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Abstract

In this Note, we study the characterization of the kernel of the Laplace operator with Dirichlet boundary conditions in exterior
domains. We consider data in weighted Sobolev spaces. To cite this article: C. Amrouche, Huy Hoang Nguyen, C. R. Acad. Sci.
Paris, Ser. I 346 (2008).
© 2008 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Nouvelle caractérisation du noyau du laplacien en domaine extérieur. Nous étudions dans cette Note la caractérisation du
noyau de 1’opérateur laplacien avec des conditions de Dirichlet au bord dans un ouvert extérieur. Nous considérons des données
dans des espaces de Sobolev avec poids. Pour citer cet article : C. Amrouche, Huy Hoang Nguyen, C. R. Acad. Sci. Paris, Ser. 1
346 (2008).
© 2008 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Let £2’ be a bounded open region of R” (n > 2), not necessarily connected, with a Lipschitz-continuous boundary
I'" and let £2 be the complement of £2/. We suppose that £2’ has a finite number of connected components and each
connected component has a connected boundary, so that §2 is connected. For convenience, the origin of the coordinate
frame is attached to £2’. The purpose of this Note is to characterize the kernel .A”9(§2) of the Laplace operator with
Dirichlet boundary conditions:

AP9(2) = [z € Wy P(2) + Wy ' (2); Az=0in2andz=0o0nI'}. (1)
The motivation for studying the space A”*9(£2) is the regularity problem of Laplace equation. Let f € W, Lp (£2),
1
geW! PP andu e Wol’p(.Q) be a solution of the following system:
—Au=f inf2 and u=g onl.

E-mail addresses: cherif.amrouche @univ-pau.fr (C. Amrouche), huy-hoang.nguyen @etud.univ-pau.fr (Huy Hoang Nguyen).

1631-073X/$ — see front matter © 2008 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.
doi:10.1016/j.crma.2008.10.015



1258 C. Amrouche, Huy Hoang Nguyen / C. R. Acad. Sci. Paris, Ser. I 346 (2008) 1257-1260

Recall that a solution u# exists and is unique if and only if f and g satisfy the compatibility condition: for any
p € AP (£2),

2

(f, ¢>W0’l’p((2)><ﬁ/(i”’/(g) = <g, %>W111)"’(1")><W1’1’p’(1")‘

If, in addition, f € Wo_l’q(.Q), g€ Wlfé’q(l“) with p < ¢ satisfying the compatibility condition (2) by replacing
p by g, the question “Does the solution u belong to WO1 “1(£2)?” arises. Since there exists v € Wol’q (£2) satisfying
—Av = fin £2 and v = g on I, from Theorem 2.1 we obtain u — v € AP9(§2). Therefore, if g <nor g =n =2,
then u = v and u € W, (£2). Otherwise, u = v + % € W¥ (2) with 1 € AP4(82).

Since the problem is posed in a n-dimensional exterior domain, it is important to specify the behavior at infinity for
the data and solutions. We have chosen to impose such conditions by setting our problem in weighted Sobolev spaces
which provide a correct functional setting for unbounded domains (see [2] for more details). It means that the growth
and decay of functions at infinity are expressed by means of weights, in particular, the function in these weighted
Sobolev spaces satisfies an optimal weighted Poincaré-type inequality. In the whole text, bold characters are used for
vector or matrix fields. We now introduce the definition of weighted Sobolev spaces and some its properties. A typical
point in R" is denoted by x = (xy, ..., x,) and its norm is given by r = |x| = (xl2 4+ 4 x,%)%. We define the weight
function p(x) = 1 +r.Foreach p e Rand 1 < p < 0o, the conjugate exponent p’ is given by the relation % +4=1.

P
We now define the weighted Sobolev space Wol’p(.Q) ={u D (R2), % e LP($2),Vu e L?(£2)}, where

(147) if p#n,
{(1+r)ln(2+r) if p=n.

This space is a reflexive Banach space when endowed with the norm: ||u||W(:,p(Q) = (||% ||Z,,(Q) + ||Vu||£p(g))1/p.

We note that the logarithmic weight only appears if p = n and all the local properties of Wé "7 (£2) coincide with
those of the corresponding classical Sobolev space WLP(£2). We set Wé P(R2) = WWOI () and we denote the
dual space of Wé’p(ﬂ) by Wo_l’p/(.Q), which is a space of distributions. When £2 = R”, we have Wé’p(R”) =
Vi/Ol’p (R™). We have the algebraic and topological embeddings Wol’p (£2) — W?’{’ (82) if p # n, where WBIP (£2) =
{u € D'(2), {5 € LP(2)}. For all & € N* where 0 < [A| < 2, the mapping u € Wy (2) — 9" u € Wy "7 (2)

is continuous. Also recall the following Sobolev embeddings (see [1]): W(}’p (£2) — LY (£2) where p* = n”_pp and

| < p < n. Note that R C W, (£2) if and only if p > n. We next set AP(22) = {y € Wy’ (2); Ay =0in £ and
y =0 on I'}. In the two-dimensional space, let U = % Inr be the fundamental solution of Laplace’s equation. We
now define

1
up=U * <m5p), 3)

where d is the distribution defined by Vo € D(Rz), 6r,p) = fr ¢do.
The next lemma characterizes the kernel A” (£2) (see [3]).

