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RESUME

Nous étudions I'estimation non paramétrique de la fonction de régression par le lissage
localement linéaire au sens d’erreur quadratique asymptotique. Sous des conditions de
forte mélangeance et d'irrégularité, nous obtenons des vitesses de convergence optimale
et suroptimale de I'estimateur pour I'erreur quadratique asymptotique.

© 2009 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version francaise abrégée

Considérons la relation E[Y | X = x] = m(x) entre deux processus en temps continu a valeurs réelles et strictement
stationnaires {X;,t € R} et {Y;,t € R}. Nous construisons I'estimateur non paramétrique de la fonction de régression par le
lissage localement linéaire (2) qui minimise la quantité (1) par rapport aux parameétres a et b, a partir de I'observation d'une
trajectoire {(X¢, Y¢),t € [0, T]}.

L'objectif de cette Note est d’obtenir les vitesses de convergence en moyenne quadratique optimale et suroptimale de
I'estimateur (2) dans un cadre similaire que Cheze-Payaud [9] a étudié pour I'estimatuer par noyau. Pour ce faire, nous
supposons que les processus sont fortement géometriquement mélangeants et satisfont a certaines conditions d’'irrégularité.
Les démonstrations ont été faites suivant les décompositions de Fan [10] et les techniques de majoration en cas de processus
en temps continu de Bosq [4]. Finalement, nous donnons un exemple qui vérifie les hypothéses.

1. Local linear estimator of nonparametric regression: Notations and assumptions

Suppose the following relationship between two real processes {X;,t € R} and {Y;,t € R}:
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E(Y | X=x) =m(x).

In discrete time case, the local linear estimator is studied by number of authors, see Fan [10,11] and Fan and Gijbels [12].
In continuous time the estimation problem by kernel estimator and orthogonal projection method is studied by Cheze [8],
Bosq and Cheze [6], Bosq [3,4], Bosq and Blanke [5]. In comparison with the discrete time case, that of continuous time has
the particularity of superoptimal convergence rate under suitable conditions.

For the continuous time sample {(X;, Y;),t € [0, T]}, and the nonparametric regression

m(x) = E[Y | X =x],

consider the minimizer of the following function with relation to parameters a and b

T
x—X
Q(a,b):/(Yt—a—b(x—Xt))2K< ; t)dt, (1)
T
0
where K (-) is the kernel function and ht is the bandwidth. We obtain then an estimator of the unknown function m(x):
n fOT Yiwe de
d="———,
fOT Wt dt
where
x— X
wr=K . [ST,z - (x— Xt)ST,l]s
T
T
x—X
sT,=/K< t)(x—Xt)ldt, 1=0,1,2.
) hT
0

It is easy to see that fOT wedt = sT70ST2 — (s7.1)%> > 0. For avoiding the vanishing of the denominator, we replace the
estimator a by

fOT We Yt dt

MmX) = ————r,
fOT Wt dt + T72

(2)
where T2 in the denominator does not affect the asymptotic behavior of the estimator.

Assumption H.

(1) The function m(-) is twice differentiable with sup,cg [m”(x)| = B < 00;
(2) The process Z ={Z; = (X¢, Yt), t € R} is strictly stationary and geometrically strongly mixing (GSM):

aw)=  sup |P(ANB)—P(A)P(B)|<cp",
A€o (Zs,s<0)
Beo (Zs,s>u)
where p € (0,1), c,u > 0;
(3) The density fx(-) of Xq is Holder continuous:
|fx) — fx()| <clx—y|* 0<a<1;
(4) The process {&; =Y; —m(X;), t € R} satisfies E[&¢|Br] =0, a.s., and
sup E(|et|2+5|87) <M as.,

0<t<T<+00

for some § >0, M >0, and Br =o (X, t <T).
(5) The kernel function K(-) is a non-negative, symmetric and bounded density, satisfying

+o0

0< f yK(y)dy < oo, forintegerr > 0.

—0o0
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The following function g(x,y)(x, y) is a measure of dependence between X and Y. Let (X, Y) be R x R valued random
variable, denote

gx) % Y) = foxn® ) — Fx® fy(y); xyeRl,
where f is the density of Z.
Let {&,t € R} = {(X;, &), t € R} be strictly stationary and consider

85t =8t = figse — [ ® fe,
and

Gy (x.X) = / yy'gt(x. y:x,y')dydy’,
R2
where (x,x) € R2, (f ® f)(x,y) = f(x) f(y). Consider now

8t =8t SHL
and let

H*(x,x) = / |G (x.x') | du.
10,+o0[
2. Asymptotic optimal rate of convergence

First we present the optimal convergence rate of the estimator mi(x) defined by (2).

