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Abstract

Co-representations of Leibniz n-algebras are defined as left modules over the universal enveloping algebra. We define the ho-
mology of a Leibniz n-algebra L with coefficients in a co-representation M as the homology of the Leibniz complex of L®n—1
over the co-representation M ® L.

We prove the cancellation of the homology over free objects and the generalization of the following isomorphism in Leibniz
homology HL,(L,L) = HL,41(L, K) from Leibniz algebras to Leibniz n-algebras. To cite this article: J.M. Casas, C. R. Acad.
Sci. Paris, Ser. I 347 (2009).
© 2009 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Homologie avec des coefficients des n-algebres de Leibniz. Les co-représentations des n-algebres de Leibniz sont définies
comme les modules a gauche sur 1’algebre enveloppante universelle. Nous définissons ’homologie de la n-algebre de Leibniz L a
coefficients dans une co-représentation M comme I’homologie du complexe de Leibniz de L® L gqurla co-représentation M ® L.

Nous démontrons 1’annulation de 1’homologie sur les objets libres et nous généralisons 1’isomorphisme HL,.(L,L) =
HL,;1(L,K) des algebres de Leibniz aux n-algébres de Leibniz. Pour citer cet article : J M. Casas, C. R. Acad. Sci. Paris,
Ser. I 347 (2009).
© 2009 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction
Let K be a field. A Leibniz n-algebra [3] L is a K-vector space equipped with an n-linear bracket [—, ..., —]:
L®" — L satisfying the following fundamental identity

n

[[x],--',xn]vylw--v)’nfl]=Z[x],u-,xi717[xivylv-~~7)’n71]9xi+17~~~axn]- (1)

i=1

In the case n = 2 the fundamental identity (1) becomes the Leibniz identity, so a Leibniz 2-algebra is just a Leibniz
algebra [7].
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Representations were introduced as cohomology coefficients in [3] and it was proven in [2] that the category of
representations of a Leibniz n-algebra L is equivalent to the category of right modules over the universal enveloping
algebra U, L(L) = T(L®"~ D)l g (LEC=Dyim gyn-2 gy (LO®=Dyn-2m gy (L2 =D)"y / [ where [ is the n-sided ideal
generated by the corresponding relations (see [2] for details).

2. Co-representations

Definition 2.1. A co-representation of a Leibniz n-algebra L is a K -vector space M equipped with n actions
[—, .7, -] LY @ML® "1 5 M, 0<i<n-—1,

satisfying the following (2n — 1) axioms: R

LA, ) sty ooy lon—2) = Z?:] YT AR Y | FI, ) R WA B Y (TS S M

200 Q@ ®ly—1,1, @ @y 2l =Ar(ly, .., ln—1) - An(ls oo s lon—2) — Ay(ls oo lon—2) - Ay, oo B 1)
for 1 <i<n—1and 1 <k < n, where the multilinear applications X; 3 Ol RN Endx M), 1 <i < n, are defined
by Ailly, ..., L)) :=[l1,....Li—1,m, i, ... [,—1].

Theorem 2.2. The category of co-representations over a Leibniz n-algebra L is equivalent to the category of left
modules on the universal enveloping algebra U,L(L).

Theorem 2.3. If M is a representation of the Leibniz n-algebra L, then M ® L®"~2 is a L-co-representation with
respect to the actions

n—1

N
[—....-]'L® - ®L®(M®L®" %) > M®L® 2,
[ m @U@ QU | =—m@U Q- QL @[l o 11,y —m O QR4
[l s lisecc it QU = —m [l 1, i | ®L® - QU — [m, 11, ... Iy—i]

QU® L, _,.

For2<i<n-—1

i—1 n—i
—_— —_—
[_,...,—]:L®-~-®L®(M®L®n72)®L®...®L_)M®L®n72’
[l1,...,li_1,m®l{ ®...®l;72,li,...,ln_1]:0,
n—1
—_—
[~ ...~ 1:(M®L*" ) QL®---®L— (M®L®"?),

(MU Qb 5. 01, ....lumt]=[m ], ... 5 L] ®L® - ®Ly_1.

Remark 1. Theorem 2.3 in the case n = 2 says that a representation of a Leibniz algebra L can be endowed with a
structure of L-co-representation with respect to the actions

{—,—};LOM > M, [@me{l,m}=—[m,l],
{(—, -} MQL—>M, mQl— {m,l}=[m,l]

which easily follows from [8].

