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Abstract

Let G be a graph of order n, and let k > 1 and m > 1 be two integers. In this paper, we consider the relationship between the
minimum degree §(G) and the fractional (k, m)-deleted graphs. It is proved that if n > 4k — 5 4+ 2(2k + 1)m and §(G) > %, then
G is a fractional (k, m)-deleted graph. Furthermore, we show that the minimum degree condition is sharp in some sense. To cite
this article: S. Zhou, C. R. Acad. Sci. Paris, Ser. I 347 (2009).
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Résumé

Une condition sur le degré minimal pour qu’un graphe soit (k, m)-effacé fractionnaire. Soit G un graphe d’ordre n etk > 1,
m > 1 deux entiers, nous notons §(G) le degré minimal de G. Dans cette Note nous montrons que si n > 4k — 5 4+ 22k + 1)m et
8(G) = n/2 alors G est un graphe (k, m)-effacé fractionnaire. De plus, nous montrons par un exemple que la condition sur le degré
minimal ne peut étre remplacée par §(G) > (n — 1)/2. Pour citer cet article : S. Zhou, C. R. Acad. Sci. Paris, Ser. I 347 (2009).
© 2009 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

The reader is referred to [1] for undefined terms and concepts. We consider finite undirected graphs without loops or
multiple edges. Let G be a graph of order n. We use V(G) and E (G) to denote its vertex set and edge set, respectively.
For any x € V(G), the degree of x in G is denoted by dg(x). We write Ng(x) for the set of vertices adjacent to x
in G, and Ng[x] for Ng(x) U {x}. For § C V(G), we write dg(S) instead of ) _¢dg(x). We denote by G[S] the
subgraph of G induced by S, and G — § = G[V(G) \ S]. Let S and T be two disjoint vertex subsets of G, we use
e (S, T) to denote the number of edges with one end in S and the other end in 7. If T = {x}, then we write eg (x, S)
instead of eg (T, S). We use §(G) for the minimum degree of G.

Let k > 1 be an integer. Then a spanning subgraph F of G is called a k-factor if dr (x) = k for each x € V(G). Let
h:E(G) — [0, 1] be a function. If >___ h(e) = k holds for any x € V(G), then we call G[F}] a fractional k-factor
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of G with indicator function & where Fj, = {e € E(G): h(e) > 0}. In this paper we introduce firstly the definition of a
fractional (k, m)-deleted graph, that is, a graph G is called a fractional (k, m)-deleted graph if there exists a fractional
k-factor G[Fy] of G with indicator function % such that i(e) = 0 for any e € E(H), where H is any subgraph of G
with m edges. A fractional (k, m)-deleted graph is simply called a fractional k-deleted graph if m = 1.

Many authors have investigated k-factors or fractional k-factors [2,4—6]. The following results on k-factors and
fractional k-factors are known:

Theorem 1 (Katerinis [2]). Let k > 1 be an integer, and let G be a graph of order n with n > 4k — 5, kn even. If
8(G) = 3, then G has a k-factor.

Yu showed a degree condition for the existence of a fractional k-factor.

Theorem 2 (Yu [5]). Let k be an integer with k > 1, and let G be a connected graph of order n with n > 4k — 3,
3(G) Z k. If max{dg(x),dg(y)} > %for each pair of nonadjacent vertices x, y of G, then G has a fractional k-factor.

From Theorem 2, we easily get the following result:

Theorem 3. Let k > 1 be an integer; and let G be a connected graph of order n with n > 4k — 3. If §(G) = 5, then G
has a fractional k-factor.

The toughness ¢ (G) of a graph G was defined as follows: 1 (G) = mln{w g‘ 5 SCV(G), o(G-=S8)=22Lif G
is not complete, where w(G — S) denotes the number of components of G S; otherwise, set 1(G) = +o00. Liu and

Zhang gave a toughness condition for graphs to have fractional k-factors.

Theorem 4 (Liu and Zhang [4]). Let k > 2 be an integer. A graph G of order n with n > k + 1 has a fractional
k-factor if t (G) > k — 1

In this paper, we obtain a minimum degree condition for a graph to be a fractional (k, m)-deleted graph. Our result
is an extension of Theorems 1 and 3.

Theorem 5. Let k > 1 and m > 1 be two integers. Let G be a graph of order n with n > 4k — 5 4+ 22k + Dm. If
5(G) > %, then G is a fractional (k, m)-deleted graph.

