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RESUME

On établit des inégalités d’observabilité pour des systémes linéaires de réaction-diffusion—
convection d'ordre 2 et des systémes linéaires de réaction-diffusion d'ordre 3, basées
sur des estimations de Carleman. Elles permettent de démontrer des résultats de
controlabilité aux trajectoires par une seule force localisée en espace ainsi que des résultats
d’identification de n coefficients par (n — 2) observations.

© 2009 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version francaise abrégée

La controlabilité de systémes paraboliques est un sujet relativement nouveau. Les principaux résultats ont été obtenus
dans [10,2,1,8,3]. La question reste largement ouverte. Ce travail généralise les résultats de [9] dans le cas de deux équations
de réaction-diffusion-convection. Il démontre, a notre connaissance, le premier résultat de contrdlabilité de trois équations
de réaction-diffusion (par une seule force localisée). Il est basé sur I'obtention d’une nouvelle inégalité de Carleman (8). On
obtient les résultats suivants :

Observabilité du systéme (3). Sous les hypothéses du Théoréme 1.1, il existe une fonction 8, une constante K > 0 (voir (2)) et des
constantes positives sg, C, telles que pour tout ug, vo, f, g € L2(£2) et |11 — 12| < 1 l'estimation de Carleman (4) ait lieu pour tout
s > sg et tout (u, v) solutions de (3).
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Observabilité du systéme (5). Sous les hypothéses du Théoréme 1.2, il existe une fonction positive 8 € C2(82), une constante K et
deux constantes positives sg, C, telles que pour tout ug, vo, Wo, f, g, h € L>(£2) et T € R I'estimation de Carleman (6) ait lieu pour
tout s > sg et toutes les solutions (u, v, w) de (5).

1. Introduction and main results

The subject of controllability of parabolic systems is a relatively new subject. Some of the main results have been ob-
tained in [10,2,1,8,3]. Many issues yet remain open. In this article we generalize the results of [4,9] which address the case
of two reaction-diffusion-convection equations. We derive global Carleman estimates for a reaction-diffusion-convection
system of two equations and for reaction-diffusion systems of three equations with the observation of one of the three
unknown functions. These estimates are the key in the proof of controllability results for two and three coupled parabolic
equations as well as a result on the identification of coefficients for three coupled parabolic equations (see [5]). To be more
precise, let 2 C R", n>1 be a bounded connected open set of class C2. Let T > 0 and let @ be a non-empty open subset
of 2. We define 27 = 2 x (0, T) and Xt =952 x (0, T). Let us consider second-order elliptic-selfadjoint operators given by
div(H;V) = Z?,j:l ai(hij(x)aj) for =1, 2 and a positive constant hg, with

n
hi; e Whe(2), hix=hli(x) aein®, and > hij(x&& >hol¢|*, VEeR" (1)
i,j=1

Following [7], given @ C £2, K > 0 to be defined below, let us introduce g € C(£2) such that > 0in £2, |[V| > 0 in 2\ o,

2K _ o2 B() e
X, t)i=——, V(xt) €27, t) = , Vx,t)e2r,
n(x, t) (T (x,1) T p®) T—0 (%,1) T
n*=maxn, p-=minn, o=4n--3n",  p*=maxp,
2 2 2
1 — 2
I(t,¢) = / (sp)" e 25"<|<pt|2+ Yo 19l +<sxp>2|w|2+<sxp)4|go|2)dxdt. )
o 1<ij<n

e leta,b,c,deL®(R2r) and A, C, D € L®(£21)", B € L®(£2)". Let ug, vo € L2(£2), f, g € L*(£21). We consider the following
reaction-diffusion-convection system:
oru =div(H1Vu) +au+bv+A-Vu+B-Vv+ f in$r,
orv=div(HVv)+cu+dv+C-Vu+D-Vv+4+g in$2r,
u('vt):V('vt):O on ET;
u(-,0) =up("), v(-,0) =vo(") in 2.
Theorem 1.1. Let us assume that w is of class C?, @ C 2 is such that for some y C 382, |y| # 0 with y C dw N 32 we have that
B(x) - v(x)| £0,x €y, Be W>® ()", A € WI®(wr)" and b € W (wr). Then, there exist a positive function p € C*(£2), a

constant K > 0 (see (2)) and two positive constants sq, C, such that for every (ug, vo) € L2(§2)? and |11 — 12| < 1, the following
Carleman estimate holds:

I(t1,u) + (12, V) < C(/e‘zs"‘(sp*)r*lulzdxdt

+ / e 2 (sp)>t72|Q £ dxdt + [ e N ((sp)" | f17 + (sp)™ |gI?) dx dt) (4)
T 27

forall s > so and for all (u, v) solution of (3). Q is a bounded operator in L2(w) defined in (10) and T* = 41, — 371 + 15.

