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In this Note we prove a Carleman estimate for the one-dimensional degenerate parabolic
equation

Ve + (x¥vy), —bx OV + (x*2c(x, H)v) =0, (x,t) €(0,1) x (0, T),

where « € [0,2), 8 > « and b(x, t), c(x,t) € L°°((0,1) x (0, T)) and give some controllability
consequences.
© 2010 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

RESUME

Dans cette Note on montre une inégalité de Carleman pour une équation unidimensionelle
parabolique dégenerée

Ve + (x¥vy), — b v + (xPc(x, Hv) =0, (x,1) €(0,1) x (0, T),

oll @ €[0,2), B>« et b(x,t),c(x,t) € L*°((0,1) x (0, T)) et on donne des conséquences
en controllabilitée.
© 2010 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version francaise abrégée

Pour T > 0 fixe et un sous ensemble ouvert et non vide w C (0, 1) on considére le systéme linéaire

Ve — (X y)x +bx, 0y +xP2c(x, ) yx = hl, in Q1 =(0,1) x (0, T),

y(1,t)=0 and :

y(,0) =yo(x),

y0,)=0 ifo<a <1,
(**y)(0,0)=0 ifl1<a <2,

te(0,T), (1)

in (0, 1).
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avec b,c € L®(Q1), yo € L2(0,1), @ €[0,2) et 8 > «. Ici, h € L(Q1) est une fonction de contrdle (3 déterminer), 1, est la
fonction caractéristique de I'ensemble w et y est la variable d’état. On dit que le systéme est contr6lable a zéro en temps
T > 0 si, pour tout yg € L2(0, 1), il existe un contrdle h € L>(Q1) tel que y(T) = 0. Le résultat principal de cette Note est :
Théoréme 0.1. Soient T > 0 et yo € L%(0, 1), alors il existe h € L>(Q ) tel que la solution y de (1) satisfait

y(T)=0 dans|[0,1].
De plus, il existe C une constante positive qui depend de T telle que

T 1

//|h|2dxdt<C/y5(x)dx.
0 w 0

La preuve du Théoréme 0.1 s’appuie sur une inégalitée de Carleman pour le systéme

Ve + (X*ve)x = Fo + (XP/2Fy)y inQq,
0,t)=0 if 0 < 1,
V(],t):O and {V( ) 1 o< tE(O, T), (2)
x%vy)(0,6) =0 if1<a <2,
v(x, T) =vr(X), in (0, 1),

avec Fg, F1 € L2(Q1) et vy € L2(0, 1). Le résultat suivant est montré :

Lemme 0.1. Soient 0 < o < 2 et T > 0 donnés. Alors il existe deux constantes positives C et sg, telles que chaque solution v de (2)
satisfait, pour tout s > sg,

T 1
//(s@x“ vi 4520327 v2)es P dxde
00

T T
< C(/fezsqj("*t)v2 dxdt + /(F% +5293xﬂ’“F12)625¢("’t) dxdt) (3)
0 0

ot @ et 6 sont donnés dans (8) et (7).
1. Introduction and main result

Let us fix T > 0, a non-empty open subset @w C (0, 1) and let us consider the linear system

Ve — (X y)x +bx, 0)y +xP2c(x, t)yx = hl,, in Q1 =(0,1) x (0, T),
0,6)=0 if0 < 1,
y(1.6=0 and {Y( ) PUSYEN o, (4)
x*yx)(0,t)=0 if1<a <2,
Y(x,0) =yo(x), in (0, 1).

where b, c € L®(Q1), yo € L>(0,1), o €[0,2) and B > «. Here, h € L>(Q;) is a control function (to be determined), 1,, the
characteristic function of the set w and y is the state variable. It will be said that (4) is null controllable at time T if, for
each yg € L%(0, 1), there exists a control h € L2(Q1) such that

y(T)=0 in[0,1]. (5)

Let us recall that the above problem is well-posed in appropriate weighted spaces. For 0 < o < 1, define the Hilbert space
HL(0,1) as

H}(0,1) := {u € L*(0, 1) | u absolutely continuous in [0, 1], X*/?u, € L*(0, 1) and u(0) = u(1) = 0},
and the unbounded operator A : D(A) C L2(0,1) — L%(0,1) by
VueD(A), Au:=(x"uy),,  D(A):={ueHy©0,1)|x*uxeH' (0,1}
For 1 < o < 2, let us change the definition of H}x 0,1) to

HY(0,1) := {u € L*(0, 1) | u locally absolutely continuous in (0, 1], x*/?uy € L*(0, 1) and u(1) = 0}.
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Then, the unbounded operator A : D(A) C L2(0, 1) — L2(0, 1) will be defined by
Yu e D(A), Au:= x%uy)y,
D(A) := {u € L?(0, 1) | u locally absolutely continuous in (0, 1],
X%u e H}(0,1), x*uy € H'(0, 1) and (x*u,)(0) = 0}.

