L2(T9): for n = (nq,...,ng), en(X1, ..., Xq) = e!MX1++naX) Then the series Y nezd En(w)cney converges
almost surely in LP(T9) for every p > 2. But the situation can be quite different when other orthonormal bases are consid-
ered. In particular, it is possible that the series 2@1 en(w)cpen diverges almost surely in LP(Y, M, u) for some (or even
every) p > 2. An example of this situation is studied in [1], where the following definition is introduced:

Definition 1.1. Let ¢ = (cp)n>1 be an element of £2(N). The critical exponent of the sequence ¢ with respect to the orthonor-
mal basis (ep)n>1 is defined as

Per(C) = sup{p > 2; the series Z en(w)cpe, converges almost surely in LP (Y, M, ) }
n>1

In a Hilbert space H, a random series Zn2lsn(w)xn, Xn € H, converges a.s. if and only if the series Z@l %)% is
convergent, and thus the series above converges a.s. in L2(Y, M, ) for every c € £2(N). The motivation of this Note comes
from the work [1] of Ayache and Tzvetkov. Here the critical exponent of some ¢2-sequences is studied in the case where for
some integer d > 2, (en,q)n>1 is the orthonormal basis consisting of the radial eigenfunctions of the Laplace operator acting
on L2(D%): for r € (0, 1),

-1, —d=2
end(r) =p, 47 2 ]%(Zn,dr)a
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where Jq4—; is the Bessel function of order d%z, (zn,d)n>1 the increasing sequence of its zeroes on (0, +00), and B, 4 is the
> :

normalization constant. The critical exponent of ¢ with respect to (e, ¢)n>1 is computed in [1] for sequences c such that
there exist two positive constants ;7 and y» and an o > 1/2 such that nyTlo <epl < n}’Tzo for every n > 1. Our main result is

the computation of the critical exponent p.(c) for every sequence c € £2(N):

Theorem 1.2. Let ¢ = (¢y)n>1 be an arbitrary non-zero sequence of ¢2(N) and define

N
1
as(c) = infla > 0; limsup — > 1% 1cal? < 00 }. (1)
Then the critical exponent of ¢ with respect to the orthonormal basis (en g)n>1 1S
© = 2d
Per(C) = ) .

Observe that in any case o, (c) <d — 1, and thus p.(c) > 2d/(d — 1). When for some oo > 1/2 the sequence (n*|cy|) is
bounded and bounded away from zero, this gives again pq-(c) =2d/(d — 2ap) [1].

We recall in Section 2 some general properties of Banach-valued random sums which put into perspective the approach
of [1], and prove Theorem 1.2 in Section 3.

2. General properties of random sums

Let 2@1 Xn(w)xp be a random series on a (complex) Banach space X, where the vectors x; belong to X and the x;,’s
are independent and identically distributed (complex-valued) symmetric random variables on a probability space (£2, F, P).
Two particular choices for the random sequence (x;) are especially interesting: when () = (&) is a sequence of indepen-
dent Rademacher variables on £2, and when (x,) = (g,) is a sequence of independent standard (complex-valued) gaussian
variables: for every (measurable) subset A of C,

122

1
P(gne A) = E/e‘T dA(2),
A

where dA(z) is the area measure on C. Alternatively, g, = (g, + ig,’{)/«/z where g; and g are independent standard
real-valued gaussian variables.

The Kahane inequalities, which generalize the classical Khinchine inequalities, are fundamental for the study of the con-
vergence in LP(£2; X), 1 < p < +o0, of random X-valued Rademacher series, and they imply that the series 2@1 &n(w)xn
converges a.s. in X if and only if it converges in some/every LP($2; X), p > 1. This easily gives a characterization of the
almost sure convergence of random series of functions of LP(Y, M, w), p > 1:

Fact 2.1. Let p > 1, and let (fy)n>1 be a sequence of elements of LP(Y, M, u). The series Zn>1 en(w) fn converges as. in
LP(Y, M, w) if and only if

/(Zlfn(y)lz) du(y) < +oc.

1 n>1

Putting this together with the Minkowski inequalities, one easily deduces the following fact, which is usually stated as
“LP(Y, M, 1) has type 2 and cotype p for p > 2”: there exists a positive constant C such that for every N-tuple (x1,...,xn)

of vectors of X,
2 5 N 3
dP(w)) < c( 1% ||2> :
n=1

%(énxnup); <(Q/

When the space X has finite cotype, the series 2@1 en(w)x, converges a.s. in X if and only if the series 2@1 gn(w)xy
converges a.s. in X, according to a result of Maurey and Pisier [4]. As a consequence, since LP(Y, M, ) has cotype p for
p > 2, Theorem 1.2 remains true if instead of considering the Rademacher random series Zn>1 en(w)cpe, we consider the
gaussian random series 2@1 gn(w)cpen.

We refer the reader to one of the books [2] or [3] for more on these topics.