e Let (aij)1<i j<3 € L*(827). Let H) = (hi.j)K,;jgg, 1 <1< 3, be defined in (1). We consider the following 3 x 3 reaction-
diffusion system
dru =div(H1Vu) +anu +appv+aiw+ f in 21,
orv =div(HaVV) +axiu +axv+a3w+ g in 27,
orw =div(H3Vw) +asju +asv+asw+h  in$2, (5)
u=v=w=0 on X7,
u(-,0) =uo, v(-,0)=vy, w(-,0)=wqg inS2.
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Theorem 1.2. Suppose that there exists j € {2, 3} such that |a1j(x,t)| > C > 0 for all (x,t) € wr and that Hy = H3. Let kj = %,

A1k ;
By, = —2Hz(Vay; — F;Valj) and

5 —div(H2Vay))

Vaqg.a1i — Vayiagg; aik; diV(HzVCh i)
bj=2H2V01j< i) ! <}>+ ! !
a]j

ayj

2 . ) (s —al.a;
a]](jaI(j]+a1]alkjaj] a1j01k; Aijk; — a7 ;4 jk;

aij
Furthermore, we assume that either By, (x,t) =0 andbj(x,t) # 0 on wr, or ay and a3 are time independent, dwN 32 =y, |y| #0,
a1z, a13 € W4 (@) and By; - v(x) % 0, on y. Then, there exist a positive function g € C?(£2), positive constants K > 0, sg, C, such

that for every ug, vo, wg € L2(£2), f, g, h € L2(821), the following Carleman estimate holds for s > sq, all (u, v, w) solution of (5)
and Q defined by (10):

(T, u) +1(t,v) + (T, w) < C( / s(’”:")(,o"‘)ﬂr:ﬂe("ls"‘”s’”(|u|2 +|fI?) dxdt

T
+ / e 21(sp)>* 7 (1Q g2 +QhI?) dxdt + / e >(sp)*(1f l2+|g|2+lh|2)d><df)-
T 27

(6)

Remark. Note that if all the coefficients are constants then By, =0 and the assumptions of Theorem 1.2 are reduced to
b; # 0 which corresponds to the Kalman type rank condition of [3].

2. The main lemma
The proofs of the previous theorems will be a consequence of this crucial lemma:

Lemma 2.1. Let the assumptions of Theorem 1.1 be satisfied. Suppose that u € C([0, T1; H?(2) N H{(£2)) N C1([0, T]; L2(£2)). Let
Hq defined in (1), a € L*°(£27) and A € L°°(£27)". Then, for all & > 0, there exists C¢ > 0 such that any solution v of

bv+B-Vv=0u—div(HiVu)—au—A-Vu— f inor, v(-,t)=0 onyr, (7)
satisfies:

/(s,z>)’2+3’e*_25'7|v|2 dxdt<Cg/e_zsa(sp*)r*lulzdxdt+/e_zsn(sp)””lelzdxdt+81(r2,v) (8)

T wr wr

with @ C w, Q defined in (10).

In order to make the proof clearer to the reader, we are going to consider the simplest case where
2=0,1)x2, w=0¢xe, y={0}xo, Bx)=(@1,0,...,0), x= (xl,x’),

with 2 c R"! open and smooth enough, and @’ C £2’ open and non-empty. The general case follows from to this simpler
one by suitable change of variables. With this setting, (7) has the form bv + 9y, v = d;u — div(Hy - Vu) —au — A - Vu — f.
The proof will be done in 3 steps.

o Step 1: An equation for v. Let L := 3y, +b, with D(L) = {v € H'(w); v(0,x) =0, on o'}.
X1
L= (w)(x, £) = efo' PO1X DAy /e—foy1 boaXDdxy (yy ¥, t)dyr, Yw e L*(wr).
0

For, p,q € L*°(wr), let us define K(p,q)w(x,t) = p(x,t) fg“ qy1, X, Hyw(y1, X, t)dy;. Note that K(p,q) € L(L*(wr)) and
that L1 = K(p, q) with p(x,t) = elo' BO1X01 gy 1) — =o' b01X.0dV1  Applying L1 to (7), we obtain the following
result:

Let Hy, A, b, B satisfying assumptions of Theorem 1.1 and p, q previously defined. There exist (p;. qi)2<i<n € W2®(wr)?®=D,
(Pi. di)1<i<n € W (wr)?", k € L (wr) such that, for any u € C([0, T]; H2($2) N H{(£2)) N C1([0, T1; L?(82)), the solution v
of (7) satisfies:
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n n
V(X ) = K (1, g, t) + Y 05K (pi, Dux, ) + Y _ 5K (i, Gi)u(x, t) + K (p, aq)u(x, t)
i=2 i=2