In Theorem 5, if m = 1, then we get the following corollary:

Corollary 1. Let k > 1 be an integer. Let G be a graph of order n with n > 8k — 3. If §(G) > 7, then G is a fractional
k-deleted graph.

2. The proof of Theorem 5
In order to prove Theorem 5, we depend on the following lemmas:

Lemma 2.1 (Liu [3]). Let G be a graph. Then G has a fractional k-factor if and only if for every subset S of V (G),
86(S, T)=k|S|+dg—s(T)—k|T| >0, where T ={x: x e V(G)\ S, dg-s(x) <k—1}.

Lemma 2.2. Let k > 1 and m > 0 be two integers, and let G be a graph and H a subgraph of G with m edges. Then
G is a fractional (k, m)-deleted graph if and only if for any subset S of V(G), 8G(S,T) =k|S|+ Y ey do-s(x) —
k|IT| > erTdH(x) —eny (S, T), where T ={x: xe V(G)\ S, dg—s(x) —dyg(x) +eg(x,S) <k —1}.

Proof. Let G' = G — E(H). Then G is a fractional (k, m)-deleted graph if and only if G’ has a fractional k-factor.
According to Lemma 2.1, this is true if and only if for any subset S of V(G), 8g/(S,T) = k|S| + dg/_s(T") —
k|IT'| >0, where T = {x: x ¢ V(G)\ S, dg—_s(x) <k —1}.
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It is easy to see that dg/_g(x) = dg_s(x) — dg(x) + ey (x, S) for any x € T'. By the definitions of 7’ and T,
we have 7' = T. Hence, we obtain 8¢/(S,T") =86(S,T) — Y crdu(x) + en (S, T). Thus, 8¢/(S,T’) > 0 if and
only if §G(S,T) > erTdH(x) — ey (S, T). It follows that G is a fractional (k,m)-deleted graph if and only if
8(S.T) = kIS|+ Yy do—s(x) —kIT| > Yy er du(x) —en(S.T). O

Proof of Theorem 5. Suppose that G satisfies the assumption of the theorem, but is not a fractional (k, m)-deleted
graph. Then by Lemma 2.2, there exists some subset S of V (G) such that

kISI+ > (do-s(x) —dy(x) +en(x. $) —k) < —1, (1)

xeT

where T ={x: x e V(G)\ S, dg—s(x) —du(x) +en(x,S) <k —1}.
At first, we prove the following claims:

Claim 1. |S| > 1.

Proof. If S = ¢, then by (1), we have —1 > > _+(dg(x) —du(x) —k) > ) .7 (8(G) —m — k) >0, this is a
contradiction. O

Claim 2. |T| >k + 1.
Proof. If |[T| <k, then by (1), Claim 1 and §(G) > 7, we have

—1ZkIS|+ Y (do-s) — du(x) +en(x. ) —k) Z|TIIS| + Y (do—s(x) — dn (x) + en (x. S) — k)

xeT xeT

= (I8 +do-s@) — dg () + e (x. ) k) = Y (d6 () — dg (x) + en (x. S) — k)

xeT xeT
> (8(G)—m—1k) =0,
xeT

which is a contradiction. O

According to Claim 2, we have T # (). Thus, we may define 7 = min{dg_s(x) —dpy(x) +en(x,S) | x € T}. And
let x1 be a vertex in T satisfying dg—s(x1) —dny (x1) + en(x1, S) = h. Then we have 0 < h < k — 1 according to the
definition of T and dg (x1) < dg_s(x1) + |S| =h +du(x1) — ey (x1, S) +|S|.

In view of the condition of Theorem 5, the following inequalities hold:

5 <8(G) <dg(x1) <h+dy(x1) —epy(x1,S)+ S|, thatis,
1S| =5 — (h+du(x) —en(x1,5)). 2

Now in order to prove the theorem, we shall deduce some contradictions in view of the following two cases:
Case 1. 1 =0.

By (1), (2) and |S| + |T| < n, we get

—1=k|S|+ Z(des(X) —du(x) +ep(x,S) —k) Zk|S|+h|T| —k|T|=k|S| —k|T|
xeT

> k|S| — k(n —|S]) = 2k|S| — kn > 2k(% — (du(x1) — en (x1, S))) — kn = —2k(d (x1) — e (x1, S)),

which implies dy (x1) — ey (x1,S) > ﬁ > 0.

According to the integrality of dy (x1) — ey (x1, S), we have dy (x1) —en(x1,S) > 1.