Assumption A* (I, p). There exist I" € B2, containing D = {(s,t) € R%: s=t} and p €12, +o0] such that

(1) for all (s, t) ¢ I', G5, exists;
(2) Ap(I") =sups pygr 1G5 Nl ppr2) < 00;
(3) imSUpr_, 4o 7 fio. 7 dsdt = €1 < oo

Theorem 1. Under Assumptions H and A*(I", p), let ht =dT—F, 0 < 8 < 1/2, then we have

00 2
E(m(x) —m(x))2 < %(Bm / u21<(u)du) h%
+Lf2(x)5[51<2<x_xo>] 1 / dsdt
Thr X hr hr T
[0,T2NT
1
+o<h‘}+T—hT>, vx e {x: f(x)>0}. (3)

If the second order of derivative of m(-) is continuous at x, then the bound By, is replaced by m” (x) in (3).

Remark 1. Taking g = —1/5, we have the optimal convergence rate. That is
TYSE(f(x) —m(x)* = 0(1).

This convergence rate was obtained by Cheze-Payaud [9] in a similar framework by kernel estimation method for R? x R
valued {(X;, Y;)} with the rate T4 @+ instead of T*/> (see Bosq [4]).

3. Asymptotic superoptimal rate of convergence

The following two theorems state the superoptimal rate of the estimator m and the asymptotic limit of the quadratic
error. The following is the irregularity condition:

Assumption I. H* exists, bounded and continuous at (x, x).

It is an analog of the Castellana-Leadbetter’s [7] irregularity condition on the regression problem.
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Theorem 2. Under Assumptions Hand I, let hy =dT—#,0 < B < 1/3, then there is 0 < T < 8, such that

E(m _o(n4 il ! 4
(R0 =)= 0\hr + 7 a=arers + 7 ) (4)

especially, for 1/2 <a <1,and hy =dT—P,1/4 < B <1/3, forx € {x: f(x) > 0},

T—o0

+00
limsup T E (i(x) —m(x))2 <2f% () f |G (x, %)| du. (5)
0

Theorem 3. Under Assumption H, if G5, = GTsft\' u — ||G} |l is integrable over 10, +oo[, and Yu > 0, G}, is continuous at (x, X),

then when 1/2 < o < 1, take ht = o(T~1/4), we have

+00
TE(ﬁ(x)—m(x))zmzf;Z(x) / G (x,x)du. (6)
0

The proofs of the above theorems mainly follow decompositions of Fan [10] and the techniques of Bosq [4].
4. Example

Let X = {X;,t € R} and {&,t € R} be two independent, strictly stationary processes. When {X;} is geometrically strongly
mixing and Gaussian processes, with zero-mean with autocorrelation coefficient p(u) satisfying p(u) =1 — aju|? + o(u?),
u — 0, where 0 < 6 < 2. Consider {&;,t € R} the continuous-time fractional ARMA process introduced by Viano et al. [13]
(see also Blanke [1]). It is defined by & = ffoof(t — s)dW(s), with the Brownian motion W and the impulse response

function f € L2(R*) and its Laplace transform F(s) = | P K(s—ay)%, for Re(s) > a, where for D = Z{( di and the index set
E* of singular points of F, a = max{Re(ay), k € E*}. When D < —1/2 and a < 0, the process {&:} is a zero-mean, stationary,
strongly mixing and Gaussian process. It is easy to see that then,

Gp.u(%.X') = fixo.xu) (x. X) Cov(eo, £4).
Since for D < —3/2 and a < 0, the autocovariance function o.(u) of the process {&:} is bounded over ]0, +oo[, Assump-
tion A*(I",p) and the irregularity condition I are reduced to the following assumptions on the process {X:}. Denote
8s.t = 8(Xs,X0)+

Assumption A(T, p). There is I" € By, containing D = {(s, t) € R?: s=t}. There exists p €12, +oc] such that

(1) for all (s,t) ¢ I", g5 exists;
(2) 3p(I") = sups pyer l18s.cllip w2y < 00;
(3) limsupr_, o 7 fig rp dsdt = €1 < oo,

Assumption I’. The function H(x, x') = f]o ool 1BuX, X')| du exists, bounde dand continuous at (x, x).

They are studied in Bosq [4], Blanke and Bosq [2] and Bosq and Blanke [5]. Especially, Blanke and Bosq [2] consider the
case of fxy,x,) () = M(-, )u~0 with either M(-,-) bounded or M(-,) € L'(R??) and then the irregularity condition of the
process matches with 0 < yp < 1.
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