Lemma 1.1. Let | < p < 0o and suppose that T is of class C'!.

@) If p<norif p=n=2, then A’ (£2) = {0}.
() If p=n >3, then AP (2) ={c(A —1); c € R}, where A € ﬂr>%1 (}’r(.Q) is the unique solution of the follow-
ing problem

Ar=0 in2 and r=1 onT. “4)

(i) If p > n =2, then AP(2) = {c(u — up); c¢ € R}, where uq is defined by (3) and 1 is the only solution in
M2 Wy (£2) of the problem

An=0 in2 and pw=ug onl. (5)
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Remark 1.2. When " is the unit sphere of R"” (n > 3), then A = IxI% Note that Vi € L*/#—D.00(Rm) and % €
L/ (=1).20(R") where the weak-type space L7 (R") is defined as follows

1/p
u € LP>®°(R") < supt dx) < 00.

t>0
{xeR", u(x)|>t}

Then we will write A € Wl’n/("_l)(]R”).

0,00

2. Main results

In this section, we give a theorem that characterizes the kernel .A”-9(§2) of the Laplace operator with Dirichlet
boundary conditions: AP4(2) = {z € Wy'” (2) + Wy *(2); Az=0in 2 and z=00n I'}, with | < p < g < 0.

Theorem 2.1. Let 1 < p < g < oo and 2 C R" be an exterior domain with C'' boundary.

() Ifg <norifg=n=2, then AP1(2) = {0}.
() If g =2 n =3, then AP1(2) = {c(L — 1); ¢ € R} where A € ﬂr>L1 Ol’r(SZ) is the unique solution of the
problem (4). ’
(iii) If ¢ > n =2, then AP1(§2) = {c(u — uo); ¢ € R} where pu €
problem (5).

WO1 "(82) is the unique solution of the

r>2

Proof. Let z € AP4(Q2), then z = u — v with u € W, (22), v e Wy/(2) and u = v on I". Let now & € W, ¥ (R")
be an extension of v outside §2. We set it = u in £2, & = ¥ outside §2 and 7 = &t — 0. It is easy to see that Z is in
Wol’p(R”) + Wé’q(R”) and z = 0 outside £2. Set now h = Az. Assupph C I',then h € Wo_l’p(R”).

A. If n > 3: We consider 3 following cases:

1) The case n”j < p: We know that there exists w € W(;’p (R™) such that Aw = h in R". The difference w — z belongs
to Wé’p(R”) + Wol’q (R™) and is harmonic in R”. We begin by supposing that ¢ < n. We deduce that w = Z in R”
and then w vanishes on I". Since p < n, thanks to Lemma 2.10 [3], w is unique and w =0 in £2, i.e.,, z=0in £2.
Now if g > n, there exists a constant ¢ such that w — 7 =c and w =c on I'. If p < n, from Lemma 2.10 [3], then w
is unique and w = cA in §2 where A € m’>n"—| Wol’r(.Q) is the unique solution of the system (4). Therefore, we can
deduce z=c(A — 1) in 2. If p > n, it is easy to deduce that w is unique up to a constant and we still obtain that
z=c(A—1)in £2.

2) The case 1 < p < %: In the n-dimensional case, let E(x) = ¢, |x|2_” be the fundamental solution of Laplace’s

equation. As § ¢ W, is the Dirac distribution, then there exists a unique wgy € ’ such that Awg =
quation. As § € W, P (R") is the Dirac distribution, then th t q W,*? (R") such that A

h—&8(h,1) in R". We now set that w = wg — E(h, 1) . Then Aw =h in R”

Wy P @y x WP @) Wy P @y x WP @

and w — Z is harmonic. The restriction of w to £2 belongs to Wol‘p (£2) + W(}’r(.Q) for all r > nnTl The function w
belongs to Wé’p(R") + W(}’Z;/(n_l)(R"), ie., Vw e LP(R") + L/ (=1.%(R") Hence, the difference w — Z belongs

to Wy P ®") + Wy 2/ "D @) + Wy RY).
a) The case q <n:Wededucew:Zin]1§1 and w=0on I". Then Awg=01in £ and wg = (h, 1)Eon I'". As p’ > n,
for any ¢ € AP (£2) and for any vy € D(S2), we have the following Green’s formula

