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Abstract

Let Ω ⊂ R
N be a bounded smooth domain, f : Ω × R → R be a Caratheodory function with sf (x, s) � 0 ∀(x, s) ∈ Ω × R and

supx∈Ω |f (x, s)| � C(1 + |s|)pe|s|N/(N−1)
,∀s ∈ R, for some C > 0. Consider the functional J : W1,N (Ω) → R, Ω defined as

J (u)
def= 1

N
‖u‖N

W 1,N (Ω)
−

∫
Ω

F(x,u) − 1

q + 1
‖u‖q+1

Lq+1(∂Ω)
,

where F(x,u) = ∫ u
0 f (x, s)ds and q > 0. We show that if u0 ∈ C1(Ω) is a local minimum of J in the C1(Ω) topology, then it

is also a local minimum of J in W1,N (Ω) topology. To cite this article: J. Giacomoni et al., C. R. Acad. Sci. Paris, Ser. I 347
(2009).
© 2009 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Minima locaux relatifs à C1 et à W1,N . Soit Ω un ouvert borné régulier de R
N , f : Ω × R → R une fonction de Caratheo-

dory vérifiant sf (x, s) � 0 ∀(x, s) ∈ Ω × R et supx∈Ω |f (x, s)| � C(1 + |s|p)e|s|N/(N−1)
, ∀s ∈ R et pour une constante C > 0.

Considérons la fonctionnelle J : W1,N (Ω) → R, définie par

J (u)
def= 1

N
‖u‖N

W 1,N (Ω)
−

∫
Ω

F(x,u) − 1

q + 1
‖u‖q+1

Lq+1(∂Ω)

avec F(x,u) = ∫ u
0 sf (x, s)ds et q > 0. Nous démontrons que si u0 ∈ C1(Ω) est un minimiseur local de J dans C1(Ω), alors il

est aussi un minimiseur local de J dans W1,N (Ω). Pour citer cet article : J. Giacomoni et al., C. R. Acad. Sci. Paris, Ser. I 347
(2009).
© 2009 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.
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Soit Ω ⊂ R
N , avec N � 2, un ouvert borné régulier. Soit f : Ω × R → R une fonction de Caratheodory satisfai-

sant :

(f1) Il existe p > 1 tel que |f (x, s)| � C(1 + |s|)pe|s|N/(N−1)
pour tout (x, s) ∈ Ω × R et pour une certaine constante

C > 0,
(f2) sf (x, s) � 0 pour tout (x, s) ∈ Ω × R.

Soit F(x,u)
def= ∫ u

0 f (x, s)ds et q > 0. On considère la fonctionnelle J : W 1,N (Ω) → R définie par (1). L’objectif de
la présente Note est de démontrer le théorème suivant :

Théorème 0.1. Soit u0 ∈ C1(Ω) un minimiseur local de J dans la topologie C1(Ω), ce qui signifie que

∃δ > 0 tel que ‖u − u0‖C1(Ω) < δ ⇒ J (u0) � J (u).

Alors u0 est aussi un minimiseur local de J dans la topologie W 1,N (Ω).

Pour prouver le résultat précédent, nous avons besoin d’estimations uniformes dans L∞ pour une famille de so-
lutions du problème (Pε) (défini dans la section suivante). Précisément, nous utilisons le résultat suivant que nous
démontrons dans la section 3 :

Théorème 0.2. Soit {uε}ε∈(0,1) une famille de solutions de (Pε) et u0 une solution de (3). Soit θ > 1 tel que
supε∈(0,1)(‖f (x,uε)‖Lθ (Ω) + ‖uε‖W 1,N (Ω)) < ∞. Alors, supε∈(0,1) ‖uε‖L∞(Ω) < ∞.

Un ingrédient important dans la preuve de ce résultat est l’inégalité de Trudinger–Moser rappelée en (4).

1. Introduction and main results

Let Ω ⊂ R
N , N � 2 be a bounded smooth domain. Let f : Ω × R → R be a Caratheodory function satisfying:

(f1) There exists p > 1 such that |f (x, s)| � C(1 + |s|)pe|s|N/(N−1)
for all (x, s) ∈ Ω × R for some C > 0,

(f2) sf (x, s) � 0 for all (x, s) ∈ Ω × R.