In both cases 0 < @ <1 and 1 < & < 2, the following results hold (see, e.g., [2]):
Proposition 1.1. A: D(A) C L%(0, 1) — L2(0, 1) is a closed self-adjoint negative operator with dense domain.

Hence, A is the infinitesimal generator of a strongly continuous semigroup e!* on L2(0, 1). Consequently, we have the
following well-posedness result:

Theorem 1.2. Let h be given in L>(Q+). For all yg € L2(0, 1), (4) has a unique solution

yeU:=C"([0,T1; L*(0,1)) NL*(0, T; HL(0, 1)).
Moreover, if yg € D(A), then

yeC®([0,T1; HL(0,1)) NL?(0, T; D(A)) N H'(0, T; L*(0, 1)).

The controllability properties of linear one-dimensional degenerate parabolic equations with zero order terms are nowa-
days well known; see for instance [1,6,12,7]. In [5] the authors study the property of null controllability of the system (4)
with first order terms when the coefficient ¢ only depends on spatial variable x. In this Note we are considering coefficients
of the first order terms of the form x#/2c(x,t) with 8 > « and c(x, t) € L*°((0, 1) x (0, T)). This dependence on t improves
the null controllability results existing in the literature and will allow to prove a null controllability result for a semilinear
equation for certain non-linearities f = f(x,t, y, yx). This issue will be presented in an extended version of this Note [9].
We also extend the results in [3,4] where the regional null controllability of equations of the form of (4) is considered. Our
main result is the following one:

Theorem 1.3. Given T > 0 and yg € L%(0, 1), there exists h € L?(Q 1) such that the solution y of (4) satisfies

y(T)=0 in[0,1].

Moreover, for some positive constant C that depends on T,

T 1
//|h|2dxdt<C/y§(x)dx.
0 w 0

2. Carleman inequality

The proof of our main result is a consequence of this crucial estimate of Carleman type, that will be useful to prove an
observability inequality for the adjoint system. Let us consider the parabolic system

Ve + (X% vy)x = Fo + (XP/2Fy)y, in Qq,
0,t)=0 if 0 < 1,

v(l,t)=0 and {V( ) 1 @< tE(O,T), (6)
*xv)(0,0)=0 if1<a<2,

v(x,T) =vr(x), in (0, 1),

where Fg, F1 € L2(Q) and vt € L?(0, 1). Observe that, for every Fg, F1 € L>(Q) and vy € L2(0, 1), (6) admits a unique
weak solution (see [11]) that satisfies v € C%([0, T]; L2(0, 1)) N L?(0, T; H, (0, 1)) and v € L?(0, T; (HL)'(0, 1)).
For w = (a, b) let us call k = # A= @ and & € C2(R) be such that 0 <& <1 and
1, ifxe(0,k),
§(x) = .
0, ifxe(,1).

Let us define
2% —¢cy), 0<a<2 a#l, Vxel0,1],
(e* —c1), a=1, Vxe[0,1]

where ¢ is such that ¥ (x) < 0 for every x € [0, 1]. Now, let us set

o(t) Vte (0,T), (X)) = { (7)

T (H(T =08
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1—x/2
— — ot (®) _ 52r£(0)
C(x)_l—o{/z’ V(x)=e e
and the negative function
DX, 1) =0 [EXYX) + (1 —EX)PX)]. (8)

The main result of this section is the following:

Lemma 2.1. Let 0 < @ < 2 and T > 0 be given. Then, there exist two positive constants C and Sg, such that every solution v of (6)
satisfies, for all s > sy,

T 1 T T
//(s@x“vﬁ+s303x2—°‘v2)e25">("-” dxdtgC(//eZS@(x,t)vzdxdt_l_/(F(Z)+5203Xﬂ—al;12)625d>(x,t) dxdt). 9)
00 0 w 0

Proof. We will prove Lemma 2.1 following the technique developed in [10]; that is to say, we will use recent Carleman
inequalities, such as those developed in [7], for degenerate parabolic equations with second member zero to obtain the
wished inequality. The proof is done in two steps:

Step 1. Two auxiliary null control problems
In [8], is proved that for system (6) with right-hand side zero; there exist two positive constants C and sg, such that for all
s = So,

T 1 T
[/(s@x“vf( +5303x*7*v2)eX P dxdr < C//ezs‘p("’”v2 dxdt. (10)
00 0 w

Let s > s and let us introduce the null controllability problem: Given f € L%(Q1), find u € L2(Q) such that the solution
zel?(0,T; HL(0,1)) to

Zr — (X%2y)x = $303x2~ %2520 £ 4 41, in Qq,
21.6=0 d {Z(O,t)=0 ifo<a <1, te(0.T)
)= an €, 1),
(2)(0,6) =0 ifl<a <2,
z(x,0) =0, in (0, 1),

satisfies z(x, T) =0 in (0, 1) and

T 1 T T 1
/ / e 2P0 22 dxdt + / / e~ 2P(0y2 dxdt < C / / $36°x2 2P0 f2 4yt (11)
00 0 o 00