Fact 2.1 gives a deterministic way to compute the critical exponent of a sequence, and the fact that LP(Y, M, ) is of
type 2 and cotype p for p > 2 yields some more tractable estimates for this exponent:

N
Z en(W)xn

n=1
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Fact 2.2. Let ¢ = (cp)n>1 be a sequence of 22(N), (en)n>1 an orthonormal basis of L2(Y, M, ). For any p > 2, we have that
> en(w)cnen converges as. if and only if

p
2 2
/ (Z|cn|2|en<y>|> du(y)
1% n>1
is finite, and thus

(i) if the series 3~ |cn|2|\en||%p(Y!M‘m is convergent, then p < p¢;(c);
(ii) if the series 2@1 |cn|P ||en||fp(YYM_M) is divergent, then p > pcr(c).

The estimations given in (i) and (ii) above are often not sufficient to obtain the exact value of the critical exponent, and
some specific properties of the functions e, have to be used as well. We state one last general fact, implicit in [1], which
can sometimes yield an interesting upper bound for p.-(c) when the functions |e,| concentrate near the origin in a suitable
way:

Fact 2.3. Let (an)n>1 be a sequence of positive numbers. For N > 1, denote by Yy the set Yy = {y € Y; foreveryn =
1,...,N,|len(¥)| = an}. If p is such that

p
N 2
limsup{ (Z |cn|2a,f) /L(YN)} =400,
n=1

N—+o00

then p > per(c).

Fact 2.3 follows directly from Fact 2.1:

=3

2

N 5 N g N
f <Z|cn|2|en<y)!2) d(y) = / <Z|cn|2a,%> du(y>=(2|cn|2a,%> (Y N).
n=1 n=1 n=1

YN YN

3. Proof of Theorem 1.2

Let ¢ = (cp)n>1 € £2(N). We first prove the upper bound per(c) < %fc). The argument is almost the same as in [1,

Lemma 2.6], where some estimates on the Bessel functions and their zeroes show the existence of two positive constants
d— d— .

C and y such that for any r € [0, y/n], |ep.q(r)| > cn'T . If o = CnTl. this shows that the measure of the set 2y = {r €

[0,1]; foreveryn=1,...,N, |epq(r)| > ay} is larger than

d

d—1
r' dr=—.
d Nd

O —~—ax

Hence by Fact 2.3, p > p¢r(c) if

N
1
limsup<2nd1 |cn|2) 55 = +0o0.

N—+o00 n—1 N7?

2d
a.(c) "

we will use some upper bounds on the Bessel functions obtained in

It follows from (1) that this is the case when 2’7'1 < o, (c), which yields the bound p¢(c) <

In order to derive the lower bound p-(c) > %fc),
2d

ERGL the series

[1] in order to show that if p <

2 2
Z |CTI| ”el’l,d”Lp(lO’]J,rdfl dr)
n>1

is convergent.
First of all if p < dsz], the LP-norms of the functions e, 4 are uniformly bounded by [1, Lemma 2.5], and so the se-

; 2 2 ; 2d 2d ;
ries ) |cp|°llenall{» is obviously convergent. So let us suppose that -1 <P < % for some a > a.(c). Since |enqllir =

d_ d-1
om »tzZ)forp> % by [1, Lemma 2.5], there exists a positive constant C such that for every N > 1,
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2 d 1
Dcn lenallZs < CZ|c|

Since o > o, (c), there exists a positive constant C’ such that
N
SN — Z |Cn|2nd—] g C/Na
n=1
for any N > 1. Now an Abel summation by parts shows that for some positive constant C” we have

N

2 1
Dc 2nt 05 = e 2 +Z<sn S P JalP+ ")

n=2 n=2Nn P

As 2 > o, this shows that the series S lenl?llen d||Lp is convergent. Hence by Fact 2.2 we have p.(c) > and Theo-

rem 1.2 is proved.

2% (c)'

Acknowledgement

[ wish to thank the referee for his/her careful reading and his/her suggestions which improved the presentation of this
Note. This work was supported in part by the ANR Projet Blanc DYNOP.

References

[1] A. Ayache, N. Tzvetkov, LP properties for gaussian random series, Trans. Amer. Math. Soc. 360 (2008) 4425-4439.

[2] ]. Diestel, H. Jarchow, A. Tonge, Absolutely Summing Operators, Cambridge Stud. Adv. Math., vol. 43, Cambridge Univ. Press, Cambridge, 1995.

[3] D. Li, H. Queffélec, Introduction a I'étude des espaces de Banach, Analyse et probabilités, Cours Spécialisés, vol. 12, Société Mathématique de France,
Paris, 2004.

[4] B. Maurey, G. Pisier, Séries de variables aléatoires vectorielles indépendantes et propriétés géométriques des espaces de Banach, Studia Math. 58 (1976)
45-90.



	Almost sure convergence of some random series
	Version française abrégée
	Introduction
	General properties of random sums
	Proof of Theorem 1.2
	Acknowledgement
	References