Let F(x,u)
def= ∫ u

0 f (x, s)ds and q > 0. We consider the functional J : W 1,N (Ω) → R given by

J (u)
def= 1

N
‖u‖N

W 1,N (Ω)
−

∫
Ω

F(x,u) − 1

q + 1

∫
∂Ω

|u|q+1. (1)

Our aim in this Note is to show the following:

Theorem 1.1. Let u0 ∈ C1(Ω) be a local minimizer of J in C1(Ω) topology. That is,

∃δ > 0 such that ‖u − u0‖C1(Ω) < δ ⇒ J (u0) � J (u). (2)

Then u0 is a local minimum of J in W 1,N (Ω) topology also.

We remark here that the above theorem is valid when J is restricted to the subspace W
1,N
0 (Ω). That is, any C1

local minimiser of such a J will be a local minimiser in W
1,N
0 (Ω). The proof of this case is very similar, in fact

simpler, to the proof given below. Also, essentially the same proof goes through when we replace the |u|q+1 term in
J by a more general boundary term h(x,u) that has similar asymptotic behaviour.

Let u0 ∈ C1(Ω) solve



J. Giacomoni et al. / C. R. Acad. Sci. Paris, Ser. I 347 (2009) 255–260 257
⎧⎨
⎩

−�Nu0 + |u0|N−2u0 = f (x,u0) in Ω,

|∇u0|N−2 ∂u0

∂ν
= |u0|q−1u0 on ∂Ω.

(3)

For proving the above theorem, we will need uniform L∞-estimates for a family of solutions to (Pε) (see Section 2)
as below.

Theorem 1.2. Let {uε}ε∈(0,1) be a family of solutions to (Pε), where u0 solves (3). Let θ > 1 be such that
supε∈(0,1)(‖f (x,uε)‖Lθ (Ω) + ‖uε‖W 1,N (Ω)) < ∞. Then, supε∈(0,1) ‖uε‖L∞(Ω) < ∞.

An important ingredient in our proof is the following Trudinger–Moser type inequality (see [5,6]):

sup

{
α

∣∣∣∣ sup
‖u‖

W1,N (Ω)
�1

∫
Ω

eα|u|N/(N−1)

< ∞
}

= N

2
w

1/(N−1)

N−1 , wN−1 = Volume
(
SN−1). (4)

Theorem 1.1 was proved first in [2] for the case of critical growth functionals J : H 1
0 (Ω) → R, Ω ⊂ R

N , N � 3,

and later for critical growth functionals J : W 1,p

0 (Ω) → R, 1 < p < N , Ω ⊂ R
N , N � 3 in [3]. A key feature of the

latter work is the uniform C1,α estimate they obtain for equations like (Pε) but involving two p-Laplace operators.
Using constraints based on Lp-norms rather than Sobolev norms as in [3], the equations for which uniform estimates
required can be simplified to a standard type involving only one p-Laplace operator. This approach was followed in [4]
which is also adopted in this work. We remark that such “Sobolev versus C1 local minimizers” results find application
in proving existence of at least two positive solutions to “concave-convex” type problems (see [1–4,7,8]). Indeed, in
a forthcoming article, we use Theorem 1.1 to prove multiplicity of positive solutions to critical growth problems with
co-normal boundary conditions.

