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Abstract

This work deals with an asymptotic almost-sure representation of the quantile process under type-II progressive censoring.
A convergence rate of the law-of-the-iterated-logarithm type is obtained for this representation. 7o cite this article: S. Alvarez-
Andrade, C. R. Acad. Sci. Paris, Ser. I 347 (2009).
© 2009 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Sur le processus quantile sous censure progressive. Nous travaillons sur une représentation asymptotique presque-sire du
processus quantile sous censure progressive du type-II. Nous obtenons pour cette représentation une vitesse de convergence de
type loi du logarithme itéré (LIL). Pour citer cet article : S. Alvarez-Andrade, C. R. Acad. Sci. Paris, Ser. I 347 (2009).
© 2009 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version francaise abrégée

Contexte : On considere n variables aléatoires X1, ..., X, indépendantes et identiquement distribuées (i.i.d.) pou-
vant représenter la durée de vie de n matériels en marche. Lors de la premiere défaillance observée notée X 1., on
préleve au hasard | matériels parmi les n — 1 matériels restant en fonctionnement de sorte que seulement n — 1 — ry
matériels demeurent sous observation. Lors de la deuxiéme défaillance observée notée X»7.,,.,,, on préleéve au hasard r;
matériels parmi les n — 2 — r restant en fonctionnement de sorte que seulement n — 2 — r| — r, matériels demeurent
sous observation. Lors de la m-ieme défaillance notée X, les r, =n —m —r; — - - - — ry,,—1 matériels restant en
fonctionnement sont censurés.

Notre objectif est d’étudier le comportement asymptotique du processus quantile (X{gm]:m:n)ac[0,qa] pour (0 <
a < 1). Nous utilisons les résultats du type LIL établis dans (cf. [8] et [6]) pour le tableau triangulaire pondéré
apparaissant dans la représentation presque-siire donnée dans [2]. Nous en déduisons une représentation asymptotique
presque-siire du processus quantile ainsi que la vitesse de convergence associée. Nous raffinons ainsi les résultats
établis dans [1].
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1. Introduction

Let X1, ..., X, be independent and identically distributed (i.i.d.) random variables standing for the lifetimes of n
items. A progressive type-II-right-censored sample may be obtained in the following way. At the first failure time,
denoted by X1.,:, a prespecified number r| of the n — 1 remaining items are selected at random and removed, so that
only n — 1 —ry items remain under observation. At the second failure time denoted by X».,,-,, a prespecified number
of the n — 2 — rq remaining items are selected at random and removed, so that only n — 2 — r; — r; items remain under
observation and so on. At the mth failure time denoted by X,;;,.;,,.», all the remaining r,,, =n —m —ry — -+ - — rpy_1
remaining items are censored. Therefore, a progressive type-II right-censoring scheme is specified by integers n, m,
and rq, ..., ry, with the constraints n —m —ry —--- — rjp—1 = 0 and 1 < m < n. From now on, we assume that the
X;’s have common distribution function F with density f. The survival function, also called the reliability function, is
denoted by R =1 — F. We denote by A = f/R the hazard rate function and A = fo' dF/R = —In(R) the cumulative
hazard rate function.

Our purpose is to study the asymptotic behavior of the quantile process (X[wm:m:n)ac[0.a] (0 <a < 1) as m — oo.
Specifically, we obtain an almost-sure representation with the associated convergence rate. This refines the results
obtained in [1]. Our almost-sure representation with the associated convergence rate holds under the following as-
sumptions:

Al. ae[0,aland 0 <a < 1;

A2. (r;);>1 is a bounded sequence of non-negative integers (r; < K foralli > 1);

A3. F=m™! Yiri=r+ o(m~Y?%) where r is a non-negative real number.

A4. Let G =1— (1 — F)"t!. There exists a real number ¢ € [0, a) such that G~!([e,a]) C (¢,b) C RT and A is
continuous and strictly positive on (c, ).

2. Result and proofs

This section is devoted to the statement and the proof of our approximation result. The main ingredient of the proof
consists of using the almost-sure representation of A(X;.,.,) derived in [2] and then applying the LIL for triangular
arrays. The mentioned almost-sure representation of A(X;.,.,) can be stated as follows. There exists a triangular
array (Z 5.’") )1<j<m of 1.i.d. exponentially distributed random variables with mean 1 (denoted by (1)), such that the
equality below holds almost-surely:

AXimn) =D~ )
j=1
where ((X;-")lg j<m 18 a triangular array of non-negative integers defined for 1 < j <m by
of =rj+-trmtm—j+1

Let us introduce some additional notations. Let #, = G~!(«) be the a-quantile of the distribution function G where
G~ ! is taken in the generalized inverse sense when it is not invertible. We note log(t) = log(¢ \ e) and log, (¢) the
two-iterated logarithm.

