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Abstract

We introduce a time-space two-scale transform designed to capture the high and low frequency waves in the asymptotics of
the periodic homogenization of the wave equation. The asymptotical solution is the sum of the solution of known homogenized
equations and of Bloch waves. We also derive the transport equations satisfied by the Bloch wave coefficients. To cite this article:
M. Brassart, M. Lenczner, C. R. Acad. Sci. Paris, Ser. I 347 (2009).
© 2009 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Un modéele a deux échelles pour I’équation des ondes a coefficients et données oscillants. Nous introduisons une trans-
formation a deux échelles en espace et en temps destinée a capturer a la fois les basses fréquences et les ondes de Bloch qui
apparaissent lors du processus asymptotique d’homogénéisation de 1’équation des ondes a coefficients périodiques. La solution du
modele qui en résulte comprend les ondes de Bloch et une contribution basse fréquence qui est la solution du modele homogénéisé
de I’équation des ondes. On établit aussi les équations de transport vérifiées par les coefficients des ondes de Bloch. Pour citer cet
article : M. Brassart, M. Lenczner, C. R. Acad. Sci. Paris, Ser. I 347 (2009).
© 2009 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. The wave equation as a first-order system

Let £2 be an open subset of RY with bounded Lipschitz boundary 92, and let I = [0, T) C R be a finite time
interval. We fix a splitting of 942 into two disjoints parts I'p and Iy where Dirichlet and Neuman boundary conditions
are applied. We consider u° (¢, x) solution to a linear scalar wave equation with periodic coefficients and oscillating
data,

0 2uf — div(a®Vu®) = f° inl x £,
ut(t=0)=uy, u°(t=0)=v; ing2,
u®*=g% onl xIp, a®Vubng=h® onl x I'y. €))
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As usual in periodic homogenization theory, a®(x) = a(’g‘), pfx) = p(’gc), where a(y) is a symmetric matrix and p(y)
is real-valued, both being Lipschitzian and Z" -periodic on R¥ . Moreover, we require the standard uniform positivity
and ellipticity conditions to hold, i.e. 0 < pg < p(y) < p1 <00 and 0 < ap < a(y) < a; < oo. Setting

Ut — JatEVut FS—( 0 ) U€—<ﬁvu8>
~\vpraue ) S\ ) N )

GSZ<JlFD8tg8\/an_Q> 2 0 x/CFV(\/lp—g~)
Lryh®/Jp% )" o div(Va?)) 0 ’
e 1 0 Jatng

A ﬁ (x/a—ang 0 ) ’

we recast the scalar wave equation (1) as a first-order system of size N + 1,
(0, — A*)U* =F° inl x £2,
Us(t=0)=U; in$2,

(nj‘Ug—Gg)le:O onl x I'y and (nZUs—Gg)NH:O onl x I'p,
which may be understood in the weak sense
/ (Fg.l/f—i—Us.(a,—As)lp)dtdx—F/Ué.w(t:O)dx—i— / G® Y drds(x)=0 2)

Ix$2 2 I1x082
for all admissible functions v € H'(I x 2)N*! such that v (1,") € D(A®) = {(¢, ) € L*(2)V x L*(2) | Va*¢p €
HW(2), ¢/ /p* € H'(2), Jatp.ng =00n I'y and ¢/ /pE =00n I'p}ae.int € I and Y(T,.) =0.

Theorem 1. For any fixed ¢, the weak formulation (2) has a unique solution U¢ € L>(I x 2)N*! for any Uj €
L2(2)NT Fe e L2(I x 2)NTY, 8,65 € H'\(I; HY/*(I'p)), h® € H'(I; H~'/2(I'y)). Moreover, U¢ satisfies the
estimate ||US||L2(1><_Q) < C‘(”I""9 ||L2(1><.Q) + || U(;: ”LZ(Q) + ”8th ||H] (I;H]/Z(F[))) + ||h8 ||H] (I;H—I/Z(FN))) I/H’ll:formly ine.

In the sequel, we assume that the data are bounded as

a

1750 2y + 106 12y + 1008 Lty + 10 12y < € 3

so that the solution U¢ is also bounded in L2(I x $2)V+1.
2. The wave two-scale transform

Let Y = Y* = (0, 1)V be a unit cell of the N-dimensional lattice L = L* = Z"V. Given K € N*, we observe that
the dual lattices K L and % satisfy L = Lg + KL and % =L*+ L’;( for some fundamental subsets Lg C L and
L% C Y* of cardinal KV, suchthat Ly N(KL)={0} and L% N L* = {0}. Also, we introduce a set Yx made of KN
cells indexed by Lk and translated from Y, such that Yg tends to cover RY when K increases.