Forsome x € T \ {x1},if dg_s(x) —dn(x) + en(x, S) =0, then we similarly get dy (x) — ep(x, S) > 1. Hence,
one of (a) and (b) holds for any x € T \ {x1}:



1226 S. Zhou / C. R. Acad. Sci. Paris, Ser. 1 347 (2009) 1223-1226

(@ dg_s(x) —dyg(x)+eg(x,8) =21 or (b)dc_s(x)—dy(x)+ey(x,S)=0anddy(x) —ey(x,S) > 1.
Thus, we have

Y (de-s(x) —du(x) + e (x, $)) = |T| - 2m. 3)

xeT

In view of (1), (2), (3), =0, |S|+|T|<nandn >4k — 5422k 4+ 1)m, we get

—1>k|S|+ Z(dG_S(x) —dp(x) +ep(x,S) —k) = k|S|+|T| —2m —k|T|
xeT
=k|S| — (k= DIT|—2m > k|S| — (k — 1)(n —|S]) —2m = 2k — D|S| — (k — Dn —2m
> Q2k—1D(5 - (da(x) —en(x1,9)) —(k—Dn—2m > 2k — 1)(5 —m) — (k — n —2m
=1 Qk+ lym > $3E2AEIM _ op 4 1ym > 2k —3 > 1,

a contradiction.
Case2. 1 <h<k—1.

According to (1), (2), n > 4k — 5+ 2(2k 4+ 1)m and |S| + |T| < n, we obtain
—1=k|S|+ Z(dc—s(X) —dy(x)+en(x,S) —k) = k|S|+h|T|—k|T|

xeT
=k|S|— (k= )|T| = k|S| = (k — h)(n — |S]) = 2k — h)|S| — (k — h)n
> Q2k—h)(% = (h+du(x) —en(x1,5))) — (k—h)n
=8 — Qk—h)(h+du(x) —en(x1,8)) =1 — 2k — h)(h +m)
> MASTZAED 0k — h)(h 4 m)
> MAOHIEEDM) Ok — hy(h +m) = h* + 2(k + D)mh — 3h — 2km,
that is,

—1> h*+2(k + 1)mh — 3h — 2km. “

Let f(h) = h? +2(k + Dymh — 3h — 2km. Clearly, the function f (k) attains its minimum value at 7 = 1 since 1 <
h <k —1. Then we get f(h) > f(1). Combining this with (4) and m > 1, we have —1 > f(h) > f(1) =2m —2 > 0.
It is a contradiction.

Completing the proof of Theorem 5. O

Remark. Let us show that the condition §(G) > '7' in Theorem 5 cannot be replaced by §(G) > ”;1. Let G =
Kok—3+k+1ym V ((2k — 1)m + 2k — 2) K| U (mK3)). Then we have n = 4k — 5 + 22k + 1)m and §(G) =2k —
34 R2k+1)m = % Let G' =G — E(mK3), S = V(Kok—3+0k+1ym) € V(G) and T = V(((2k — D)m + 2k —
2)K1U(mK3)) S V(G), then |S| =2k —3+ 2k + )m, |T| =2k —2+ 2k + 1)m and dg'_g(T) = 0. Thus, we get
0/(S, T)=k|S|+dg'_s(T) —kIT|=k(2k — 34+ 2k + 1)m) — k(2k — 2+ 2k + 1)m) = —k < 0. By Lemma 2.1,
G’ has no fractional k-factor. Hence, G is not a fractional (k, m)-deleted graph. In the above sense, the result in
Theorem 5 is best possible.

References

[1] J.A. Bondy, U.S.R. Murty, Graph Theory with Applications, The Macmillan Press, London, 1976.

[2] P. Katerinis, Minimun degree of a graph and the existence of k-factors, Proc. Indian Acad. Sci. Math. Sci. 94 (1985) 123-127.

[3] G. Liu, L. Zhang, Fractional (g, f)-factors of graphs, Acta Math. Sci. 21B (4) (2001) 541-545.

[4] G. Liu, L. Zhang, Toughness and the existence of fractional k-factors of graphs, Discrete Math. 308 (2008) 1741-1748.

[51 J. Yu, G. Liu, M. Ma, B. Cao, A degree condition for graphs to have fractional factors, Adv. Math. (China) 35 (5) (2006) 621-628.
[6] S. Zhou, Z. Duan, Binding number and fractional k-factors of graphs, Ars Combin., in press.



	A minimum degree condition of fractional (k,m)-deleted graphs
	Introduction
	The proof of Theorem 5
	References