2. Sobolev versus C1 local minimizers

Proof of Theorem 1.1. Clearly, u0 is a local minimum of J in C1(Ω) (resp. W 1,N (Ω)) if and only if 0 is a local
minimizer of the functional J (· + u0) in C1(Ω) (resp. W 1,N (Ω)). Hence it is enough to show, assuming that 0 is
a local minimizer of J (· + u0) in C1(Ω) that 0 is also a local minimizer of J (· + u0) in W 1,N (Ω). We prove this
statement by a contradiction argument. Suppose 0 is not a local minimizer of J (· + u0) in W 1,N (Ω). Then, there
exists a sequence {vn}n�1 ⊂ W 1,N (Ω) such that

‖vn‖W 1,N (Ω) � 1

n
and J (u0 + vn) < J (u0) ∀n � 1. (5)

Let G : R → R be defined as G(s) = |s|p+1e2sN/(N−1)
. We define the following constraint for each ε > 0:

Cε
def= {

u ∈ W 1,N (Ω) : K(u)
def= ∥∥G(u)

∥∥
L1(Ω)

+ ‖u‖α+1
Lα+1(∂Ω)

� ε
}
, α

def= max{p,q}. (6)

Therefore, K(vn) → 0 as n → ∞, thanks to properties in (5) and the Moser–Trudinger embedding (4). This shows
that for any ε ∈ (0,1), there exists Nε ∈ N such that vn ∈ Cε for n � Nε . In particular, Cε �= ∅ ∀ε ∈ (0,1). Clearly, the
following coercivity property of J holds on Cε :

J (u + u0) � 1

N

∫
Ω

∣∣∇(u + u0)
∣∣N + |u + u0|N − Cε, u ∈ Cε, ε ∈ (0,1). (7)

We note that Cε is a convex set. Using Trudinger–Moser and trace embeddings we see that Cε is also a closed set in
W 1,N (Ω) which implies that Cε is weakly closed in W 1,N (Ω). Therefore, by (5) and the fact vn ∈ Cε for some n, we
can find uε ∈ Cε such that uε �≡ 0 and

min
u∈Cε

J (u + u0) = J (uε + u0) < J (u0), ε ∈ (0,1). (8)

Clearly from (7) and (8) we get that {uε}ε∈(0,1) is a bounded sequence in W 1,N (Ω). Since K(uε) � ε, we get that as
ε → 0+, uε → 0 pointwise a.e. in Ω . Therefore, uε + u0 ⇀ u0 in W 1,N (Ω). From (8), using the Lagrange multiplier
rule, we obtain that uε solves

J ′(uε + u0) = μεK
′(uε) for some με ∈ R, ∀ε ∈ (0,1). (9)
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We now claim that με � 0 ∀ε ∈ (0,1). Suppose με > 0 for some ε > 0. We choose φ ∈ W 1,N (Ω) such that J ′(uε +
u0)φ < 0 (possible since K ′(uε) �= 0) which implies from (9) that also K ′(uε)φ < 0. Hence for all small τ > 0,
K(uε + τφ) < K(uε) � ε. Thus, uε + τφ ∈ Cε for all small τ > 0. Therefore, since J ′(uε + u0)φ < 0, we indeed get
that J (uε + u0 + τφ) < J(uε + u0) for all small τ > 0, a contradiction to (8). Therefore the claim με � 0 is true.

We now write (9) in its P.D.E. form as (with g(s) = G′(s))

(Pε)

⎧⎨
⎩

−�N(uε + u0) + |uε + u0|N−2(uε + u0) = f (x,uε + u0) + μεg(uε) in Ω,

|∇(uε + u0)|N−2 ∂(uε + u0)

∂ν
= |uε + u0|q−1(uε + u0) + με |uε |α−1uε on ∂Ω.

We now have two cases. Case (i): infε∈(0,1) με > −∞, Case (ii): infε∈(0,1) με = −∞.

In Case (i), we show that (up to a subsequence) uε → 0 in W 1,N (Ω). To see this, we define a new functional

Iε : W 1,N (Ω) → R by Iε(u)
def= J (u + u0) − μεK(u), u ∈ W 1,N (Ω), ε ∈ (0,1). Then, we see that using (9),

I ′(uε) = 0, ε ∈ (0,1). Since {Iε(uε)}ε∈(0,1) is a bounded sequence (thanks to (7) and (8)) in R, we may choose a
subsequence (again denoted by {Iε(uε)}ε∈(0,1)) such that Iε(uε) → ρ as ε → 0. By the convexity of the dominating
function in (f1), the constraint relation in (6) and Moser–Trudinger embedding, we get that {F(x,u0 + uε)}ε∈(0,1) is
a uniformly bounded sequence in L3/2(Ω). Hence