Now, for any k in Y*, we define the functional space L?={uc L%OC(RN) | u(x + £) = u(x)e?™%t ae. for all
£ € L} of k-quasiperiodic functions, and for any s > 0 we denote by H;(Y) the Sobolev space of functions on ¥

whose k-quasiperiodic extension in L7 belongs to H (RV). Asin [2], the set L](Yx) of all K L-periodic L (RV)-

loc
functions can be described as the Hilbertian sum of K subspaces L%(Y K) = @,ﬂ‘e Ly L,%, the norm in L%(Yx) being

1 2 31 1/2
chosen as v = (jy7 ny lv|?dy)l/2. 1
N
tion on a microscopic scale, with domains D(Ay) = {¢ € L>(Y) | ¢/ JPE sz(Y)}. These non-negative self-adjoint
operators with compact resolvent on L2(Y) govern the high frequency spectral analysis of the problem. Each —A
is reduced by a spectral Hilbertian basis (qﬁ,’f ) of L2(Y) such that qj,’j € sz (Y) and —Akq),lj = )J,‘,qb,/f , the sequence of

Next, for any k € Y'*, we introduce the elliptic operators Ay = —=div,(aV, ﬁ.) associated with the wave equa-
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repeated eigenvalues (X’,‘l) being non-negative and non-decreasing. The kernel of —Ay is null for k ¢ L* and one-
dimensional (generated by ¢?) otherwise. We will enumerate the spectral elements (d),’j )byne M,j where M,j =N*
for k ¢ L* and M;’ = N* — {1} otherwise, so that in either case qb,’f ¢ Ker(Ay) if n € M,j We extend these sets by
symmetry, i.e. My = Z* for k ¢ L* and My = Z* — {—1, 1} otherwise. The eigenvectors (kernel excepted) of the
microscopic scale operator

cooAa k
0 V(L)) —isn—=—=Vy($,,1//P)
A= 1 ﬁyﬁ are eﬁ:L \/)‘\kn\ g HI
ﬁdlvy(ﬁ.) 0 V2 ok

|n|

for n in My and s, denoting the sign of n. The orthogonal projectors in L?>(Y)N*! onto span(eﬁ) and onto
span({eﬁ}neMk) are denoted by 17,’1‘ and IT%. Viewed as a family of quasi-periodic functions, {e’,j |ke L%, neM}
constitutes a Hilbertian basis of LZ(Yg)N 1.

Let us introduce our space two-scale transform. We first split the physical domain 2 into a number of ¢Y -cells w
up to a small left-over region §2 — §2, near the boundary 32 by setting 2, = | JC,, where C; = {e€ +eY | £ € L,
el+eY C £2}is the set of all cells fully contained in £2. For any k € Y*, we then define the modulated space two-scale
transform Sf : L2(£2) — L*(£2 x Y) by Sfu(x, y) = Y wec, u(ely + ey)e dmktog (x), where &€, € eL stands for
the unique node of w. Likewise we introduce a time two-scale transform. Taking Z C R as a canonical lattice and
A =0, 1) as a canonical unit cell, we set I, = UCQ‘, where C;‘ ={el+eA|LeZ, el +eA C I} is the family of
all £ A-cells contained in /, and we define our time two-scale transform 7 : L2(I ) —> L2(I x A) by

Teu(t,7) = Z u(ely +et)ly(t),
e

where ey € ¢Z stands for the left end point of 6. Finally, we combine the space two-scale transform and the spectral
decomposition of L2(y)N+! together with the (parameterized) time two-scale transform, to define our one-fibered
wave two-scale transform W{ : L2(I x 2)N T — L2(I x A x 2 x Y)N*1 by

Wi =1L (1 —11°)S5+ Y Tz”*’"/\/%n,’fs,ﬁ.

nEMk

Extending by quasi-periodicity the images of each W/ from L%(Y) to L*(Yk) yields our multi-fibered wave two-scale
transform W¢ = ZkeL} We.