On the other hand, Corollary 1.4 in [6] establishes the equivalence between the categories of representations and
co-representations of Leibniz algebras. Nevertheless this result does not hold for Leibniz n-algebras n > 3, as the
following counterexample shows:

Let L be the 2-dimensional Leibniz 3-algebra with basis {er, ez} and multiplication table given by [e>, e1,e1] =
[ez, e1,e2] = [e2, €2, e1] = [e2, €2, e2] = €1 — e3 and zero otherwise. After a tedious but straightforward checking we
can see that L is an L-representation, but it is not an L-co-representation.
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3. Homology with coefficients

Proposition 3.1. Let L be a Leibniz n-algebra and let M be a co-representation of L. Then M QL is a co-representation
[8] over the Leibniz algebra L®" ! with bracket [x] Q@+ @ Xp—1, }1 Q-+ @ Yp_1] = Z?;ll [t oo [, Y10 e e vy Vil
R o

Proof. The following maps give the actions

[ -1:L*" "o MeL) - ML,

Q- Qli—1,mL]:=[l1,....ln—1,m]IQl, —m [, 11, ...,1,—1],

[ -1:MRL) L¥ ' > MaL,

ML, Lh @ - @11 :'=mQly,l1,.... L1l =, ..., i1, Mm@y — [m, Ly, 11, .. 2] ® 1y -
—Up.m, by, . Ll @G =, li,m B3, 1@ — =l Dy iz, my L ] ® Lo O

Let L be a Leibniz n-algebra and let M be a co-representation of L. We define the chain complex
nCLy(L,M) :=CL,(L® "' M®L) )

where C L, denotes the Leibniz complex in [8]. We define the homology of L with coefficients in M as the homology
of the Leibniz complex (2). Thus, by definition, we have that

WHL(L,M) = HL,(L®*""'  M®L).
Let us observe that in the case n = 2 we obtain
»CLy(L,M)=CL(LLM®L) = MQL) @ LK =M@ L**! = CLi41 (L, M)
thus
2HLi(L,M) = HLi41(L,M).

On the other hand, if we consider M = K as a trivial co-representation of L, then , H L (L, M) coincides with the
homology with trivial coefficients given in [1].

If M is a trivial co-representation of L, then , H Lo(L,M) =M ®L/[L, ."”.,L].

In the case n = 2 we recover Proposition 2 b) in [4] since HL{(L,M) =, HLo(L,L M) =M ® L/[L,L].

In case of the trivial co-representation M = K, , HLo(L, K) =L/[L,.".,L] = Lap (see [1]).

Proposition 3.2. Let L be a free Leibniz n-algebra and let M be a co-representation of L. Then

ZHLA(L,M) =0, k>1.

Proof. By Remark 4.9 in [3] we have that L&~ is a free Leibniz algebra. Thanks to Corollary 3.5 in [8] we have
that HLy(L®"', =) =0 for k >2. Thus , HL;x(L,M) =0, fork >1. O

Lemma 3.3. Let L be a Leibniz n-algebra, then the underlying K -vector space L~ is endowed with a structure of
co-representation over L by means of the following operations:

n—1
e e
[_""7_]:L®"'®L®L®"_l—>L®"‘1,
[lly...,lnfl,li®...®l;l_l]:—li®...®l;l_2®[l;l_l’ll’-“’lnil]
Q- ®L Q[ 501yl 1QL,_y— =}, e L1 QL ® - L,y

For2<i<n-—1,
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i—1 n—i

e Y [P - on—1
[—,....,—]'L®---QL®L QL®---®L—>L s
[ i @@ _ 1 i@ ®1,-1] =0,

n—1
———
[—...,—]:L®""'®L...Q L — L%

[li ®"’®l;l_1’ll""’l)’l*1] =[liy"'vly/l_]sll]®12®"'®ln*1'
Proof. Take M =L in Theorem 2.3. O

Proposition 3.4. Let L be a Leibniz n-algebra, then
ZHL(L,LE" ) = HLi (L, K).

Proof. We compute:
nCLk(L, L®n—1) >~ CLk (L®n—1’ L®n—1 ® L) o~ (L®n—1 ® L) ® (L®n—1)®k
= 80Dkt = @ (L&) D = o (L L) 2, CL (LK), D
In the case n = 2 we recover application 3.1 in [5], since HLy(L,L) = oHL;_1(L,L) = ;HL;(L,K) =
HLpy1(L, K).
Proposition 3.5. For a Leibniz n-algebra L the following isomorphism holds
ZHL(L,L®"2) = HLi (L®"7Y), k>0.

Proof. , HLi(L,L®"2) = HL (L®" |, L®" 2 QL) = HL (L, L Y= HL, (L2 ). O
In the case n = 2 we recover the well-known isomorphism o H L (L) = H Ly4+1(L) in [1].
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