/VfAfﬂdx=/<ﬂA1/fdx+<—aw,1/f> —<<p, _81//> ;
on r on [
2 2

—1 1
where (-,-); denotes the duality between W7 7 (I') and Wl_F’p(F). Then, we deduce that fQ pAYydx =
—(%2 ) 1. Thanks to the density of D(£2) in Wé’p(.Q), forall g € AP (£2) and forall v € Wol’p(.Q), we have

on’
dp
(V@) 1p g i (2) = _<%’ v

(6)

>W!’1"’/(r)xwlzl7*"(r)
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Applying (6) with v = 1wy € W,”(22) and ¢ = 1 — 1 € A” (), we obtain (h, 1)(E, g;>w b e T 1y =

Note that, (E 3)‘) (3E AMr= f r %E Let Bg the open ball of rad1us R > 0 centered at the origin such that ' c

> dn an’
Bp and set that 2z = £2 N Bg. Then we have 0 = f-QR AE = fr S faBR 8n'It1S easy to verify thatfaBR Se=1,
then (h, 1) = 0. Consequently, from Lemma 2.10 [3], we deduce wo =0 in §2. Therefore, w =0 and z =0 in £2.
b) The case g > n: There exists a constant ¢ such that w — zZ = ¢ in R"” and w = c on I". Then, Awg =0 in £ and
wo =c + (h, 1)E on I". Applying again (6), we obtain (c + (h, 1) E ‘M)p =0.Setthat u =c+ (h, 1)E on I'. It

> on
is not difficult to see that u € Wl_' "(I') with any r € 15 1,n[ Then there exists a unique y € Wo "(£2) such that
Ay =01in £2 and y = i on I'. Then, we deduce that y — wg € AP"(§2). Thanks to the results for the case 2a) of

this lemma, we have y = wy, i.e., wg € Wol’p(.Q) N W&’r(.Q). We can see that u also belongs to Wlfé‘q(l“). Then
there exists 6 € Wol’q(.Q) such that A@ =0 in £2 and 6 = u on I". Then, 6 — wg € A™9(£2). From the case 1),
there exists a constant o such that & — wg = a (A — 1) and we deduce that wg € WO1 4($2). Consequently, the function
w e WOl 1 (£2) and since w = ¢ on I" and from the characterization of A9 (£2), we can immediately deduce that w = cA
andz=c(A —1) in.Q

3) The case p = ;"5 Finally, let ¢ € D(R") satisfying fR,, ¢ =1and u = E * ¢. We know that u € L™*°(R") N
L"(R"™) forany r > n and Ve L =D.2R") 0 L (R") for any s > -5 The reasoning applies by replacing & by
¢ and E by u.

B. If n =2: We know that there exists a unique wq € Wé’p(Rz) satisfying Awo=h — (h, 1) Aug

Wy P ®2)x WP (®2)

in RZ, where ug is defined by (3). Now we set w = wq + (h, 1) ug. Then Aw =h in RZ and w — % is

Wy P ®2)x W (R2)
harmonic. Proceeding as in the case A2 by distinguishing 2 cases ¢ < 2 and ¢ > 2, we can prove that A”:7(£2) = {0} if
g <2and A”9(2) = {c(u—uo); c € R}ifg > 2 where u € Wol’r(.Q) is the unique solution of the problem (5).
The proof is finished. O

r>2

We complete this Note by a similar result for the three-dimensional Oseen equations with an analogous proof.
Theorem 2.2. Let | < p < g < 00 and 2 C R3 be an exterior domain with C1' boundary.

(i) If g <4, then N79(£2) = {(0,0)}.
(i) If g =4, then NP9(2) = {(Ac — ¢, ue); ¢ € R3} where (A, 1) is the unique solution of the following system
¢

divi, =0 inf2, A.=c onl,
such that A € ﬂr>4/3 Xé’r(.Q) and . € ﬂr>3/2 L" (£2). Moreover, we have L. € L*(£2) NL*°(82) for all s > 2.

Here, the kernel N'7:9(£2) of the exterior Oseen system is defined by
NP2y ={(u,n) e [X(l)”’(.Q) + X(l)’q(Q)] x [LP(2) + LY(2)], T(u,7)=(0,0)in 2, u=0o0n I'}
with 1 < p < g < oco. Besides, X(I)’p([?) and T(u, ) are defined as follows

ue WhP(2) NL/4-(2) and 2% e Wy "P(2) if 1 < p <4,

X, (2) = L iy .
EW (£2) and eW (£2) if p >4,

0
T(u, ) = (—Au + o + Vmr, —divu).
0x]
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