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Abstract

Let {A, }?zo=1 be a sequence of events on a probability space (§2, F, P). We show that if lim,;,— oo Z?: 1 wnP(Ap) = oo where
each w, € R, then

n o wiP(Ap))?
P(limsup A,) > limsup —; (2111‘:] kP(A1) .
n—00 i=122j=1 wiij(A,- ﬂAj)
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Résumé

Sur le lemme de Borel-Cantelli et sa généralisation. Soit {A, ;.10:1 une séquence d’événements dans un éspace de probabilité

(£2, F, P). On montre que, si lim;;— oo anZI wyP(A,) = oo ou chaque wy, € R, alors

n_ L wP(Ap))?
P(limsup Ap) > limsup — (Z,’;—‘ kP(40)) .
n—00 Qi1 2. j=1 wiw;P(A; NAj)
Pour citer cet article : C. Feng et al., C. R. Acad. Sci. Paris, Ser. I 347 (2009).
© 2009 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Let {A,};2 | be a sequence of events on a probability space (£2, F, P). The classical Borel-Cantelli lemma states
that: (a) if )_»2 | P(A,) < 0o, then P(limsup A,) = 0; (b) if "2 | P(A,) = 00 and {A,}° | are mutually indepen-
dent, then P(limsup A,,) = 1. Here limsup A, = (), Uz=, Ak. The Borel-Cantelli lemma played an exceptionally
important role in probability theory. Many investigations were devoted to the second part of the Borel-Cantelli lemma

in the attempt to weaken the independence condition on {A,}72 .
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Erdos and Rényi [4] proved that the mutual independence condition on {A,}7° , can be replaced by the weaker con-

dition of pairwise independence. Indeed they [8] (see also [3,5,9]) proved a more general theorem: if Y oo | P(A,) =
00, then

1o P(AR))?
P(limsup A,) > limsup —; (ijl (Ar)) .
n—oo D iy 2 =1 P(Ai NAj)

There are many discussions and generalizations towards the Borel-Cantelli lemma, for example see [1,6,7,10]. The
main purpose of this paper is to present a weighted version of the Erdos—Rényi theorem:

Theorem 1. Suppose lim,_, « Z;"Z] wpP(Ay) = 0o, where each wy, is a real weight (which could be negative). Then

I‘l_ P A 2
P(limsup A,,) > limsup — (Zr{c,l wiP(Ap) .
n—>00 2=l Zj:lwiij(AimAj)

The proof of Theorem 1 is relatively easy if we further assume all terms of the weight sequence to be nonnegative.
By choosing each w,, = 1/P(A,,) in Theorem 1, we obtain the following corollary:

Corollary 2. Suppose P(A,) > 0 holds for all n € N. Then

n2

P(limsup A,;) > limsup

n n P(A;NA;) °
n—00 il Z

j=1P(A)P(A))
2. Proof of the main result
For any matrix E = (z;j)mxn, denote by I"(E) the sum of all its entries, thatis, I"(E) = Z;"zl Z'}Zl Zij-

Lemma 3. Given a partition of an (m 4+ n) x (m + n) symmetric matrix E:

E — (Ame Can)
CT Bl‘l><l‘l '

mxn

If E is positive semi-definite, then I'(C)? < I'(A)I" (B).

Proof. This lemma follows from the following inequality: Vx, y € R,
XXy s WEG, o x,y, oo =T(AX? +20(C)xy+ T (B)y>>0. O

Lemma 4. Let {A;}]_, be finitely many events on a probability space ($2, F,P). Then the matrix (P(A; N A;))nxn is
positive semi-definite.

Proof. Let E(-) be the expectation function and x4, be the indicator function of the event A;. Then P(A;) =E(x4,)
and P(A; N Aj) =E(xa, XA,~)~ For each (s, s2,...,5,) € R",

n n n n
(51,52, s) (PAI N A (1,52, os)T =YY sisiP(A N A) =D > sisjE(xa, xa;)

i=1 j=1 i=1 j=1

n n n 2
=E<ZZSiSjXA,-XA/-> =E<<ZSiXA,-> ) > 0.
i=1

i=1 j=1

This proves the lemma. O

Lemma 5. Suppose lim,_, « ZZ:] w, P(A,) = oo, where each w, € R. Then
lim Y1 X wiwP(AiNAj) _
n—o0 371 o Z?:Z wiw;P(A; N Aj) .
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Proof. By Lemma 4, E,, = (w;w;P(A; N A})),x, is positive semi-definite. Define

A= (wlwlP(Al N Al)), B, = (w,-ij(A,- ﬂAj)) and C, = (wleP(A1 ﬂAj))

2<ij<n 2<j<n”

By Lemma 3, T'(C):<T'(A)T(B,) (Vn=2). By the Cauchy-Schwarz inequality,

(o) = (x(e)) () (£ )

:P(UA,-) : (ZZwiij(Ai mAj)) < I'(By).
i=2

i=2 j=2
Since lim,,_s oo Z?:z w;P(A;) = oo, we have I"(B,;) — oo as n approaches to infinity. Hence

. I'(A)+TI'(By) +2I'(Cy) . 2I'(Cy )
lim =1+ lim
n=00 T (By) nc0 T'(By)

This proves the lemma. 0O

Remark 1. We obtained the following by-product from the proof of the above lemma:

(gwiP(Ai)> <P(UA> (Ziwiij(A,-ﬂAj)). 0

i=1 j=1

This formula can be viewed as a weighted version of the Chung—Erdos inequality [2].

Proposition 6. Suppose lim,,_, anzl w,P(A,) = 00, where each w, € R. Then for all s € N,

n P(A 2 n PA 2
lim sup = (Zle (AL =limsup —; (Z,fzs P (A0)) :
n—00 Zi:l ijl w;w;P(A; NAj) 11— 00 Zi:s Zj:s wiw,;P(A; NA))

Proposition 6 is an immediate corollary of Lemma 5. With all the above preparation in hand, we are ready to prove
Theorem 1.

Proof of Theorem 1. By (1) and Proposition 6,
P(limsup A,) = (ﬂ U Ak) = Y@g()P(U Ak) = Yl_1)ngo<nll)néoP< U Ak>>

s=1k=s et
P(A;))?
> lim (limsup (ks wiP(AL) )

7 P(Ap))?
. A — lim sup (Zkzl wiP(Ak))
5200\ oo Djmg Dy Wiw;P(Ai N Aj)

n—oo Do Z?:l wiw;P(A;NAj)

This completes the proof of Theorem 1. O
Example 1. Let (£2, F, P) be a probability space, A, Be F,P(ANB) > 0.Foralln e N, let A3z,,_» = A, A3,—1 = B,
Az, = AN B. By the Erdos—Rényi theorem,

(P(A) +P(B) +P(AN B))?
P(A)+P(B)+7P(ANB)
Applying Theorem 1 with the weight sequence 1,1, —1,1,1,—1,1,1,—1,..., we obtain

P(limsup A,) >

P(limsup A,) > P(A) +P(B) —P(AN B) =P(AU B).
In fact P(limsup A,) = P(A U B). So Theorem 1 is best possible for this example.
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