Following [10] it is possible to prove that inequality (10) implies the existence of such a control and that inequality (11)
is satisfied. We apply the previous considerations to the solution v € L2(Q4) to (6) and deduce the existence of a control
il € 1?(Q1) and state 2 € L%(0, T; H, (0, 1)) such that

2 — (x%2y)x = $303x2~ %250y 4 111, in Q1,
31,6=0 and {2(0,}):0 fosa<L o, (12)
x*z)(0,6) =0 ifl1<a <2,
2(x,0)=2(x,T) =0, in (0, 1),
and
T 1 T T 1
/fe’zs‘p(x’t)iz dxdt—i—//e’zs‘p(x’t)ﬂzdxdtgC//5393x2""625¢("*t)vzdxdt. (13)
00 0 o 00

Now, if we multiply by s—203e=25?®*D3 the equation satisfied by 2 and we integrate by parts, we infer
T 1 T 1
//5_29_3x"‘e_25¢("*t)2,2( dxdt < C//s363x2_"‘e25¢("’t)v2 dxdt,
00 0 0

that together with inequality (13) gives
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T 1 T T 1
//e’zs‘p("’t)%2 dxdt—i—//e*zs‘p(“) 2dxdt+//s’29 —25P(X022 dx dt
00 0 o 00

T 1
gC//5363x2_°‘ezs‘p(x’”v2 dxdt (14)
00

for s > sg.
Similarly, for x*/2v, € L2(Q1), where v is solution to (6); we can deduce the existence of a control &l € L2(Q1) and state
7el1%(0,T; H.(0,1)) such that

— (X¥Zy)x = 0P XIx2v )y + 111, in Q1.
5 2(0,6)=0 ifo<a <1,
Z(l,t):O and { ( ~) < tG(O,T), (15)
(*¥Zx)(0,6) =0 if1 < <2,
E(Xa O):Z(X, T):O, in (O,l),
and
T 1 T T 1
[/6—25®(X,t)22 dxdt+//e—25¢(x,t) 2dxdt+//s_26 -2 X —25<D(x t)ZZ dxdt
00 0w 00
T 1
SC//SHX%ZW("’”V% dxdt (16)
0 0
for s > sp.

Step 2. Proof of inequality (9)
If we multiply by v Eq. (12) and we integrate by parts, we have

T 1
[/5393x2—a€23¢(x,[)vz dxdt
00
T T T 172
(/ eSO 2 dxdt—f-/ s20 xﬂ"“ezyp("'t)1-"12dxdt—i—//ez“p("’t)v2 dxdt)
0 0 0 w

/1 ./l

0 0

T 1 T 1 T 12
(//e‘zsq’("*”%z dxdt-{—//s_z@ —2sP (052 dxdt—i—//e_zs")("’”v2 dxdt) .

00 00 0 @

Now, taking into account (14), we deduce

T 1 T 1 T 1
//5393 X2 25¢(xt)v2dxdt<C<//625¢(xt)F2dxdt+/fsz PENE 25‘1’(“)F2dxdt
00 0 00

0
T
+//ezs¢(x’t)v2dxdt). (17)
0 w

Similarly, if we multiply by v Eq. (15), we integrate by parts and we apply (16); we can conclude

T 1 T 1 T
/ / s@xae25¢(x’t) V)Z( dxdt < C (/ / 825<1>(x,t) [F(% + 5293){,3701 F12] dxdt + / / eZSQ)(X,t) V2 dx dt) i
00 00 0 w

that, together with (17), gives (9). The theorem is now proved. O
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3. Null controllability of system (4). Proof of Theorem 1.3

The key point in the proof of Theorem 1.3 is to obtain an appropriate observability inequality for the corresponding
adjoint equation to (4). That is, consider v solution to

Ve + (X v )x — b(x, )V + (xP/2c(x, t)v)x =0, in Qq,
0,6)=0 ifo<a <1,
v(1,£)=0 and {V( ) 1 @= te(0,T), (18)
x*vy)(0,0) =0 ifl<a<?2,
v(x,T) =vr(x), in (0, 1),

with vt € L2(0, 1). It is now well understood that null controllability of (4) is equivalent to the following result:

Lemma 3.1. Let T > 0 be given. Then there exists a positive constant C such that every solution v of (18) satisfies

1

T
fvz(x, O)dxgcf/vz(x,t)dxdt. (19)
0 w

0

The proof of (19) combines Carleman inequality (9) with energy estimates with the Hardy-Poincaré type inequality [13]:

1

1
4

/x"‘_zu2 dx < m/x"‘ux2 dx,

0

0

where u is a locally absolutely continuous function in (0, 1) and

ux) >y0+ 0, f0<a<T; u(x) >y_1- 0,
if 1 <a <2 and, in both cases,
1
/‘x"‘u,(2 dx < co.
0

Finally, using the observability inequality (19) and a standard technique, one can prove Theorem 1.3.
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