+k(x, Oux, t) + K(p,q) f (%, t) + pq(x, )h1 (0, X', t)dx,u(0, ¥, t), ae.inwr. (9)

e Step 2: An observability inequality for v with two observations u# on wr and d,u on y x (0, T). We multiply (9) by
(sp)™2t3ge~2My and integrate on 27 (where £ is a cut-off function supported in @). We then obtain

A4/(sp)’2+3e_25”|v|2dxdt<C5<A85’2+7/M(x’,t)|u|2 dxdt+A4/e_25”(sp)3+’2|1<(p,q)f|2dxdt
or wT wr
+A4/(sp)t2+3e_25"|8xlu(0,x’,t)|2dx/dt> +el(a, V),
wr

with M(x', t) = fol pT2t7e=2Ndx; . It remains to estimate the boundary term.

o Step 3: Estimates of the boundary term. Observe that for any f and h in H2(w), fw O, f(hf)dx = —% fw |f|28,<1 (h)ydx +
%fw,(lflzh)(s) dx’ — (| f|?h)(0). We apply this formula for f = dxu, f=u and h such that h(¢) = 0. After some computa-

tions, we obtain
/(sp)’2+3e_25”|8x1u(O,x’,t)|2dx’ dt < 8/(sp)’l_le_zsn*|831u|2dxdt
o 27
+ Ces™ /(p)—ﬁ“ezs’i*lvz(x’, £)]9, ul? dxdt,
or

with N(X, t) = fol (p)23e=2 dxq, n* = maxg 1. Therefore € [a (sp)T1—le=2sm" |07, u|? dxdt < e1(t1, u). Besides,

x“/(p)*fl“s”*ezs"*Nz(x/,t)|ax]u|2dxdt <el(Ti,u) + CS/(sp*)‘“z’“‘“Se*“”f*ﬁm*|u|2dxdt.
wr

T

If —4n_ + 3n™ <0, the last integral is bounded. To obtain this, we choose K > max{ Hzﬁl'ﬁi, IBllsc}. The proof for the case

where B = (1,0,...,0) is now complete. The general case (see [5]) is obtained by introducing new coordinates such that
B -V becomes dy,. This can be done by choosing w sufficiently small. We denote by A the corresponding diffeomorphism
defined in w. Thus, with L(v o A) = dx, (v o A) + (bo A)(v o A), we denote

Qf =(I"(foA)oa™. (10)

3. Sketch of the proof of Theorems 1.1 and 1.2

Proof of Theorem 1.1. Consider @ CC w a non-empty open subset If |[t; — 73| < 1, a direct application of Carleman estimates
for scalar parabolic equations leads to

I(t1,u) + I(t2, V) <c(x4/(sp)fl+3e*25"|u|2dxdt+,\4/(sp)f2+3e*25'7|v|2dxdt>

T wr

+ /(s,o)”e’zsnlfl2 dxdt + /(s,o)fze’zs’7|g|2 dxdt.
27 r

The main question is to remove the term fc?)r (sp)2+3e=25M|y|2 dxdt. The main difficulty here is the presence of first order
terms in v. Roughly speaking, the idea is to locally transform (in w x (0, T)) the first equation of (3) as v = Lu where L is
a partial differential operator (first order in time and second order in space). To achieve this, we need the condition B -v # 0 on
y x (0, T) where y is a part of the boundary of £2 Nw and that w is a neighborhood of y. One can apply Lemma 2.1 and
deduce the result.

Proof of Theorem 1.2. The main idea is to apply a Gauss reduction to system (5). Let z =ajav + a;s3w defined in wr.
Suppose, for example, that the assumptions of Theorem 1.2 are satisfied for j =3. If (u, v, w) is a solution of system (5),
then u, z satisfy



A. Benabdallah et al. / C. R. Acad. Sci. Paris, Ser. I 348 (2010) 25-29 29

{atu:div(H1Vu)+a11u+z+f in wr,
orz=div(H,Vz)+A-Vz+az+eu+B-Vv+bv+G inor,
with B = B;. By applying results of [6], one can observe z by u from the first equation. The previous Theorem 1.1 is used to

observe v by z (in wr). The conclusion follows assuming K > max{ ﬁ;“j [1Blloo}-

4. Applications

The following results will be detailed in [5].

e Controllability of semilinear systems. The previous Carleman estimates allow us to prove controllability to trajectories
for a class of semilinear reaction-diffusion—-convection systems of order 2 and reaction-diffusion systems of order 3.

o Identification of coefficients. The Carleman estimate in Theorem 1.2, allows us to obtain the identification of one coeffi-
cient in each equation of system (5) by observing u on wr and by the knowledge of these coefficients on w. An L?-stability
of this identification is also derived.

o Generalization to systems of order n. All the previous results can be generalized to a class of n x n parabolic systems with
n — 2 observations (or controls).
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