∫
Ω

F(x,u0 + uε) → ∫
Ω

F(x,u0) using Vitali’s convergence the-
orem. Since uε ⇀ 0 in W 1,N (Ω), by Fatou’s Lemma J (u0) � ρ. Since ρ = limε→0 J (uε + u0) � J (u0) (from (8)),
we obtain that ρ = J (u0). From the previous observation that

∫
Ω

F(x,u0 + uε) → ∫
Ω

F(x,u0) and the obvious
convergence

∫
∂Ω

|uε + u0|q+1 → ∫
∂Ω

|u0|q+1, we obtain that ‖uε‖W 1,N (Ω) → 0 as claimed before.
Hence, using the Trudinger–Moser type inequality in (4) we can apply Theorem 1.2 in Section 2 to con-

clude that supε∈(0,1) ‖uε‖L∞(Ω) � C. Now, appealing to the regularity result of Lieberman [9], we get that
supε∈(0,1) ‖uε‖C1,μ(Ω) < ∞, for some μ ∈ (0,1).

We now consider the Case (ii) when με → −∞ as ε → 0. Now using (f2) and the fact that g is odd, we can find
M > 0 independent of ε > 0 and x ∈ Ω , such that (f (x,u0(x) + s) + μεg(s))s and (|u0(x) + s|q−1(u0(x) + s) +
με |s|α−1s)s are negative for all s < −M and positive for all s > M . By the maximum principle (using (uε − M)+,

(uε + M)− as test functions), we get that supε∈(0,1) ‖uε‖L∞(Ω) � M . We now let φε
def= |uε |β−1uε , β > 1, as a test

function in (Pε), integrate by parts and use the fact that u �→ −�Nu + |u|N−1u is a monotone operator to get,

−με

[∫
Ω

g(uε)|uε |β−1uε +
∫

∂Ω

|uε |α+β

]
�

∫
Ω

[
f (x,u0 + uε) − f (x,u0)

]|uε |β−1uε

+
∫

∂Ω

[|u0 + uε |q−1(u0 + uε) − |u0|q−1u0
]|uε |β−1uε.

Hence, using the uniform L∞(Ω) estimate for {uε}ε∈(0,1) we get,

(−με)

[∫
Ω

g(uε)|uε |β−1uε +
∫

∂Ω

|uε |α+β

]
� C

(∫
Ω

|uε |β +
∫

∂Ω

|uε |β
)

.

Using the inequality g(s)s � c|s|p+1 ∀s ∈ R, α � p and Hölder’s we get,

(−με)

[∫
Ω

|uε |p+β +
∫

∂Ω

|uε |p+β

]
� C

(|Ω|)
(∫

Ω

|uε |p+β +
∫

∂Ω

|uε |p+β

) β
p+β

.

Therefore, for any β > 1

(−με)
[‖uε‖p

Lp+β(Ω)
+ ‖uε‖p

Lp+β(∂Ω)

]
� C

(|Ω|).
Letting β → ∞ in the above equation we get,

sup
ε∈(0,1)

(−με)
(‖uε‖p

L∞(Ω) + ‖uε‖p

L∞(∂Ω)

)
� C

(|Ω|). (10)

Using (10), the uniform L∞ bounds for {uε}ε∈(0,1) in Ω as well as ∂Ω and the fact g(s)|s|−p is a function bounded
below in R, we get that the right-hand side terms in (Pε) are uniformly bounded in Ω and ∂Ω for all ε ∈ (0,1). Then
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the standard regularity result of Lieberman [9] implies that supε∈(0,1) ‖uε‖C1,μ(Ω) < ∞ for some μ ∈ (0,1). Thus, in

either Case (i) or Case (ii), we obtain the uniform bound for {uε}ε∈(0,1) in C1,μ(Ω). This gives a contradiction to (2)
since uε → 0 in C1(Ω) and J (u0 + uε) < J (u0), ∀ ε > 0 small. This contradiction proves the theorem. �
3. Uniform L∞-bound for solutions of (Pε)