Hereafter, we expose our approximation result for the quantile process. Without loss of generality, we will assume
that all the random variables and the stochastic processes introduced throughout are defined on the same probability
space. By [8] this space is well defined (see also [7] and references therein).

Proposition 2.1. Under conditions A1-A4, we have:

By (a) log(m)
A Xiamlmn — =— 140 , 2
(ua)\/E( [am]:m:n Ug) r+ D —a) + a.s.( ﬁ 2)
where {By, (), 0 <t < 1},,>1 is a sequence of Brownian bridges. Moreover
W(am)

)\(ua)ﬂ(x[am]:m:n — Ug) + Ou.5.(6m), 3)

T+ Dymd=a)

where §,, = (logz(m)/m)1/4(10g(m))1/2 and {W(t)}; >0 is a standard Wiener process.
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Proof. By (1) and a Taylor expansion, we have

ﬂ[otm]
MA=HA(Pm)))

where Bigm] = ZEO‘:"}] Z;.m) /o — A(ug) and ¢, is such that A(¢,) belongs to the segment with extremities A (uq)
and A(ug) + Biam)- To study Bigm), we write for € > 0 that /m Biam) = 1™ (€) + U™ + ™, with

[am]
i
176€) = e ( > apom, j (20" = 1)>, fore >0,
j=1

X[am]:m:n a':S. A71 (A(u(x)) + (4)

[om] [om] (m)
1 1 :
(m) _ / _ (m) _ /o~ J .
= mjzzl(am (r+1)(m—j+1))’ = m<Z(F+1)(m—j+l) A(”"‘))’

J j=1

where the weights in 7™ are given by Alam),j = m”e(a—lm — WI—HI))'
J

To study the asymptotic behavior of the term I (), we outline the following points:

(i) The first step consists of replacing the triangular array (Z;m)) in (1) by a sequence of i.i.d. random variables.
Mimicking (7], we let ug =0, u,, = [erm] and set Zy,,_,4; = Z;"), 1 < j < [am], m > 1. Then, the variables
{Zu,_1+j, 1 < j <[am], m > 1} constitute an i.i.d. sequence of (1) random variables. With these arguments,
we can replace 250‘:"1] Z;m)/oz;m) by Zg‘i’;] Zuyy 1+j/%uy_+j Where g, 4j = a;m). This argument is also valid
for the term 11,

(i) We can use Theorem 1 and Remark 7 of [8] by setting their function B(u) to B(u) = u'/ 2te for & > 0 such that
1/2+e<1.
(iii) For 0 < o < a, we have

(r—i—l)(m—j—i—l)—a?"

sup  |djemy.jl= sup m'T€ :
R - [am], 1< <[] a;ﬂ(r +D(m—j+1)
< ! sup |(r+1)(m—j+1)—a'f1}.
m!'=¢(r + (1 — &) 1<j<[am) !
This jointly with
m
sup — _r+ 1)' = o(mfl/z),

1<j<lam)lm —j+1

under A1-A3, which is an extension of Lemma 4.1 of [3], gives SUP| < j<[am] |@fam), j| = O(m~1/2.

From (i)—(iii) and Theorem 1 of [8], we get I1?™ — 0 a.s. Remark that we can extend this result to o = 0. From
Corollary 1 in [1], we get II™ = o(1).

For the remaining term III™™ (recall (i)), let us remark that, denoting by U an exponentially distributed random
variable with mean » + 1 and distribution function Fy;, we have:

_ 1 1 _
A(ua)=FU1(Ol)=H—110g<m> and fu(FUl(Ol))=(1—Ol)(r+1)
Moreover, if Q,,(«) denotes the [am]th order statistic of m i.i.d. random variables with exponential law of mean r + 1,

we have the following representation: /77" 4 Sm(Qp(a) — F U ! (@)), where 2 denotes the equality in distribution.

By this representation and by [5] p. 143 (see also [4]), on the behavior of g, (-) = /m (O (-) — Fl;] (+)), we get on
the one hand

B, (@) logm
(m) _
1" = T—wr D +Oa.x< o ),
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which (together with results on m) and 110 gives (2). On the other hand, we have
K(a. 1 1/4
o = @m o (2222 (10gam) ).
(1—a)(r+1)y/m m

where K («, m) is a Kiefer process (see [5]). Since W(y) = (xo(1 — x0)) " V2K (xo, y) for 0 < xo < 1 is a Wiener
process, we get:

" W(am) log,(m) 1/4
™ = T l)m _{_O(“,((ZT) (log(m))l/Z),

and it ends (once again with results on 7 and 11") the proof of (3).
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