Lemma 2. The transforms W;; and W¢ are contractions, in the sense

e 2 2 & 2 2
H WkU”Lz(IxAx.QxY) < ||U”L2(I><.Q) and ”W UHL2(1><A><Q><YK) < ”U||L2(I><.Q)'
A straightforward consequence is that WEU? € L2(I x A x £2 x Yx)N*! has limit points Uk in the weak conver-

gence of L2(I x A x 2 x Yg)N*! as ¢ tends towards zero, because U¢ € L2(I x §2)N ! remains uniformly bounded
in ¢.

3. The two-scale model for waves

Consider the macroscopic field u° solution to the homogenized scalar problem of [3],
p%02u’ — divy (a®Viu®) = 0 in1 x £2,

Wit=0=uy and 8,u’t=0)=vy in$2,

u0=g onl x I'p, aOquO.n_th onl x Iy,

with p0 = [}, pdy, fO=1im, [, S f¢dy weakly in L*(2), uo = lim uf, vo = lim; [, pS5v§dy/ [, pdy weakly in
L2(2), g =lim, g° in L>(I'p), h =lim, h¢ in L?(I'y) and with the usual definition of the homogenized matrix ad.

We set ¢ = ﬁa,uo and p¥ = Ja (Vyou® + Vyul), where u! is the usual corrector in the homogenization method,
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so that Vyu! is uniquely defined from V,u®. For each k and n, we denote by U¥ € L?(1 x £2) the amplitude of the
Bloch wave eﬁ (y)e?™$n7 Tt is a (non-unique) solution to the first-order system

JUK —s, > Knm Ve UE = FF in 1 x 2,

meMy, Am _A L, Sn=S8m

Ukt=0)=U§ in,

with coefficients, right-hand side and initial condition given by
7k
/ Ol _ <¢|n> _ ¢'”'av,<¢"")d ccV,
/xk Jo) e \Jp

F,fznmfe—zl'“ﬂ/W,ng.e_ﬁdydr, and Ué‘n:nmfs,iuo.e_ﬁdy,
&€ &
Y

the limits being understood respectively in L2(I x A x 2 xY)and L>(I x 2 x Y) weak.

Theorem 3. Fix K € N*. If the data are bounded as in (3) then the sequence WéU? derived from the unique solu-
tion U¢ € L*(I x §2) to the weak formulation (2) is uniformly bounded. The limit of any of its weakly converging
subsequence has the form

UK(t,T,x,y):< >(t XY+ D D U0 e (y) € LI x A x 2 x YNt
keL neMy

From the two-scale limit Ux we get an approximation of the actual physical field

0
U(t, x) ~ (2 )(t X, _) Z Z Uk(t lén Kf‘nlt/eeﬁ(z) @

keLy neMy

in the sense of Theorem 3.

The proof of the theorem relies on the classical two-scale testing method of [1] applied to derivatives and on the
use of our two-scale transform to deal with projections and more general kernel operators. The thrust of our Note is
precisely to mix both techniques in order to deal with fully integro-differential equations.

Remarks. (i) So far, we have not been able to derive boundary conditions for the Bloch wave coefficients U,’f. How-
ever, it is always possible to formulate approximate boundary conditions out of approximation (4). In case where we
retain only one Bloch wave and its companion propagating in the opposite sense, we find

dUFK—aU* =0 onIxIp and UX4+8,U*, =0 onlxIy.

(ii) Our results are stated for any fixed K. A formal limit K — oo (i.e. Yx — R") can be performed in the model
in order to recover the complete set of Bloch waves.
(iii) The idea of this Note originated in [4] and [5].

References

[1] G. Allaire, Homogenization and two-scale convergence, SIAM J. Math. Anal. 23 (6) (1992) 1482-1518.

[2] G. Allaire, C. Conca, Analyse asymptotique spectrale de 1’équation des ondes. Complétude du spectre de Bloch, C. R. Acad. Sci. Paris,
Ser. 1321 (5) (1995) 557-562.

[3] G.A. Francfort, F. Murat, Oscillations and energy densities in the wave equation, Comm. Partial Differential Equations 17 (11-12) (1992)
1785-1865.

[4] M. Kader, Contributions to modeling and control of distributed intelligent systems: Application to beam vibration control, PhD thesis, Université
de Franche-Comté, France, 2000.

[5] M. Lenczner, M. Kader, P. Perrier, Two-scale model of the wave equation with oscillating coefficients, C. R. Acad. Sci. II, Mec. Phys. As-
tron. 328 (4) (2000) 335-340.



	A two-scale model for the wave equation with oscillating coefficients and data
	The wave equation as a first-order system
	The wave two-scale transform
	The two-scale model for waves
	References