Proof of Theorem 2.1. In what follows, C will denote a generic constant which may vary from equation to equation

but is independent of ε ∈ (0,1). Consider the truncation functions Tk(s)
def= (s + k)χ(−∞,−k] + (s − k)χ[k,+∞), for

k > 0, which was introduced in Stampacchia [10]. Let Ωk = {x ∈ Ω | |uε | � k}, ∂Ωk = {x ∈ ∂Ω | |uε | � k}. We now
take Tk(uε) as a test function in (Pε) and (3) and use the fact με � 0 to get,

∫
Ω

(∣∣∇(uε + u0)
∣∣N−2∇(uε + u0) − |∇u0|N−2∇u0

) · ∇(
Tk(uε)

)

+
∫
Ω

(|uε + u0|N−2(uε + u0) − |u0|N−2u0
)
Tk(uε)

�
∫
Ω

(
f (x,uε + u0) − f (x,u0)

)
Tk(uε) +

∫
∂Ω

(|uε + u0|q−1(uε + u0) − |u0|q−1u0
)
Tk(uε). (11)

We now estimate from above the right-hand side of (11). Fix η = N+1
θ−1 , r = θη. Applying the generalised Hölder’s

inequality we get,

R.H.S. of (11) �
(∫

Ω

(∣∣f (x,uε)
∣∣ + ∣∣f (x,u0)

∣∣)θ
) 1

θ
(∫

Ω

∣∣Tk(uε)
∣∣r)

1
r |Ωk| r−1−η

r

+
( ∫

∂Ω

(|uε |q + |u0|q
)θ

) 1
θ
( ∫

∂Ω

∣∣Tk(uε)
∣∣r)

1
r |∂Ωk| r−1−η

r

� C

(∫
Ω

∣∣Tk(uε)
∣∣r +

∫
∂Ω

∣∣Tk(uε)
∣∣r)

1
r (|∂Ωk| + |∂Ωk|

) r−1−η
r . (12)

In the last inequality, we made use of the trace embedding. We estimate from below the terms in the left-hand side of
(11) using Sobolev and trace embeddings to get,

L.H.S. of (11) � C

(∫
Ω

∣∣∇(
Tk(uε)

)∣∣N +
∫
Ω

∣∣Tk(uε)
∣∣N)

� C

(∫
Ω

∣∣Tk(uε)
∣∣r +

∫
∂Ω

∣∣Tk(uε)
∣∣r)

N
r

. (13)

Now plugging the bounds in (12) and (13) into (11) we get,∫
Ω

∣∣Tk(uε)
∣∣r +

∫
∂Ω

∣∣Tk(uε)
∣∣r � C

(|Ωk| + |∂Ωk|
) N

N−1 . (14)

We note that for 0 < k < h, since |Tk(s)| = (|s| − k)(1 − χ[−k,k](s)), ∀ s ∈ R, and Ωh ⊂ Ωk ,∫ ∣∣Tk(uε)
∣∣r =

∫ (|uε | − k
)r �

∫ (|uε | − k
)r � (h − k)r |Ωh|.
Ω Ωk Ωh
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Similarly,
∫
∂Ω

|Tk(uε)|r � (h−k)r |∂Ωh|. Substituting the last two estimates in (14) and letting φ(k)
def= |Ωk|+ |∂Ωk|,

k > 0, we get,

φ(h) � C(h − k)−r
(
φ(k)

) N
N−1 , 0 < k < h. (15)

Let d
def= 2NC

1
r (|Ω| + |∂Ω|) 1

(N−1)r and define a sequence {kn} by k0 = 0 and

kn = kn−1 + d

2n
, n = 1,2, . . . . (16)

Substituting (16) into (15) we get by induction

φ(kn) � φ(0)2nr(1−N) → 0 as n → ∞.

Since limn→∞ kn = d and φ is nonincreasing, we obtain φ(d) = |Ωd | + |∂Ωd | = 0. This implies,

sup
ε∈(0,1)

‖uε‖L∞(Ω) � d.

This proves Theorem 1.2. �
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